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Preface 


The  International  Conference  “Nonlinear  Superconducting  Devices  and  High-Tc 
Materials”  took  place  8-13  October  1994  in  Capri,  Italy.  Our  principal  aim  in  or¬ 
ganizing  this  meeting  was  to  bring  together  a  selected  group  of  theoreticians  and 
experimentalists,  with  the  objective  of  trying  to  thrash  out  some  of  the  outstanding 
(typically  nonlinear)  problems  that  have  so  far  kept  many  device  applications  of  super¬ 
conductivity  just  a  bit  below  the  threshold  of  practical  utility,  and  that  have  impeded 
a  wider  applicability  of  the  new  high-Tc  superconductors.  This  volume  contains  the 
Invited  Papers  plus  a  selection  of  the  Contributed  Papers  that  were  presented  during 
the  meeting. 

Chapter  1  contains  two  panoramic  overviews  of  the  field  that  were  presented  as 
Invited  Talks  during  the  meeting,  the  first  by  Arthur  Davidson  and  the  second  by 
Paul  Seidel.  Both  attempt  to  outline  where  we  stand  today  and  to  indicate  directions 
for  future  development. 

Chapter  2  tackles  various  aspects  of  the  materials  problem.  The  first  paper,  pre¬ 
sented  as  an  Invited  Talk  during  the  meeting  by  Vladimir  Kresin,  sets  the  stage  for 
a  theoretical  understanding  of  the  various  issues  at  hand.  The  theoretical  context 
is  further  developed  in  the  following  paper  by  Golubov  et  al.  Andreone  et  al.  de¬ 
scribe  careful  experimental  measurements  of  penetration  depth,  designed  to  cast  light 
on  these  fundamental  questions.  Brizhik  presents  calculations  describing  the  bisoli- 
ton  model  of  superconductivity,  pioneered  by  the  Kiev  group.  Finally,  Attanasio  et 
al.  offer  a  detailed  analysis  of  experimental  data  regarding  flux  motion  in  high-Tc 
materials. 

In  Chapter  3  we  move  from  materials  to  Josephson  junctions.  Lazarides  and 
Sprensen  extend  the  tunneling  Hamiltonian  formalism  to  the  case  of  junctions  made 
of  anisotropic  (high-Tc)  materials.  Romano  et  al  follow  with  a  description  of  their 
experimental  efforts  to  construct  and  characterize  YBCO  junctions.  Thyssen  et  al. 
and  Monaco  et  al.  describe  different  aspects  of  the  dynamics  of  ‘window’  junctions 
(in  the  context  of  the  low-Tc  technology).  Closing  this  chapter,  Shagalov  presents  a 
computational  model  of  the  behavior  of  large  junctions  containing  ‘defects’. 

Chapter  4  is  dedicated  to  problems  of  nonlinear  propagation  in  junctions  that  are 
‘large’  in  at  least  one  spatial  dimension.  Yukon  and  Lin  begin  by  illustrating  some 
unexpected  properties  of  mutually  coupled  long  junctions.  Ustinov  et  al.  describe 
the  dynamics  of  collective  excitations  in  a  long  annular-geometry  junction.  Jaworski 
employs  the  Riemann  theta-function  formalism  to  describe  the  interaction  of  a  long 
junction  with  an  external  microwave  field.  The  papers  by  Zagrodzinski  and  by  Fer¬ 
nandez  et  al.  treat  two-dimensional  junctions;  Zagrodzinski  presents  theoretical  con¬ 
siderations  needed  for  a  consistent  description  of  such  structures,  and  Fernandez  et  al. 
describe  computational  and  experimental  results  regarding  the  so-called  Isoperimeter 
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Pattern  Dynamics. 

In  Chapter  5  we  proceed  from  junctions  to  SQUIDs.  Rotoli  and  Carelli  describe 
the  current  status  of  an  on-going  study  of  Macroscopic  Quantum  Coherence  via  an 
analysis  of  tunneling  in  a  double-well  potential.  Darula  et  al  and  Chesca  consider 
the  analysis  of  two  different  SQUID  structures  containing  multiple  junctions.  On 
the  experimental  side,  Camerlingo  et  al  report  recent  progress  on  the  fabrication 
and  characterization  of  YBCO  SQUIDs.  Finally,  Matarazzo  et  al  present  computa¬ 
tional  and  preliminary  experimental  results  on  the  use  of  SQUID  arrays  as  microwave 
generators. 

Chapter  6  treats  multilayer  stacked  Josephson  junction  structures.  Hermann 
Kohlstedt,  in  his  Invited  Paper,  gives  a  comprehensive  review  of  recent  results  on  the 
dynamics  of  stacked  junctions  constructed  in  the  context  of  the  low-Tc  technology. 
Barbara  et  al  and  Petraglia  et  al  illustrate  further  aspects  of  this  new  and  fascinat¬ 
ing  area.  Kondratiev  et  al  develop  a  simple  theoretical  model  to  describe  a  hitherto 
unexplained  experimental  observation  regarding  the  magnetic  field  diffraction  pat¬ 
tern  of  a  multilayer  structure.  Paul  Muller,  in  a  second  Invited  Paper  dedicated  to 
multilayer  structures,  provides  a  detailed  review  of  intrinsic  Josephson  effects  in  the 
layered,  anisotropic,  high-Tc  materials.  Schlenga  et  al  and  Veith  et  al  follow  with 
additional  aspects  of  this  exciting  topic. 

Chapter  7  focusses  on  arrays  of  discrete  Josephson  elements.  Miguel  Octavio, 
in  his  Invited  Paper,  gives  an  up-dated  review  of  the  dynamics  of  ‘classical’  two- 
dimensional  Josephson  arrays,  z.e.,  arrays  having  dimensions  such  that  single-electron 
effects  do  not  come  into  play.  Further  aspects  of  the  dynamics  of  2-D  arrays  are 
considered  in  the  paper  by  Filatrella  and  Wiesenfeld  and  that  by  Ciria  and  Giovanella. 
The  chapter  closes  with  papers  by  Nuvoli  et  al  and  Caputo  et  al  dedicated  to  an 
analysis  of  the  static  magnetic  properties  of  junction  arrays. 

Chapter  8  illustrates  briefly  two  experimental  diagnostic  techniques  that  are 
proving  to  be  extremely  powerful.  Lachenmann  et  al  report  on  the  use  of  Low 
Temperature  Scanning  Electron  Microscopy  (LTSEM)  to  study  vortex  dynamics  in 
two-dimensional  Josephson  arrays.  Holm  and  Mygind  describe  their  first  results  on 
Cryogenic  Scanning  Laser  Microscopy  (CSLM),  in  which  a  laser  beam  takes  the  place 
of  the  electron  beam  used  in  LTSEM. 

Chapter  9  gives  a  small  sampling  of  the  multi-faceted  area  of  electronic  applica¬ 
tions.  The  first  paper,  presented  during  the  meeting  as  an  Invited  Talk  by  Valery 
Koshelets,  reviews  the  recent  progress  that  has  been  obtained  in  the  development  of 
integrated  flux-flow  oscillators  for  sub-millimeter- wave  receivers.  The  following  paper 
by  Shchukin  et  al  contains  the  very  latest,  up  to  the  minute  results  in  this  area.  The 
next  paper,  presented  as  an  Invited  Talk  by  Vsevolod  Kaplunenko,  reviews  impor¬ 
tant  aspects  of  Rapid  Single  Flux  Quantum  (RSFQ)  logic.  Pagano  et  al  illustrate 
a  promising  new  approach  for  the  detection  of  energetic  particles  using  a  tapered 
long  Josephson  junction.  Another  aspect  of  the  particle  detection  problem,  the  use  of 
NbN /Nb  trapping  bilayers  to  improve  detection  performance,  is  reported  by  Parlato 
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et  al  Hebrank  et  al  describe  the  design  and  fabrication  of  a  new  type  of  hybrid 
integrated  Josephson  voltage  standard.  Finally,  B.  Davidson  et  al.  present  the  latest 
results  of  the  Madison  group  on  high-Tc  Vortex  Flow  Transistors. 
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ABSTRACT 

This  paper  will  cover  HTS  applications  becoming  available  in  the  near  term,  and  the 
need  for  future  development.  Passive  microwave  filters  and  resonators  constructed  out 
of  single  layer  HTS  depositions  are  now  becoming  available.  SQUID’s  and  receiver 
components  such  as  local  oscillators  and  mixers  are  further  away  from  commercial 
impact  because  they  require  the  reliable  formation  of  Josephson  junctions.  Finally, 
digital  circuits  are  discussed,  which  will  require  junctions  with  tight  tolerances,  and  a 
multi-level  HTS  technology.  At  the  end  there  will  be  a  brief  discussion  of  the  problems 
of  matching  superconductivity  to  the  needs  of  the  real  world,  using  radar  as  an  example. 


1.  Introduction 


Electronic  applications  of  HTS  technology  can  be  arranged  in  a  hierarchy  from  simple 
passive  devices  to  complex  integrated  circuits,  as  shown  in  Fig.  1.  At  the  same  time,  the 
technology  required  for  these  applications  can  also  be  arranged  according  to  increasing 
difficulty.  Thus,  microwave  filters  and  delay  lines  that  require  only  a  single  layer  of  HTS 
material,  are  already  in  an  advanced  state  of  development,  while  functional  digital  inte¬ 
grated  circuits  are  just  beginning 
to  get  somewhere  in  the  labora¬ 
tory.  Microwave  filters  that  use 
a  single  level  (or  at  most  an  HTS 
coating  on  front  and  back  of  a 
substrate)  have  been  produced 
by  several  laboratories.1'3  One 
small  company  in  the  US  has 
traded  public  stock  on  a  plan  to 
sell  such  devices  to  cellular 
communications  providers.  Re¬ 
search  has  also  shown  that  com¬ 
petitive  SQUID's  can  be  pro¬ 
duced  with  a  single  layer  of  HTS, 
including  the  junctions  and  pick¬ 
up  loop,  and  such  SQUID’s  are 
on  the  market.^  Much  better 
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Figure  1.  Schematic  representation  of  the  process  difficulty  and 
application  complexity  of  different  superconductive  electronic 
devices.  The  Application  complexity  should  be  thought  of  as  the 
minimum  necessary  for  commercial  success. 
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SQUID’s  will  require  multi-level  processing  to  get  the  best  coupling  between  SQUID  and 
magnetic  field. 

Millimeter  wave  radio  receivers  are  presently  a  challenge  for  HTS,  since  there  is 
nothing  yet  available  at  high  temperature  that  is  comparable  to  SIS  tunnel  junctions.  Some 
work  on  flux  flow  oscillators5,  however,  is  promising  for  use  in  local  oscillators.  Analog- 
to-digital-converter  circuit  designs  exist  that  can  use  the  type  of  over  damped  junctions 
that  have  been  demonstrated  in  HTS  technology,6  but  the  designs  are  ahead  of  the 
fabrication  capability.  These  and  more  complex  digital7  circuits  require  the  full 
development  of  an  HTS  multilayer  technology.  Junctions  must  be  developed  that  can  use 
isotropic  fabrication  methods.  Tight  control  of  critical  currents  is  essential.  Circuits  and 
devices  to  shift  levels  to  accommodate  semiconductor  components  are  necessary.  These 
level  shifting  circuits  are  particularly  important  for  the  RSFQ  type  of  digital  circuit,  since 
these  operate  with  individual  flux  quanta,  which  make  pulses  too  weak  for  direct  detection 
with  semiconductors. 

The  problem  most  in  need  of  work  is  the  development  of  an  isotropic  process  for 
making  Josephson  junctions.  In  other  words,  we  need  a  process  that  will  make  junctions 
facing  in  at  least  the  four  directions  defined  by  the  edges  of  a  square,  simultaneously  and 
reproducibly.  Many  of  the  best  junctions  produced  so  far  do  not  meet  this  condition,  since 
they  involve  some  amount  of  directionality.  Fused  substrate8  grain  boundary  junctions  all 
face  the  same  way  and  must  be  produced  along  a  straight  line.  Step  edge  SNS  junctions 
are  usually  produced  with  an  angled  deposition  of  the  normal  metal.  The  step  edge 
junction  is  a  candidate,  as  well  as  the  step  edge  grain  boundary  type.10 

At  the  end,  the  issue  of  coupling  basic  research  to  commercial  application  will  be 
addressed.  It  is  important  to  find  a  customer  for  the  research  early  in  the  process.  The 
Westinghouse  CRYORADAR™  project  will  be  used  as  an  example. 


2.  Films 

The  presently  preferred  methods  for  depositing  high  quality  thin  films  of  YBCO  are 
sputtering11  and  laser  ablation.12  These  methods  both  involve  transport  of  material  from 
a  stoichiometric  target  to  a  heated  substrate.  In  ablation  this  transport  is  accomplished  by 
focusing  a  nanosecond  scale  laser  pulse  of  sufficient  energy  onto  a  stoichiometric  target. 
The  pulse  heats  the  target  immediately  under  the  surface,  vaporizing  it,  and  causing  an 
explosive  discharge  of  material  perpendicular  to  the  target  surface.  Some  of  the  ejected 
material  is  energetic  enough  to  be  in  the  form  of  a  plasma;  some  is  apparently  in  the  form 
of  particles  and  droplets.  A  heated  substrate  a  few  centimeters  away  collects  the  material 
to  build  up  a  film.  Laser  ablated  films  are  typically  of  high  quality,  with  excellent 
stoichiometry,  and  good  superconductive  parameters.  Work  is  progressing  to  improve 
surface  roughness,  and  to  handle  larger  (>5  cm)  wafers.  The  deposition  rate  for  small 
wafers,  however  is  fairly  rapid,  typically  a  few  A/s. 

The  sputtering  method  is  slower  than  ablation,  often  in  the  range  of  0.1  A/s,  but 
easier  to  scale  up  to  large  wafers,  with  5  cm  diameters  common,  and  10  cm  under 
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development.  The  most  common  kind  of  sputtering  is  with  RF  magnetron  systems,  using 
an  off-axis  geometry.  In  the  off-axis  arrangement,  the  substrates  are  orthogonal  to  the 
target,  and  usually  off  to  the  side,  to  avoid  direct  bombardment  by  negative  oxygen  ions, 
which  can  come  from  either  the  sputter  gas  or  the  target  itself,  and  which  are  energetically 
emitted  from  the  target.  Under  conditions  which  minimize  resputtering  from  hot  surfaces 
in  the  vicinity  of  the  substrate,  sputtered  YBCO  films  were  the  first  to  be  grown  without 
the  presence  of  CuO  precipitates.  Smooth  films  resulting  from  the  elimination  of  CuO 
particles  have  also  been  produced  by  laser  ablation  by  employing  an  off-axis 
configuration.13  The  off-axis  configuration  reduces  the  high-deposition-rate  advantage  of 
laser  ablation  compared  to  sputtering.  The  ultimate  importance  of  uniform  deposition  on 
large  wafers  should  be  emphasized.  For  this  purpose  other  deposition  techniques  such  as 
MOC\T)14  may  prove  to  be  the  best  technique. 

Choice  of  substrate  is  extremely  important  to  the  successful  completion  of  useful 
circuits.  A  SrTiC>3  substrate^  can  be  used  to  grow  very  high  quality  films,  but  with  an 
extraordinarily  high  dielectric  constant,  which  rules  it  out  for  any  high  speed  applications. 
LaAlC^l^  has  a  much  lower  dielectric  constant,  approximately  24,  and  has  been  used 
successfully  for  single  layer  applications,  such  as  microstrip  or  co-planar  microwave  filters 
and  delay  lines.  It  has  not  worked  so  well  for  multi-layer  circuits,  however,  because  of 
motion  of  twin  boundaries^  when  the  wafer  is  heated  for  deposition  of  new  HTS  layers. 
The  moving  twins  can  shift  the  bottom  film  layers  by  several  microns  over  the  width  of 
even  a  one  centimeter  chip,  making  alignment  of  subsequent  layers  impossible.  At  the 
moment,  NdGaC^lS  appears  to  be  the  substrate  of  choice  for  multilayer  circuits.  It  has  a 
low  dielectric  constant,  similar  to  LaA103,  but  without  the  shifting  twins. 

Consideration  of  multi-layer  structures  also  determines  the  choice  of  HTS  film  mate¬ 
rial.  The  materials  with  the  highest  Tc’s  are  TBCCO,and,  recently,  HgBCCO,^  but  then- 
lack  of  stability  means  that  for  now  there  is  no  way  to  produce  multiple  levels.  YBCO  has 

proven  to  have  the  best  combi¬ 
nation  of  transition  temperature 
and  superconductive  proper¬ 
ties,  and  with  enough  stability 
so  that  subsequent  layers  can 
be  formed  without  degradation 
of  prior  layers. 

In  addition  to  supercon¬ 
ducting  films,  epitaxial  insulat¬ 
ing  films  are  required  in 
multilayer  superconducting 
circuits  for  isolation  of  ground 
planes,  crossovers,  lumped- 
element  capacitors  and  induc¬ 
tors,  and  flux  transformers. 
Epitaxial  growth  is  not 
necessarily  required  to  obtain 


Minimum  requirement  tor  resistivity  and  Q. 


Figure  2.  Comparison  of  different  possible  insulators 
for  HTS  multi-level  film  growth. 
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desired  properties  for  the  insulator  but  is  necessary  to  support  growth  of  subsequent  high- 
quality  superconducting  film  layers.  Fig.  2  summarizes  the  dielectric  loss  properties  of 
various  thin-film  dielectrics  studied  at  Westinghouse  in  comparison  with  minimum 
requirements  estimated  for  several  applications.  The  loss  tangent  is  based  on  data  from 
bulk  samples  and  the  dc  resistivity  at  77K  was  measured  on  parallel-plate  capacitor 
structures  with  YBCO  on  the  bottom  or  on  both  sides.  Both  the  SrTiC>3  and  S^AlTaOg 
(SAT)20  grew  as  pinhole-free  films  but  SAT  appears  to  be  the  better  choice  for  most 
applications  based  on  lower  values  of  both  the  real  and  imaginary  parts  of  its  dielectric 
constant. 


3.  Passive  Microwave  Devices 

Passive  microwave  devices  that  use  a  single  layer  of  HTS  material  (or  at  most  a  single 
layer  on  each  side  of  a  wafer)  are  very  advanced  in  development,  and  will  soon  be  tried  in 
prototype  applications.  The  basic  system  that  stands  to  profit  from  passive 
superconductive  microwave  components  is  in  sophisticated  radio  receivers,  especially 
those  used  in  cellular  telephone  base  stations,  and  in  radar. 

A  receiver  with  components  at  77  K  is  shown  in  Fig.  3.  The  preselection  filter,  the 
local  oscillator,  and  the  detection  and  signal  processing  components  can  all  profit  from 
HTS  technology.  As  an  example  of  the  bnefits  of  cryogenic  operation,  consider  the 
preselction  filter. 

Front  end  preselection  is  important  in  many  microwave  receiver  applications,  in  order 
to  partition  the  operational  bandwidth  into  smaller  bands.  This  has  the  advantage  of 
rejecting  unwanted  signals  that  might  interfere  with  the  receiver’s  operation  and  prevent 
saturation  of  the  low-noise-amplifier  by  those  unwanted  signals,  resulting  in  degraded 
performance.  Also,  front-end  filtering  can  simplify  the  receiver’s  architecture  by  reducing 
the  filtering  requirements  after  mixing,  to  eliminate  unwanted  mixing  products.  However, 
if  the  preselector  filter  has  a  high  insertion  loss,  the  receiver  noise  figure  will  be  adversely 
affected,  resulting  in  unacceptable  system  performance  for  some  applications. 


Mixer 


Stabilized 
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Figure  3.  Typical  receiver  configuration.  Note  that  the  shaded 
boxes  represent  cryogenic  components. 


Figure  4.  A  view  of  the  assembled  thin  film 
microstrip  filter  bank,  with  cover  removed. 


Filters  constructed  of  HTS  materials  offer  the  advantage  of  very  low  loss  in  a 
relatively  small  volume  over  a  wide  range  of  frequencies.  In  addition,  the  noise  figure  for 
a  cryogenic  filter  is  lower  than  its  insertion  loss  because  of  the  low  operating  temperature 
(77  K  or  less  for  YBCO  filters).  This  makes  HTS  filters  ideal  for  front-end  preselection 
applications. 

A  description  of  a  Westinghouse  HTS  four-channel  filterbank  is  described  in  ref.  1. 


Insertion  Loss  (dB) 


Frequency  (GHz) 


Figure  5.  Composite  showing  the  insertion  loss  of  each 
channel  of  the  device  shown  in  Fig.  4. 
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A  view  of  the  packaged  filters  is  shown  in  Fig.  4.  These  devices  were  formed  on  a 
2  inch  LaA103  wafer  coated  on  one  side  with  a  YBa2Cu305  film,  with  a  gold 
ground  plane  on  the  other.  A  measurement  of  the  four  passbands  is  shown  in 
composite  in  Fig.  5.  Insertion  loss  was  less  than  2  dB,  for  50  MHz  bands,  with  16 
MHz  guard  bands.  There  was  less  than  0.1  dB  of  ripple  in  the  pass  bands.  Use 
off  double  sided  superconducting  wafers  would  reduce  the  insertion  loss  to  less 
than  1  dB,  and  it  is  believed  that  improvements  to  the  packaging  method  would  cut 
insertion  loss  even  more. 


4.  Flux  Flow  Devices 

Flux  flow  devices  divide  into  two  natural  categories:  those  in  which  the 
vortices  move  down  a  long  Josephson  junction,  and  those  in  which  they  move 
across  a  thin  film.  The  first  type  is  often  called  a  Josephson  flux  flow  device,  and 
the  second  an  Abrikosov  device.  The  Josephson  type  has  the  advantage  of 
minimal  pinning,  but  is  limited  to  low  voltages  by  its  one  dimensional  nature.  The 
Abrikosov  device  allows  a  two  dimensional  array  of  vortices  to  flow  across  the 
channel,  and  so  is  potentially  higher  voltage,  but  pinning  is  much  more  of  a 
problem,  and  the  interaction  of  the  vortex  core  with  the  film  will  lengthen  the 
vortex  transit  time.  The  original  idea  of  flux  flow  amplifiers  goes  back  to  the  work 
of  Likharev^,  Van  Zeghbroeck^,  and  of  McGinnis^  et  al.  The  Nordman-Beyer 
group  has  been  leading  in  this  area,  having  explored  flux  flow  in  LTS  long 
Josephson  junctions,  using  them  for  low  noise  wide  band  amplifiers,  and  also 
having  studied  fluxoid  motion  in  HTS  films.  This  and  other  work^  has 
established  these  devices  as  high  speed  amplifiers  with  many  desirable  properties. 
Van  Zeghbroeck’s  Josephson  flux  flow  device  is  shown  in  Fig.  6.  It  originally 
achieved  a  current  gain  of  nearly  10,  and  a  transresistance  of  about  0.5  Ohm. 

Josephson  flux  flow  devices  have  operated  as  three  terminal  amplifiers  with 
gain,  isolation,  saturation,  and  non-latching  behavior.  As  such,  they  could 
function  as  the  active  device  in  logic  and  memory  circuits.  Their  low  output 
voltage,  however,  limits  their  applicability  in  interface  and  semiconductor  driver 
circuits.  Abrikosov  devices  are  potentially  very  promising  for  these  interface 
circuits,  but  gain  and  high  transresistance  in  these  devices  has  not  yet  been 
observed.  On  the  other  hand,  Abrikosov  flux  flow  is  a  mode  of  operation  which  is 
easier  in  HTS  technology  than  in  LTS.  The  higher  temperature  of  operation  and 
the  natural  granularity  of  the  films,  together  with  their  very  short  coherence 
lengths  makes  flux  pinning  usually  less  strong  than  in  most  LTS  superconducting 
films.  The  combination  of  the  right  geometry  and  film  orientation  and  granularity 
is  likely  to  lead  to  success. 
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Resistor  Josephson  Counter  electrode  Insulation 


Figure  6.  Van  Zeghbroeck’s  flux  flow  transistor.  L  and  W 
are  the  junction  length  and  width,  respectively.  Typical 
dimensions  were  a  few  hundred  |im  and  about  3  pm. 


Long  LTS  junctions  in  the  flux  flow  regime  have  been  studied  for  use  as  submillimeter 
wave  oscillators.  There  have  already  been  demonstrations25  of  flux  flow  oscillators 
delivering  the  order  of  microwatts  at  frequencies  as  high  as  600  GHz,  with  Q’s 
approaching  106.  By  varying  an  applied  magnetic  field  for  frequency  tuning,  and  varying 
the  current  bias  for  power  adjustments,  these  devices  can  be  tweaked  for  optimal  SIS 
mixer  performance. 

An  Abrikosov  device,  made  with  bulk  YBCO  ceramic,  is  shown  in  Fig.  7.  This  device 
was  made  by  filing  down  a  1  cm  long  by  2  mm  square  cross  section  bar  of  ceramic.  Leads 
were  attached  using  pressed  indium  dots,  and  a  copper  coil  was  wound  around  it  to  supply 


Figure  7  Macroscopic  Abrikosov  Vortex  Flux  Flow  Device,  showing  large  current  gain.  The 
geometry  produces  a  very  low  transresistance. 


the  magnetic  flux.  Current  gain  was  again  achieved,  even  with  this  very  crude  device, 
although  the  impedance  was  so  low  (due  to  the  macroscopic  dimensions  of  the  device) 
that  the  transresistance  was  in  the  low  10'3  Ohm  regime.  To  date,  no  one  has  shown 
reproducible  current  gain  in  a  thin  film  version  of  the  Abrikosov  flux  flow  transistor. 

A  geometry  that  would  be  favorable  for  increasing  gain  and  transresistance  is  shown 
in  Fig.  8.  This  is  the  tetrode  configuration.  The  idea  is  to  keep  as  much  bias  current  as 
possible  flowing  through  the  edge  of  the  film  where  fluxoids  nucleate.  In  the  tetrode  this 
is  accomplished  by  dividing  the  device  bias  current  in  two.  One  part,  not  directly 
connected  to  the  load,  is  injected  into  the  device  near  the  nucleation  region,  and  is  kept 
constant.  The  other  part  is  allowed  to  vary  due  to  current  sent  to  the  load.  Simulations  of 
this  structure26  have  shown  promising  improvements  in  current  modulation  depth,  current 
gain,  and  transresistance.  This  work  shows  that  the  geometry  of  flux  flow  devices  is  very 
important  to  their  operation,  and  needs  further  exploration. 
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Figure  8.  Geometric  configuration  and  simulated  characteristics  for  a  tetrode 
structure  device. 


An  important  use  for  Abrikosov  flux  flow  devices  is  in  the  interface  circuits  that  will 
have  to  match  RSFQ  outputs  to  room  temperature  semiconductors.  State  of  the  art 
transistor  comparators  can  make  decisions  at  a  5  GHz  rate  based  on  a  15  mV  signal27.  5 
GHz  is  well  within  the  capability  of  Josephson  flux  flow  transistors,  but  possibly  trouble 
some  for  Abrikosov  devices.  A  simple  two-fluid  expression  for  vortex  velocity  is: 
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were  v  is  the  vortex  velocity,  p  the  YBCO  resistivity,  X  the  London  penetration  depth,  and 
<|)o  the  fluxoid  quantum,  2.07  x  10'15  Weber.  For  a  current  density  of  105  A/cm2,  a 
penetration  depth  of  0.2  (im,  and  10'3  Ohm-cm2  resistivity,  this  works  out  to  a  velocity  of 
0.2  pm/psec,  which  would  allow  at  least  20  GHz  response  for  a  10  pm  long  device.  In  a 
homogeneous  single  crystal  film  p  may  be  a  lot  smaller,  due  to  non-equilibrium  effects  that 
create  excess  quasiparticles  in  the  moving  vortex  core.  In  real  films,  however,  grains  are 
only  a  few  tenths  of  a  micron  in  size,  and  vortex  motion  in  a  weak  pinning  film  is  likely  to 
be  confined  to  grain  boundaries.  This  would  limit  the  production  of  excess  quasiparticles 
and  tend  to  favor  the  high  velocities.  Reproducible  experiments  are  needed  to  answer  this 
question  of  speed. 


5.  SQUID’s 


HTS  SQUID’s  are  expected  to  have  numerous  applications  in  medical  diagnostics  and 
in  Non  Destructive  Evaluation^  (NDE).  However,  almost  all  HTS  SQUIDS  made 
presently  rely  on  a  single  HTS  deposition  to  form  the  SQUID  loop.  The  coupling  coil  is 
either  an  HTS  film  deposited  on  a  separate  substrate,  or  a  layer  of  gold  or  silver  deposited 
over  the  insulated  HTS  SQUID.  Optimal  performance  will  require  an  HTS  film  deposited 
on  an  epitaxial  insulator  grown  over  the  SQUID  loop  itself.  1 


Figure  9a.  Micrograph  of  Westinghouse 
multilevel  SQUID.  The  microstrip  in¬ 
ductor  was  10  pm  wide  and  50  pm  long, 
over  2000  A  of  insulated  ground  plane. 
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Figure  9b.  top--Current-voltage  charac¬ 
teristic  of  this  device  at  0  and  4>o/2  flux 
bias.  bottom-Voltage  vs  §  measure¬ 
ment.  At  77  K,  the  inductance  per 
square  was  about  1.5  pH. 
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This  multilevel  requirement  has  been  explored  recently.  Forrester^9,  et  al, 
constructed  a  SQUID  over  a  ground  plane,  with  the  step-edge  grain  boundary  junctions 
connected  to  ground,  and  one  part  of  the  SQUID  loop  in  the  form  of  a  microstrip  line 
over  ground.  By  directly  injecting  and  extracting  current  from  this  microstrip  segment 
while  simultaneously  measuring  the  SQUID  periodicity,  the  inductance  of  the  microstrip 
could  be  measured  as  a  function  of  temperature.  Inductances  A  view  of  the  device  and 
inductance  measurement  is  shown  in  Fig.  9a.  This  work  clearly  shows  the  feasibility  of 
multilevel  HTS  structures,  for  SQUIDs  and  other  applications,  but  it  has  not  yet  been 
translated  into  practical  SQUID  structures,  nor  have  the  junctions  been  perfected.  Step- 
edge  grain  boundary  junctions  are  adequate  for  producing  small  numbers  of  SQUID’s,  but 
not  sufficient  for  the  production  of  more  complex  digital  circuitry. 


6.  Digital  Circuits 

Digital  circuits  are  both  the  most  demanding  in  terms  of  process  requirements,  and 
have  the  biggest  potential  payoffs  in  applications.  If  the  multilevel  HTS  process  can  be 
extended  to  at  least  7  layers  of  superconductor  and  insulator,  and  if  a  compatible  and 
reproducible  junction  fabrication  method  can  be  devised,  then  production  of  working 
digital  circuits  will  be  feasible,  and  various  applications  will  open  up. 

It  may  be  impossible  with  HTS  materials  to  make  a  classical  Josephson  junction,  with 
low  sub  gap  leakage  and  a  strong  current  step  at  the  gap.  The  trouble  stems  from  a 
combination  of  extreme  anisotropy  due  to  the  layered  nature  of  HTS  superconductors,  and 
their  very  short  coherence  lengths  (roughly  3  to  30  Angstroms).  This  means  that 
superconductivity,  and  hence  the  Josephson  effects,  are  suppressed  at  almost  all  interfaces 
of  these  materials.  Usable  junctions,  however,  have  been  made  in  some  clever  ways. 

For  electronics  the  most  promising  method  is  the  edge  junction^0,  where  some 
property  or  configuration  is  altered  where  a  superconductive  film  goes  up  over  an  edge  of 
an  underlying  film.  In  some  cases,  a  thin  normal  metal  at  the  edge  provides  the  coupling 
between  films,  in  others  a  deposited  oxide  is  used.  The  edge  geometry  does  produce  the 
distinctive  features  of  a  classical  non-hysteretic  Josephson  junction.  Where  parasitic 
capacitance  has  been  large,  hysteresis  has  also  been  observed,  but  never  with  a  true  gap 
structure.  Therefore  these  junctions  are  not  suited  for  many  of  the  classical 
superconductive  circuit  families  that  require  hysteresis  or  a  sharp  gap. 

There  is  one  class  of  digital  circuit  which  requires  just  what  HTS  edge  Josephson 
junctions  seem  to  deliver,  and  that  is  the  Rapid  Single  Flux  Quantum7  (RSFQ)  type  of 
circuit.  RSFQ  circuits  do  not  use  voltage  or  current  levels  to  represent  ones  and  zeroes,  as 
all  transistor  and  most  superconductive  circuits  do.  Rather,  bits  are  represented  by  the 
presence  or  absence  of  quantized  fluxoids  in  different  parts  of  the  circuits.  Quantization  of 
magnetic  flux  is  an  integral  part  of  superconductive  circuits,  where  the  magnetic  flux 
enclosed  by  a  superconductive  path  is  forced  to  take  on  a  value  corresponding  to  an 
integral  multiple  of  <j)0.  It  is  relatively  simple,  by  selecting  inductance  and  critical  current 
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Figure  10.  Schematic  of  RSFQ  type  flash  analog-to-digital  converter. 

values,  to  control  the  motion  of  fluxons  in  these  circuits.  Any  logic  function  can  be 
generated  by  using  some  fluxons  to  control  the  motion  of  other  fluxons  through  their 
interaction  with  the  Josephson  junctions.  This  can  be  illustrated  with  a  simple  circuit. 

Fig.  10  is  the  schematic  diagram  of  a  comparator  for  a  flash  analog-to-digital 
converter,  designed  to  use  RSFQ  principles  with  HTS  junctions.  Operation  is  as  follows: 
Clock  pulses  create  a  series  of  flux  quanta  at  the  leftmost  junctions.  These  fluxoids 
propagate  to  the  right  under  the  influence  of  bias  current  supplied  at  the  junction  nodes. 
At  the  same  time,  the  analog  signal  is  applied  as  a  current  source  feeding  the  quantizer 
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Figure  11.  Simulation  of  RSFQ  flash  A-to  D  converter  designed  for  HTS  junctions. 
The  top  curve  is  the  sinusoidal  input,  in  this  case  with  16  mA  peak  to  peak  amplitude 
and  312.5  MHz  frequency.  The  middle  curve  shows  the  current  in  the  quantizer 
junction,  and  the  bottom  curve  shows  the  pulses  arriving  at  the  output. 
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inductance  Lq  shunting  the  0.1  mA  quantizer  junction.  This  quantizer  junction  and  Lq 
form  a  quasi-one-junction  SQUID31,  and  the  current  through  the  junction  oscillates  in  sign 
as  the  analog  current  is  increased.  The  period  of  oscillation  is  given  by  <t>o/LQ.  If  when  the 
clock  pulse  arrives  at  the  sampler  junction  the  quantizer  current  is  positive,  the  sampler 
junction  will  switch,  and  the  clock  pulse  will  propagate  out  to  the  right.  If  the  quantizer 
current  is  negative  when  the  clock  pulse  arrives,  the  race  junction  will  switch  mstead  and 
no  pulse  will  appear  at  the  output  on  the  right.  A  simulation  of  exactly  this  behavior  for 
the  fourth  bit  of  a  flash  a  to  d  converter  simulation  is  shown  in  Fig.  11. 

The  achievable  scale  of  the  HTS  RSFQ  application  will  be  determined  by  the  uni¬ 
formity  of  the  junction  process.  Fig.  12  is  an  estimate  of  the  chip  yield  for  a  given 


Figure  12.  Calculation  of  chip  yield  for  a  given  level  of  process  control  and 
number  of  junctions  per  chip.  Yield  is  given  as  a  fraction.  The  Process 
Control  is  given  as  the  ratio  of  circuit  margin  to  the  standard  deviation  of 
the  process.  For  example,  a  0.027  mA  circuit  margin,  with  a  0.01  mA 
process  standard  deviation  will  have  a  chip  yield  of  about  half  for  100 
junctions  per  chip. 

number  of  junctions,  for  a  given  process  capability,  assuming  statistical  independence  of 
the  jucntions.  For  example,  a  50  per  cent  chip  yield  applies  for  a  chip  havmg  the  order 
100  junctions  with  a  2.7  sigma  process. 

The  focus  of  research  on  edge  junctions  is  to  find  ways  to  minimize  the  spread  in 
critical  current  values.  At  present  it  is  common  for  junctions  on  the  same  chip  to  have  a 
critical  current  spread  of  30%  or  more,  though  some  chips  have  been  produced  with 
spreads  of  only  10%.  This  magnitude  of  variation  is  sufficient  for  the  small  digital  circuits, 
with  the  order  of  a  hundred  junctions.  To  fiilfill  the  potential  of  RSFQ  circuits  with 
thousands  of  junctions,  critical  current  spreads  will  have  to  shrink  to  significantly  less  than 
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10%.  The  allowed  variation  will  shrink  further  when  the  assumption  is  removed  of 
statistical  independence  of  the  junctions. 


7.  Finding  the  Customer 

Figure  13  is  a  schematic  representation33  of  the  macro  process  whereby  research  ideas 
become  useful  products.  This  process  is  at  least  as  nonlinear  as  the  Josephson  phenomena 
discussed  in  these  pages,  and  the  successful  application  of  superconductivity  to  real 
problems  will  require  us  to  understand  it  at  least  as  well  as  we  do  nonlinear  physics.  What 
Fig.  13  shows  is  material  and  information  coming  into  the  process  from  the  left,  followed 
by  well  defined  steps,  one  after  the  other,  where  the  material  and  information  is 
transformed  into  a  product,  and  then  the  distribution  of  the  product  to  customers  at  the 
right  The  customers  provide  feedback,  through  management  or  other  means,  to  guide 
each  step.  In  principle,  there  should  be  customer  feedback  to  those  of  us  conducting 
research  in  superconducting  devices,  even  those  of  us  doing  the  most  basic  research. 


Figure  13.  Schematic  of  nonlinear  new  product  process. 

The  current  effort  at  Westinghouse  of  inserting  superconductivity  into  radar  systems 
(CRYORADAR™)  provides  an  example  of  this  process34.  Critical  HTS  components  for 
this  application  are  low  insertion  loss,  very  compact  RF  switched  filterbanks,  extremely 
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high  Q  resonators  for  stable  local  oscillators  (STALO),  analog-to-digital  converters 
(ADC)  and  digital  signal  processors.  The  switched  filterbank  will  improve  anti-jamming 
capability  without  sacrificing  system  sensitivity;  the  resonator  will  provide  an  ultra-low 
noise  STALO  for  significant  increase  in  radar  sensitivity;  the  ADC  will  provide  the 
required  bandwidth  and  dynamic  range  to  handle  the  clutter  and  signal  without  distortion. 
The  demonstration  of  the  capabilities  of  HTS  in  this  system  is  currently  underway. 

As  an  example,  let  us  follow  cutomer  feedback  regarding  the  STALO.  The  customers 
know  from  long  experience  that  the  relevant  stability  of  these  oscillators  is  phase  noise. 
Flux  flow  oscillators,  mentioned  earlier,  are  probably  not  good  candidates  for  low  phase 
noise.  Measured  line  widths  have  been  in  the  105  to  106  Hz  range.  Moreover  the  vortex 
velocity  depends  on  temperature,  bias,  and  applied  magnetic  field,  which  would  all  have  to 
be  controlled  to  minimize  phase  noise.  Resonant  mode  soliton  oscillators  are  another 
candidate,  and  have  demonstrated  extremely  high  Q  behavior.  They  can  be  projected  to 
have  excellent  phase  noise  properties  because  of  the  quasi-relativistic  behavior  of  the 
solitons.  But  further  discussions  with  radar  engineers  reveals  another  requirement;  The 
local  oscillator  phase  must  drive  the  phase  of  the  high  power  outgoing  pulse  as  well  as 
drive  the  receiver  mixer.  The  soliton  oscillator  may  be  able  to  drive  the  receiver  mixer 
(especially  if  it  is  also  a  superconductive  component),  but  to  drive  the  output  pulse  would 
involve  amplification  from  nanowatts  to  megawatts.  Such  amplification  without 
degradation  of  phase  noise  would  be  extremely  difficult  to  achieve.  Therefore 
macroscopic  superconductive  resonators  are  being  developed  into  CRYORADAR™  local 
oscillators,  which  can  combine  low  phase  noise  with  high  energy.  Knowing  the 
requirements  of  radar  customers  helps  us  to  find  elegant  solutions  to  real  problems. 


8.  Summary 

HTS  electronics  is  poised  for  impact.  In  the  short  run,  HTS  microwave  filters,  delay 
ines,  and  resonators  can  do  the  job  now  in  such  a  way  that  customers  are  willing  to  pay  for 
them.  The  technology  for  producing  these  devices  is  good  now,  and  still  improving. 
Coupled  with  recent  advances  in  cryocooers  for  the  HTS  temperature  range,  these  facts 
point  to  commercial  success.  The  future  for  HTS  SQUIDs  is  on  the  horizon,  but  needs 
more  development  to  bring  it  in.  Junction  technology  for  SQUID’s  is  adequte  now,  but 
for  real  customer  interest,  multilayer  technology  must  be  mastered.  HTS  digital  circuits 
are  over  the  horizon.  Multilayer  technology  must  expand  toat  least  7  epitaxial  layers,  and 
junction  parameters  need  to  be  optimized,  stabilized,  and  able  to  produce  predictable 
devices  in  any  direction.  The  immediate  goal  is  to  show  progress  in  reducing  critical 
current  spreads  to  less  than  10%.  We  need  to  develop  interface  devices,  such  as  the  flux 
flow  transistor,  so  that  HTS  digital  circuits  can  be  operated  and  demonstrated  at  high 
speed.  Finally,  we  must  understand  that  we  scientists  and  engineers  must  find  customers 
now.  We  must  understand  their  needs,  so  that  what  we  spend  our  careers  developing,  will 
be  put  to  use. 
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ABSTRACT 

An  overview  is  given  about  experiments  on  some  high-Tc  Josephson  devices.  The 
results  are  discussed  using  simulations  based  on  the  RCSJ  model  including  white 
noise.  The  power  dependence  of  Shapiro  steps  includes  information  about  the 
existence  of  a  junction  network  or  a  single  junction  only.  Networks  and  other  artif- 
ical  many  junction  systems  are  discussed  with  respect  to  applications  as  radiation 
sources. 


1.  Introduction 

There  is  great  progress  in  thin  film  technology  for  the  fabrication  of  different  types 
of  high-Tc  Josephson  junctions  for  applications  as  single  junctions,  SQUIDs  or  many 
junction  circuits  necessary  for  cryoelectronic  applications.  Up  to  now  there  is  no 
microscopic  understanding  of  superconductivity  in  HTSC  materials  but  it  is  possible 
to  study  the  main  properties  of  these  devices  using  the  well-known  resistively  shunted 
junction  model  including  capacitance  (RCSJ  model)  and  noise.  The  possibilities  and 
limitations  of  RCSJ  based  models  will  be  discussed  examplary  on  the  parameter 
determination  from  experimental  power  dependence  data  of  Shapiro  steps.  A  more 
profound  physical  understanding  of  high-Tc  Josephson  junctions  will  be  useful  for 
their  application  in  cryoelectronic  devices. 

As  another  example,  DC-SQUIDs  will  be  discussed.  In  spite  of  all  problems 
concerning  junction  properties  and  high-Tc  technology,  these  devices  are  today  on  a 
level  to  start  applications  in  a  wide  range,  e.g.  geology,  non-destructive  evaluation 
and  biomagnetism.  Thus  a  detailed  analysis  of  their  properties,  especially  intrinsic 
noise  behaviour,  is  necessary. 

A  third  example  are  many  junction  arrays.  Such  arrays  are  of  interest  for  basic 
research  as  well  as  radiation  sources  in  the  100  GHz  up  to  1  THz  range.  Problems  with 
synchronization  resulting  from  parameter  spread  injunction  technology  are  discussed. 

2.  Types  of  High-Tc  Josephson  Junctions 

There  is  a  great  variety  of  different  types  of  high-Tc  Josephson  junctions  like  grain 
boundary  junctions,  barrier  junctions,  modified  bridges  and  intrinsic  stack  junctions, 
some  of  them  given  in  Fig.  1. 

The  traditional  concept  of  the  superconductor-insulator-superconductor  (SIS) 
junction  is  hard  to  realize  because  of  the  large  anisotropy,  short  coherence  length 


Fig.  1.  Types  of  high-Tc  Josephson  junctions  (a)  bicrystal  junction,  (b)  step-edge  junction,  (c) 
biepitaxial  junction,  (d)  planar  barrier  sandwich,  (e)  bilayer  trench  junction,  (f)  SNS  trench  junction 
(g)  SNS  step-edge  junction,  (h)  etched  SNS  step-edge  junction,  (i)  capacitevely  shunted  SNS  step- 
edge  junctions,  (j)  focused  beam  modified  bridge,  (k)  disturbed  or  poissoned  bridge,  (1)  nanobridge 
junction,  (m)  barrier  edge  or  ramp  junction,  (n)  SNS  side  sandwich  junction,  and  (o)  intrinsic  stack 
junction  (mesa  type) . 


and  structural  properties  of  multilayers  involving  high-Tc  superconductors.  On  the 
other  side,  there  exist  natural  Josephson  junctions  inside  high-Tc  superconductors 
caused  or  induced  by  microscopic  defects  of  the  crystal  structure.  For  example,  break 
junctions  in  poly  crystalline  films  or  bulk  material  show  clear,  pronounced  Joseph¬ 
son  effects1,2.  Therefore,  a  whole  group  of  high-Tc  junctions  is  based  on  artificially 
induced  grain  boundaries  in  thin  film  bridges  (GBJ,  grain  boundary  junction). 

Fig.  la  shows  the  bicrystal  junction  where  the  grain  boundary  is  induced  by  a 
bicrystalline  substrate3.  This  technology  is  used  for  different  high-Tc  superconduc- 
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tors  (YBCO,  Bi-2212)  as  well  as  a  variety  of  substrates  (SrTiOs,  NdGa03,  LaAlC>3, 
MgO,  Si)4’5’6’7,8.  The  advantages  of  that  kind  of  junctions  are  the  simple  and  repro¬ 
ducible  preparation,  the  correlation  between  junction  properties  and  grain  boundary 
angle  and  that  there  is  no  use  of  additional  barrier  materials.  Disadvantages  are  the 
fixed  grain  boundary  angle  and  geometrical  restrictions  because  junctions  are  induced 
in  all  crossing  superconducting  lines.  This  excludes  large-scale  integration  and  com¬ 
plex  devices  in  multilayer  technology.  The  conduction  mechanism  across  the  grain 
boundary  is  influenced  by  electronic  states  and  resonant  tunneling,  both  leading  to  a 
high  level  of  intrinsic  noise9. 

Fig.  lb  schematically  shows  another  kind  of  a  GBJ.  A  step  in  the  substrate  induces 
grain  boundaries  along  the  step  by  a  mismatch  in  the  film  growth.  The  concept  of 
such  step-edge  junctions  (SEJ)  was  proposed  some  years  ago10.  Meanwhile  the  step 
angle,  the  ratio  of  step  height  to  film  thickness,  the  step  processing  and  substrate 
as  well  as  superconductor  materials  have  been  varied  by  many  groups11’12’13,14,15,16,17 
Even  if  there  are  differences  depending  on  the  materials  used,  this  junction  type  offers 
some  advantages.  The  geometrical  restrictions  can  be  reduced  because  it  is  possible 
to  produce  the  steps  in  small  dimensions  and  limited  areas  on  the  substrate  or  even  in 
covering  insulating  layers14  or  buffer  layers15.  Their  noise  properties  are  better  than 
those  of  most  other  types16,17  but  there  are  problems  resulting  from  the  network-like 
structure  of  the  junctions12.  Instead  of  a  single  well-defined  weak  link  in  the  step 
region  small  networks  result  from  the  two  different  grain  boundaries  along  the  step 
and  inhomogeneities  within  the  junction. 

Another  kind  of  GBJ  is  the  biepitaxial  junction,  Fig.lc.  A  change  of  the  crys¬ 
tal  orientation  of  the  YBCO  film  is  induced  by  partially  covering  the  substrate  by 
some  thin  seed  layer,  e.g.  MgO  or  Ce0218,  or  by  ion  implantation  of  parts  of  a  MgO 
substrate19.  Disadvantages  are  the  fixed  grain  boundary  angle  of  45°  which  enables 
only  a  low  current  density,  some  problems  with  the  spatial  formation  of  sharp  struc¬ 
tures  and  limitations  of  integration.  The  main  problem  are  bad  noise  properties20. 

The  second  group  of  junctions  uses  an  artificial  barrier  layer.  Because  of  the 
small  transmission  coefficient  the  thickness  of  an  insulating  material  may  be  only  of 
order  of  some  nm  and  must  be  without  pinholes.  S-I-S  structures  were  realized  with 
a-oriented  high-Tc  material  and  epitaxially  grown  insulating  barrier  layers,  Fig.  Id. 
Even  if  there  are  some  results  with  such  kind  of  structures21,22  SIS  structures  with  the 
high  gap  values  of  a  tunnel  junction  are  only  achieved  for  BKBO23.  The  transmission 
coefficient  can  be  improved  by  using  a  semiconducting  or  normal  conducting  barrier 
like  PrBaCuO  or  NdCeCuO.  In  this  case  the  barrier  thickness  may  be  larger  and 
the  problems  of  thin  barrier  layer  can  be  solved  by  a  bilayer  structure  with  a  small 
trench  in  the  superconductor24,  Fig.  le.  The  trench  can  be  easily  realized  by  e-beam 
lithography  but  a-orientation  of  the  HTSC  film  is  still  required. 

The  restrictions  of  multilayer  epitaxy  can  be  solved  if  a  noble  metal  is  used  as 
normal  conducting  barrier.  Other  metals  generally  cause  a  depression  of  supercon¬ 
ducting  properties25.  There  are  different  solutions  for  SNS  junctions.  The  junction 
shown  in  Fig.  If  is  a  narrow  trench  in  a  HTSC  bridge  filled  with  silver  or  gold26,27,28. 
The  main  problems  are  the  quality  of  the  interfaces  between  the  Cu02  planes  and 
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the  metal  as  well  as  the  homogeneity  of  the  barrier  in  the  other  direction. 

If  the  preparation  of  trenches  of  a  width  smaller  than  200  nm  by  electron  or  ion 
beam  lithography  is  not  possible,  one  may  take  advantage  of  steps  in  the  substrate. 
The  insulating  intermediate  or  buffer  layers  also  may  carry  the  step,  thus  enabling  a 
multilevel  integration  technology14.  The  first  version  of  such  SNS  step-edge  junctions 
(Fig.  lg)  works  with  different  angles  of  deposition  of  HTSC  material  and  normal 
metals29.  These  structures  show  a  very  small  IcRn  product  caused  by  normal  shunts 
between  large  parts  of  the  superconducting  film  and  the  normal  metal.  By  etching 
away  these  shunts  the  properties  can  be  improved  and  high  IcRn  products  can  be 
obtained30,  Fig.  lh.  A  lot  of  applications  of  Josephson  junctions  are  connected  with 
a  finite  capacitance  of  the  junction  expressed  by  a  nonzero  McCumber  parameter 
(Sc,  which  leads  to  a  hysteretic  current-voltage  characteristic.  Such  junction  proper¬ 
ties  can  be  obtained  by  an  additional  insulating  layer  in  the  shunt  regions,  Fig.  li. 
If  a  material  with  a  high  dielectric  constant  like  SrTiOs  is  used,  finite  McCumber 
parameters  are  possible  even  at  77  K  31 . 

Other  types  of  SNS  junctions  are  edge  or  ramp  junctions,  Fig.  lm,  where  a  barrier 
is  formed  at  the  etched  edge  of  a  superconductor-insulator  bilayer.  Various  materials 
were  used,  from  epitaxial  systems,  like  PrBaCuO  32,  Co  or  Pr  doped  YBCO33,34,35  to 
Nb  doped  SrTi03  36  or  even  insulator-like  barriers37.  While  the  crystallographically 
adjusted  materials  give  good  and  reproducible  results,  the  very  thin  and  quite  non- 
reproducible  insulators  show  a  microbridge  and  pinhole  dominated  behaviour.  In  gen¬ 
eral  the  barriers  strongly  influence  the  junction  properties.  Hopping  conductivity38  or 
resonant  tunneling  39  can  give  additional  contributions  to  conduction  and  noise  40,41 . 
If  good  SIS  multilayers  with  thin  but  highly  resistive  insulators  can  be  established 
it  is  possible  to  use  the  edge  as  a  contact  region  for  a  normal  metal,  Fig.  In.  The 
thickness  of  the  insulator  gives  the  coupling  length  and  the  main  problem  are  the 
interfaces  at  the  edge,  especially  after  preparation  by  ion  beam  etching. 

A  third  group  of  junctions  uses  weakened  bridges  to  produce  a  weak  link  be¬ 
haviour.  Small  parts  of  the  bridges  are  modified  by  ion  or  electron  beams  to  obtain 
reduced  superconducting  or  normal  conducting  behaviour  in  this  region,  which  should 
be  narrower  than  200  nm  to  obtain  good  coupling.  The  direct  writing  with  an  electron 
beam  produces  good  junction  properties  but  there  is  no  time  stability  of  the  devices  at 
room  temperature42,43.  Focused  ion  beams44,45’46  or  ion  implantation  using  masks47,48 
give  similar  results  but  these  junctions  are  stable  over  a  long  time.  Problems  arise 
from  the  fact  that  these  junctions  often  work  near  or  in  the  flux  flow  regime  and  have 
a  limited  operating  temperature  range. 

Small  weakened  parts  of  a  bridge  can  also  be  obtained  by  a  metal  strip  across  the 
bridge  poisoning  the  superconductivity49,  Fig.  Ik.  This  strip  can  be  placed  on  the 
substrate  prior  to  the  deposition  of  the  HTSC  film  or  after  preparation  of  the  HTSC 
film  combined  with  some  treatment  stimulating  diffusion50.  Similar  junctions  can  be 
obtained  by  distortions  in  small  substrate  areas  before  establishing  the  HTSC  bridge. 
Focused  ion  beams51  as  well  as  mechanically  induced  scratches52  were  used. 

If  the  dimensions  of  the  bridge  can  be  reduced  down  to  the  order  of  the  co¬ 
herence  length  the  traditional  nanobridge  concept  of  conventional  superconductors 
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works.  Even  if  the  dimensions  of  such  nanobridges,  Fig.  11,  with  HTSC  are  too  large 
compared  to  the  short  coherence  length  of  these  materials,  realization  of  Josephson 
like  junctions  is  reported53,54,  while  other  groups  obtained  flux  flow  bridges  55.  It  is 
possible  that  the  preparation  process  of  the  nanobridges  causes  additional  weakening 
by  ion  or  electron  interactions. 

A  new  type  of  Josephson  junctions,  which  is  expected  to  become  more  importance 
in  the  near  future,  is  based  upon  intrinsic  Josephson  effects  in  layered  HTSC56,57.  The 
stacked  Cu02  planes  coupled  by  insulating  parts  within  the  large  unit  cells  of  Bi-  or 
Tl-based  HTSC  are  natural  series  arrays  of  SIS  Josephson  junctions.  If  it  is  possible 
to  prepare  such  a  stack  in  a  definite  way  it  can  be  used  for  a  cryoelectronic  device. 
First  results  were  obtained  by  etching  such  stacks,  so-called  mesas,  into  the  surface 
of  a  single  crystal58  or  by  taking  advantage  of  the  plate-like  growth  of  a  Tl-2212  film 
across  a  deep  step  in  the  substrate  59.  They  are  quite  similar  to  step-edge  junctions 
which  were  described  as  a  single  SIS  junction  only60.  Using  thin  film  technology,  such 
a  stacked  system  can  be  etched  out  of  a  thin  film  followed  by  applying  contacts  to  the 
upper  and  lower  surface,  Fig.  lo.  Additional  insulating  or  even  normal  conducting 
shunt  films  around  these  mesas  appear  to  be  possible  and  could  help  to  adjust  their 
properties  or  improve  coupling  to  radiation. 

3.  Single  Junction  Behaviour 

Most  types  of  high-Tc  Josephson  junctions  show  weak  link  behaviour  different 
from  tunneling  determined  ideal  Josephson  junction  properties.  Thus,  the  descrip¬ 
tion  of  their  properties  should  be  possible  within  the  resistively  shunted  model  (RSJ 
model)61,62  using  the  critical  current  Ic  and  normal  resistance  Rm  determining  the 
characteristic  frequency  loc  =  2 e/c-R/v/ft.  Because  of  shunt  capacitances  resulting 
from  high  dielectric  constants  of  substrates  like  SrTiC>3  a  finite  capacitance  C  should 
be  included.  The  corresponding  McCumber  parameters  fic  =  2 eIcR%C/h  are  near 
one  at  77  K  but  increase  up  to  10  at  4,2  K.  Higher  values  can  be  obtained  utilizing 
additional  capacitances  in  the  junction  region,  e.g.  by  an  insulating  layer  and  a  metal 
film  across  a  step-edge  junction63,  or  using  capacitive  shunting  like  in  Fig.  li31. 

The  higher  working  temperature  T  of  HTSC  junctions  is  connected  with  a  stronger 
influence  of  thermal  noise.  This  can  be  taken  into  account  by  a  white  noise  generator 
I  jit)  with  (I f(t)I /(t1))  =  27  S(t  —  t ')  and  a  characteristic  parameter  7  =  2eksT  /hie, 
where  ks  is  the  Boltzmann  constant64.  A  fit  of  the  dc  biased  ( i0  —  I0 / Ic)  vs.  averaged 
voltage  v  characteristics  is  possible  by  a  variety  of  parameter  combinations.  It  is  hard 
to  determine  the  influence  of  excess  currents  or  even  additional  junctions  contributing 
to  the  characteristic.  Therefore,  the  irradiation  of  microwaves  of  an  amplitude  ix  = 
Ii/Ic  and  normalized  frequency  Q  =  oj^Iujc,  can  be  used  as  a  tool  to  determine 
relevant  junction  parameters.  A  detailed  analysis  of  the  induced  Shapiro  steps  in  the 
I-V  characteristics  is  of  great  interest. 

The  experiments  should  be  compared  to  results  of  RCSJ  simulations  of  the  phase 
difference  <p  across  the  junction  including  noise  and  microwave  irradiation  according 
to  the  equation 


^dr2  dr 

where  normalized  time  r  =  uct  is  introduced.  The  averaged  voltage  is  obtained 
by  averaging  the  time-dependent  phase  difference. 

Some  results  for  different  types  of  junctions  will  be  given  as  an  example.  In  general, 
the  knowledge  of  the  IcRn  product  determining  the  characteristic  frequency  loc  of 
the  junction  and  thus  the  relative  frequency  Q,  is  of  great  interest.  The  simple  method 
of  taking  I c  from  I-V  characteristic  by  assuming  some  approximation  because  of  noise 
rounding  of  from  the  higher  voltage  part  of  the  characteristic  gives  parameters 
influenced  by  the  method  of  determination65  as  well  as  by  additional  conduction 
processes  reflected  in  the  characteristics.  Some  improvement  may  be  achieved  if 
special  determination  methods  based  on  the  RS  J  model  are  used  to  obtain  Icm  and  if 
the  normal  resistance  Rn  is  taken  from  linearized  parts  around  V=0  at  high  microwave 
levels. 


Fig.  2.  a)  Step  heights  vs.  normalized  voltage  position,  b)  Maximum  number  of  Shapiro  steps  as 
function  of  relative  frequency 


A  new  method67  has  been  developed  to  determine  0,  from  a  single  experimental 
I-V  curve  for  a  microwave  amplitude  I\  corresponding  to  the  first  minimum  of  the  ze¬ 
roth  step  in  the  function  Ic(Ii)-  From  this  curve  the  heights  A In  of  all  Shapiro  steps 
and  the  corresponding  step  voltages  Vn  are  taken.  The  points  given  by  AIn(Vn)  are 
approximated  by  a  smooth  function  that  crosses  the  zero  axis  at  a  voltage  where  the 
Shapiro  steps  vanish  (Fig.  2a).  Normalizing  this  voltage  by  the  step  distance  corre¬ 
sponding  to  the  Josephson  relation  determined  by  the  external  frequency  one  obtains 
the  maximum  step  number.  This  maximum  step  number  has  a  typical  dependence 
on  S7_1,  Fig.  2b,  and  can  be  used  to  estimate  f l  and  hence  the  IcRn  product.  The 
advantages  of  this  method  are  the  weak  dependence  on  see  Fig.  2b,  and  that 
it  is  almost  independent  on  noise  rounding  of  Shapiro  steps.  The  obtained  value  of 
the  IcRn  product  gives  a  better  description  of  the  junction  behaviour  compared  to 
the  RSJ  model  than  the  values  obtained  from  I-V  curves  in  the  usual  way  because 
effective  parameters  of  the  junction  are  evaluated.  The  McCumber  and  the  noise 
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parameter  can  be  determined  from  detailed  measurements  of  the  power  dependence 
of  the  Shapiro  steps  and  comparison  to  simulations  according  to  eq.  (1).  In  the  ideal 
case  the  junction  can  be  described  by  the  RCSJ  model  with  the  same  parameter  set 
Ic-,  Rn,  Pc  and  7  for  different  external  frequencies.  An  example  is  given  in  Fig.  3. 

The  experimental  I-V  characteristics  of  a  bicrystal  junction  (YBCO  on  SrTi03 
with  a  misfit  angle  of  36,8°  )  at  77  K  can  be  fitted  by  Ic  =  189/iA,  Pc  =  0-1  and 
7  =  0.02  but  different  Rn  values.  While  the  Shapiro  step  behaviour  at  10,  15  and  20 
GHz  yields  Rn  of  0.85  0  the  fit  of  the  behaviour  at  32  GHz  as  well  as  the  fit  of  the 
I-V  curve  without  radiation  provides  1.26  O.  The  reason  of  this  difference  is  not  clear 
up  to  now  but  we  assume  that  it  may  be  due  to  frequency  dependent  RF  properties 
of  the  SrTi03  substrate  and  the  junction  environment,  e.g.  changes  of  additional 
capacitances  and  inductances. 

4.  Networks  of  Two  Josephson  Junctions 

In  some  cases  a  multi-junction  instead  of  the  expected  single  junction  behaviour 
is  found  from  the  I-V  curve  or  the  power  dependence  of  Shapiro  steps.  This  is  caused 
by  the  microscopic  structure  of  the  junctions  as  well  as  by  current  density  inho¬ 
mogeneities.  For  example,  in  the  case  of  a  step-edge  junction  two  different  grain 
boundaries  are  formed  at  the  upper  and  the  lower  edge  of  the  step.  For  non-ideal 
growth  even  additional  grain  boundaries  in  the  step  area  arise.  Perpendicular  to  the 
step  the  interface  is  pertubated  by  small  outgrowths  as  well  as  different  transmission 
coefficients  leading  to  a  strong  inhomogeneity  of  the  current  distribution  as  observed 
by  means  of  Low  Temperature  Scanning  Electron  Microscopy  68 .  Thus,  a  step-edge 
junction  is  rather  a  small  junction  network  than  a  single  junction. 

As  a  simple  example,  we  have  investigated  a  series  connection  or  a  parallel  connec¬ 
tion  of  two  junctions  forming  a  well-known  DC-SQUID.  Both  cases  show  interesting 
possibilities  to  determine  the  junction  parameters  characterizing  the  nonlinear  be¬ 
haviour  from  the  power  dependence  of  Shapiro  steps. 

The  dependence  of  Shapiro  step  height  on  microwave  amplitude  for  an  asymmetric 


Fig.  4.  Heights  of  Shapiro  steps  for  a  two  junction  serial  array  at  different  RF  power.  A:  Ryvi=4R;v2, 

Ici=1.5Ic2;  B:Rjvi=RjV2i  I(7i=2.33Ic2;  C:  RjV2=1-5Rjv1j  Ici =1*51(72 
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two  junction  series  network  is  very  complicated  in  general.  The  most  important 
parameter  is  the  resistance  ratio  of  both  junctions  Rni/Rn2,  Fig.  4.  Only  in  the  case 
RN1  Rn 2  or  if  Ici  «  Ic2  the  series  connection  behaves  like  a  single  junction  with 
doubled  step  distance  for  higher  RF  amplitude.  In  the  case  of  different  resistances  the 
step  width  oscillation  is  strongly  disturbed  and  deviates  significantly  from  the  single 
junction  behaviour.  For  large  differences  the  behaviour  is  dominated  by  the  junction 
with  the  largest  resistance  reflecting  only  this  junction  in  the  Shapiro  step  behaviour 
at  lower  microwave  power  and  step  order.  Thus,  the  oscillation  of  the  steps  can  give 
hints  about  the  asymmetry  in  the  two  junction  series  array. 

Similar  results  can  be  obtained  from  Shapiro  steps  measured  on  a  DC-SQUID. 
As  additional  parameters  the  inductance  parameter  fa  =  2nIcL/^0  and  the  external 
flux  4>ea:  must  be  taken  into  account.  At  =  0  and  ^  <  1  the  SQUID  does 
not  differ  from  a  single  junction  with  /<?  =  Ici  +  Ic2-  With  increasing  Pl  there  are 
deviations  up  to  chaotic  behaviour  for  (3l  1.  Additional  oscillations  and  regions 

where  the  steps  disappear  can  be  seen,  Fig.  5. 


Fig.  5.  Calculated  height  of  Shapiro  steps  for  a  DC  SQUID  with  high  loop  inductance 


For  finite  external  flux  well  pronounced  half  integer  subharmonic  steps  are  present 
in  the  I-V  curve69.  They  show  maximum  height  for  $ex  =  $o/2  and  Ici  —  Ic2 •  Their 
height  depends  sensitively  on  the  critical  current  asymmetry  and  on  the  relative 
frequency  Vt,  while  there  is  only  small  influence  of  /3l ,  Pc,  or  7.  Since  fi  can  be 
determined  by  the  method  described  above,  this  effect  may  provide  a  useful  method 
to  determine  the  asymmetry  of  DC-SQUIDs  experimentally67. 


(PRF/mW)1/2 

Fig.  6.  Height  of  Shapiro  steps  for  a  YBCO  step-edge  DC-SQUID 


Fig.  6  shows  experimental  results  similar  to  the  predicted  behaviour  measured 
on  a  YBCO  step-edge  junction  DC-SQUID.  I  would  like  to  point  out  that  substeps 
can  be  explained  even  within  the  framework  of  a  simple  RCSJ  model  especially  for 
0  >  l70.  The  main  differences  should  be  in  the  dependence  of  the  step  height  on 
microwave  amplitude.  In  the  RCSJ  case  the  height  is  given  by 


29 


A/i  a  Ic \Jo{A)Ji(A)\ ,  A  =  ^(l  +  ^fi2)"i.  (2) 

This  dependence  of  the  substep  n=l/2  for  a  single  junction  is  clearly  different 
from  the  dependence  of  such  a  substep  in  the  case  of  a  SQUID.  From  this  differences, 
especially  the  periodicity  compared  to  the  integer  steps,  one  obtains  hints  concerning 
the  existance  of  a  network  rather  than  of  a  single  junction.  In  the  case  of  strong 
inhomogeneities  the  single  junction  may  be  considered  as  a  complicated  network71. 

5.  DC-SQUIDs  with  more  than  Two  Junctions 

It  was  shown  that  the  dynamic  properties  of  a  DC-SQUID  drastically  change  if  the 
number  of  junctions  in  each  branch  is  larger  than  one,  e.g.  a  four-junction  SQUID 
in  the  simplest  case72,73.  If  there  is  a  small  spread  in  junction  parameters,  phase 
locking  between  all  junctions  can  exist  and  the  SQUID  operates  in  a  mode  with  a 
different  flux  quantum  state  compared  to  the  two-junction  SQUID.  As  a  consequence, 
a  hysteresis  in  the  I-V  characteristic  as  well  as  an  unusual  voltage-flux  dependence 
appear.  Only  for  very  large  spread  or  if  the  bias  current  leaves  only  one  junction  in 
each  branch  in  the  voltage  state,  such  a  SQUID  behaves  like  a  two-junction  SQUID. 

This  should  be  taken  into  account  if  the  HTSC  Josephson  junction  is  not  a  single 
weak  link.  For  example  in  the  case  of  a  step-edge  junction  DC-SQUID  this  was 
discussed  assuming  for  each  junction  a  small  network  with  two  parallel  branches 
each  with  more  than  one  junction  in  series74.  The  main  effect  observable  on  such 
a  system  is  an  additional  low-frequency  noise  depending  on  the  external  magnetic 
field.  Such  a  two-level  fluctuator  or  telegraph-like  noise  behaviour  was  experimentally 
observed74,75,76,  but  may  have  other  origins,  too. 

The  influence  of  microwave  irradiation  on  such  a  SQUID  should  be  studied  in 
detail  to  obtain  informations  about  parameter  spread  and  asymmetry  in  such  systems. 
This  work  is  still  in  progress.  A  first  result  is  shown  in  Fig.  7  as  an  illustration  of 
the  complicated  behaviour  of  hysteretic  and  disturbed  steps. 

On  the  other  hand,  this  new  phase-locking  state  can  be  used  to  establish  coher¬ 
ent  oscillator  arrays  where  the  allowed  junction  parameter  spread  is  higher  than  for 
traditional  concepts  like  the  linear  array77.  The  proposal  of  such  a  circuit,  called 
ACISL  (two  linear  arrays  closed  into  a  superconducting  loop)  was  studied78  and  ex¬ 
perimentally  realized  for  the  case  of  four  HTSC  junctions73.  The  allowed  large  spread 
of  parameters  up  to  15%,  the  tunability  of  the  radiated  frequency,  the  small  influence 
of  thermal  noise  and  external  flux  were  discussed78.  Some  new  aspects  will  be  given 
in  another  contribution  of  these  proceedings  79 . 

Similar  effects  can  be  observed  in  coupled  DC-SQUIDs.  When  we  built  up  a 
planar  single-layer  gradiometer  SQUID80  we  first  used  two  SQUIDs  on  both  sides  of 
a  small  line  through  which  the  resulting  current  of  the  gradiometer  flows.  This  gives 
us  the  possibility  to  select  the  best  of  these  SQUIDs  to  obtain  highest  resolution. 
The  second  SQUID  must  be  destroyed  because  it  is  directly  coupled  to  the  detector 
SQUID,  Fig.  8a.  In  other  case,  this  leads  to  a  multi-junction  circuit  where  in  the  case 


voltage 


Fig.  7.  Current-voltage  characteristics  of  a  4-junction  SQUID  with  RF  bias 

of  finite  parameter  spread  additional  new  modes  are  possible.  The  result  is  switching 
between  these  modes  which  can  be  seen  in  a  complicated  voltage-flux  dependence 
different  from  ideal  sinusoidal  behaviour  of  a  normal  SQUID  (Fig.  8b)81. 


normalized  flux 

Fig.  8.  a)  Circuit  of  a  DC-SQUID  gradiometer  containing  two  SQUIDs  in  the  middle  of  the  structure, 
b)  Calculated  flux-voltage  dependence  in  the  case  that  second  SQUID  is  not  cut  off  ( Ic\  =  O.lla) 

There  is  great  interest  in  SQUID-like  circuits  with  a  low  number  of  junctions 
and  additional  inductances,  capacitances  and  even  resistances  because  such  models 
can  describe  real  HTSC  ” single”  junctions  and  their  complicated  behaviour.  By  this 
way  one  obtains  more  information  about  the  structure  of  special  junctions  and  can 
improve  them  by  changes  in  technology,  materials  and  layouts. 

6.  Many-Junction  Arrays 

Networks  containing  a  large  number  of  Josephson  junctions  are  studied  in  many 
groups82,83,84,85.  The  theoretical  investigations  are  concentrated  to  basic  aspects  of 
phase  transitions,  vortex  configurations  and  flux  dynamics  or  synchronization.  Phase¬ 
locking  in  these  arrays  plays  an  important  role  if  one  thinks  about  application  of 
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arrays  as  sources  of  coherent  radiation  at  very  high  frequencies.  Their  tunability 
is  based  upon  the  Josephson  relation  between  voltage  and  frequency.  Because  the 
radiation  output  of  a  single  junction  is  very  small,  large  numbers  of  junctions  are 
required.  Another  effect  which  is  highly  welcome  is  the  reduction  of  the  linewidth 
with  the  number  of  junctions.  But  all  these  improvements  are  strongly  connected  to 
the  parameter  spread  which  up  to  now  is  a  serious  technological  problem  especially 
for  HTSC  junctions. 

We  have  studied  the  maximum  parameter  spread  possible  without  destruction  of 
the  phase  locking86.  As  mentioned  above,  it  was  shown  that  two  linear  arrays  of 
junctions  connected  to  a  superconducting  loop  similar  to  a  many-  junction  SQUID 
allow  a  parameter  spread  twice  as  large  as  for  the  simple  linear  array78.  In  general, 
similar  values  of  allowed  spread  were  obtained  for  the  common  type  of  a  2-D  array, 
where  meshes  containing  four  junctions  build  up  large  arrays.  These  results  did  not 
take  into  account  external  flux  or  the  influence  of  the  network  inductances86.  External 
flux  coupled  into  the  meshes  and  movement  of  vortices  have  a  strong  influence  on  the 
properties  of  these  arrays.  Even  without  external  flux  these  effects  must  be  considered 


voltage  V/(ICRN) 


Fig.  9.  Influence  of  inductance  parameter  (3l  on  height  of  Shapiro  step  at  n=l/2 
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because  the  inhomogeneity  within  the  network  causes  a  current  distribution  which 
produces  locally  different  fluxes  changing  in  time. 

To  illustrate  the  effects  of  inductance,  we  have  calculated  the  cur  rent- volt  age 
characteristics  of  2-D  networks  taking  into  account  not  only  the  mutual  inductance 
of  one  mesh  but  interactions  between  all  meshes  similar  to87  but  assuming  a  simple 
metallic  bare  geometry88. 

Fig.  9  shows  the  first  half  integer  Shapiro  substep  (n=l/2)  for  different  inductive 
coupling  expressed  by  the  SQUID  parameter  (3L  of  a  mesh  defined  like  above.  The 
step  height  clearly  depends  on  (3^.  Pronounced  substeps  can  be  seen  even  if  the 
external  flux  is  zero.  Thus,  from  the  appearance  of  half  integer  substeps  without 
external  flux  some  inductively  coupled  junction  network  with  quite  large  inductances 
can  be  used  to  simulate  even  single  HTSC  junctions.  This  supports  a  model  proposed 
for  SNS  step-edge  junctions71  and  so-called  transmission  line  models  89. 

7.  Conclusions 

There  are  many  different  types  of  HTSC  Josephson  junctions  showing  properties 
depending  on  their  internal  structure  and  on  the  junction  materials.  The  RCSJ  model 
of  a  single  junction  with  white  noise  describes  the  main  behaviour  well  but  junction- 
dependent  properties  often  must  be  described  by  equivalent  circuits  with  more  than 
one  junction  and  additional  elements.  The  nonlinear  dynamics  of  such  junctions  and 
of  cryoelectronic  devices  built  up  by  them  becomes  complicated  but  very  interesting 
for  further  investigations. 
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dimensional  chain  structure  in  addition  to  the  CuO  planes.  For  the  compound  that 
is  fully  oxygenated  (6  =  0)  the  chain  structure  is  particularly  well  developed.  The 
chains  provide  doping  for  the  CuO  planes,  but  in  addition,  and  this  is  particularly 
important  for  our  model,  they  form  an  independent  conducting  subsystem.  As  a  re¬ 
sult,  the  superconducting  state  of  the  material  displays  a  two-gap  structure.  Namely, 
each  of  the  subsystems  is  characterized  by  its  own  energy  gap.  Let  us  denote  by  a 
and  0  the  plane  and  chain  subsystems,  so  that  ea  and  ep  are  the  corresponding  energy 
gaps. 

First  of  all,  one  should  give  an  explicit  definition  of  the  two-gap  spectrum.  Each 
subsystem  has  its  own  order  parameter.  This  means  that  the  density  of  states  has 
two  peaks  which  can  be  determined  spectroscopically.  In  the  following,  we  will  use 
the  two-gap  picture  to  refer  to  the  two  peaks  in  the  density  of  states. 

The  effects  of  anisotropy  and  the  two-gap  structure  are  similar.  Both  of  them 
correspond  to  deviations  from  the  simple  isotropic  one-gap  picure.  Anisotropy  of  the 
energy  gap  means  that  the  value  of  the  energy  gap  is  different  for  different  directions 
in  momentum  space,  whereas  two-gap  superconductivity  implies  that  for  a  fixed  di¬ 
rection,  there  are  different  gap  values.  The  effects  of  anisotropy  have  been  discussed 
in  detail  in  review  articles.2  The  inequality  /  <  £  (/  is  a  mean  free  path,  £  is  the 
coherence  length)  leads  to  isotropization  of  the  gap  in  the  conventional  materials. 

The  plane  (a)  and  chain  (0)  subsystems  are  coupled  by  charge  transfer.  Because 
of  the  charge  transfer,  the  system  is  characterized  by  a  single  value  of  Tc  (in  the 
absence  of  charge  transfer  there  would  be  two  different  transition  temperatures:  Tft 
and  Tf). 

The  superconducting  state  in  the  CuO  plane  is  caused  by  the  same  intrinsic 
mechanism  in  all  the  cuprates.  We  think  that  this  mechanism  is  phonon  exchange, 
but  at  the  moment  this  is  not  essential.  As  for  the  chain  subsystem,  the  pairing  is  in¬ 
duced  by  two  channels.  The  first  is  an  intrinsic  proximity  effect;  the  word  ’’intrinsic” 
stresses  the  fact  that,  unlike  the  usual  proximity  effect  observed  in  thin-film  sand¬ 
wich  structure,  we  are  dealing  with  a  phenomenon  occuring  on  the  scale  of  unit  cell. 
Nevertheless,  the  physics  of  the  phenomenon  is  similar  and  represents  the  tunneling 
of  the  Cooper  pair  a  0.  The  process  can  be  described  by  the  McMillan  tunneling 
model  of  the  proximity  effect.3  The  second  pairing  channel  is  an  inelastic  channel.1 

The  major  parameters  of  YBCO  are  the  values  of  Tc  and  the  energy  gaps  €„(0) 
and  C/?(0) .  Note  that,  unlike  the  BCS  model,  in  the  two-gap  analysis  there  is  not  any 
universal  relation  between  the  values  of  the  energy  gaps  and  Tc.4 

For  the  planes,  2ea(0)  is  equal  to  approximately  5TC.  The  smaller  gap,  on  the 
other  hand,  is  very  sensitive  to  the  oxygen  content  and  for  6  =  0  is  approximately 
equal  to  1.25TC.  This  later  number  has  been  obtained  from  careful  measurements  of 
the  temperature  dependence  of  the  penetration  depth  at  low  temperature.  This  value 
of  1.25TC  is  also  consistent  with  measurements  of  the  temperature  dependence  of  the 
surface  resistance,  which  is  smaller  than  the  BCS  value  of  1.25TC.  Since  the  material 
is  characterized  by  two  order  parameters  Aa  and  A^,  there  are  two  sets  of  Cooper 
pairs  and  correspondingly,  two  different  coherence  lengths  £a  and  £p.  The  coherence 
lengths  are  £a  =  15 A  (planes)  and  £p  =  25 A  (chains).1 
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3.  Gapless  State 

The  concept  of  gapless  superconductivity  was  introduced  in  Ref.  5.  The  gapless 
superconducting  state  may  arise  through  several  channels.  One  should  note  that  the 
gapless  state,  despite  the  absence  of  the  energy  gap,  is  still  a  superconducting  state.5,6 
The  absence  of  the  gap  leads  to  a  power  law,  rather  than  exponential  dependences 
of  the  electronic  heat  capacity,  surface  impedance,  penetration  depth,  etc.,  but  nev¬ 
ertheless,  the  material  still  exhibits  the  Meissner  effect  and  zero  resistance.  A  very 
interesting  case  of  gapless  superconductivity  occurs  if  the  material  contains  magnetic 
impurities. 

Consider  the  two-gap  case  when  the  chains  in  YBCO  are  in  the  induced  super¬ 
conducting  state.  If  the  /3-system  (chains)  contains  magnetic  impurities,  then  we  are 
dealing  with  an  unusual  case  of  gapless  superconductivity,  namely  at  some  value  of 
the  impurity  concentration  the  energy  gap  becomes  equal  to  zero,  whereas  the  shift 
in  Tc,  unlike  the  usual  case,  is  relatively  small.  Such  a  case  occurs  when  oxygen  is 
removed.  Indeed,  the  removal  of  oxygen  greatly  affects  the  chain’s  states.  Instead 
of  a  well- developed  chain  structure,  we  have  a  set  of  broken  chains  with  Cu  atoms 
at  the  end.  These  Cu  atoms  form  local  magnetic  states,  similar  to  surface  states. 
These  magnetic  moments  act  as  strong  pairbreakers  in  the  chain  band.  As  a  result, 
the  chains  rapidly  develop  a  gapless  state. 

The  critical  concentration  n,  which  corresponds  to  the  appearance  of  the  gapless 
state  can  be  calculated  by  use  of  the  method  developed  for  the  usual  proximity  system. 
For  8  =  0.1,  that  is  for  YBa2Cu30e.9  compound,  we  are  dealing  with  the  gapless 
state.  It  corresponds  to  the  criterion  lc  —  where  lc  =  v/rcm  is  the  mean  free  path 
for  magnetic  scattering. 

It  is  essential  that,  although  the  magnetic  moments  are  introduced  in  the  chain 
sites  only,  the  energy  gaps  become  equal  to  zero  in  both  subsystems,  chains  and 
planes.  Namely,  as  a  consequence  of  the  charge  transfer,  both  densities  of  states 
Na{w)  and  Np(w)  are  not  equal  to  zero  up  to  w  =  0.  Note  also,  that  even  when 
the  gaps  are  equal  to  zero,  the  density  of  states  Na(w )  displays  a  peak  at  u>  =  ea, 
and  this  peak  can  be  observed  experimentally,  e.g.,  by  tunneling  measurements.  The 
gapless  regime  is  very  narrow  in  the  conventional  isotropic  case,5  namely  nCT  =  0.91n', 
n'  corresponds  to  Tc  =  0,  that  is,  to  the  total  disappearance  of  superconductivity. 
The  presence  of  different  subsystems,  such  as  planes  and  chains,  leads  to  a  different 
picture  (see  above),  and  the  gapless  region  becomes  much  wider.7  The  presence  of 
magnetic  impurities  drastically  affects  the  value  of  the  induced  energy  gap  without 
any  noticeable  impact  on  the  critical  temperature.5 


4.  Penetration  Depth 

This  section  is  concerned  with  the  temperature  dependence  of  the  penetration 
depth  in  layered  superconductors,  such  as  the  high  Tc  oxides.  At  present,  this  problem 
has  attracted  much  interest.  The  experimental  data  look  contradictory.  Indeed,  some 
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authors8,9  have  observed  exponential  dependences  for  Nd-based  cuprates  and  for  fully 
oxygenated  YBCO  films.  According  to  others10,11  AA  a  T,  whereas  a  quadratic 
dependence  has  also  been  reported9,12,13.  It  will  be  shown  that  the  approach  developed 
by  us1  can  explain  all  data8-13  in  a  unified  way,  and  that  the  dependence  AA(T) 
indeed  can  vary  and  is  very  sensitive  to  oxygen  content.  This  paper  also  contains 
some  predictions  related  to  conventional  S-N-S  multilayers. 

The  evaluation  of  the  penetration  depth  is  based  on  a  model  that  has  been  pre¬ 
sented  previously,1  and  will  briefly  be  described  here.  The  YBCO  compound  contains 
two  conducting  (and,  consequently  at  T  <  Tc,  two  superconducting)  subsystems,1 
namely,  CuO  planes  (a)  and  chains  (/?),  bound  by  charge  transfer.  Each  of  the 
subsystems  is  characterized  by  its  own  order  parameter  A,(u>n),  i  =  (a,  (3)  with 
un  =  (2 n  +  l)xT  (we  are  using  the  thermodynamic  Green’s  function  formalism). 
The  presence  of  the  two  order  parameters  corresponds  to  a  two  gap  picture,  meaning 
the  superconducting  density  of  states  contains  two  peaks.1  In  YBCO,  ea  ~  25  meV 
and  ep  ~  6meV.  The  planes  are  intrinsically  superconducting,  whereas  the  supercon¬ 
ducting  state  in  the  chains  is  due  to  charge  transfer.  The  superconducting  state  in 
the  chains  is  induced  by  the  intrinsic  proximity  effect  and,  in  addition,  through  an 
inelastic  channel. 

Oxygen  depletion  leads  to  a  transition  into  the  gapless  regime.  This  regime  is 
caused  by  the  pair  breaking  effect  in  the  chains  which  is  due  to  the  appearance  of  un¬ 
compensated  Cu++  ions,  the  presence  of  which  has  been  established  experimentally.14 
One  can  show  that  such  a  transition,  contrary  to  the  conventional  case5,6  does  not 
lead  to  a  noticeable  change  in  Tc,  but  does  make  a  great  impact  on  the  transport  tun¬ 
neling,  microwave  properties,  etc.  which  are  sensitive  to  the  structure  of  the  energy 
spectrum.1 

The  screening  is  provided  by  both  subsystems,  and  the  temperature  dependence 
of  the  penetration  depth  in  the  London  case  £  <C  A  is  described  by  the  equation:15 

A(T)  [Q.(T)  +  Qg(T)1~* 

A(0)  [Q„(0)  +  Q„(0)]~’ 

The  kernels  Qa  and  Qflare  equal  to: 


Q«(T)  =  />*T  £ 

u/„=0 


1  A2(icun) 

z a{iun)  [u -f  A l(iu>n)]* 


£  1  _ AM^")  T 

Wn=0  1^2  A .J(tWn)]  2 

The  quantities  Za(icvn)  and  Z p(iun)  are  the  renormalization  functions,  and  p  = 
vamplvpma  (v  is  the  density  of  states).  The  order  parameters  and  the  renormal¬ 
ization  functions  are  satisfied  by  the  equations1 : 
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Here  =  [w*  +  A?(zwn)]2  (i  =  a, /3),Tap  and  Tpa  describe  the  intrinsic  proximity 
effect,  Xa  is  the  in-plane  coupling  constant  describing  the  pairing  in  the  CuO  plane, 
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Xap  and  Xpa  are  the  off  diagonal  coupling  constants,  Dnn»  =Tt  /[ft  +(o?n  -  un')\ 
is  the  phonon  Green’s  function,  and  Tl  is  the  characteristic  phonon  frequency.  In 
accordance  with  Ref.  1,  we  are  considering  the  electron-phonon  interaction  as  the 
pairing  mechanism.  Note  that  the  model  can  easily  be  generalized  for  another  type 
of  interaction.  The  absence  of  the  term  containing  A^  corresponds  to  the  induced 
nature  of  the  pairing  in  the  chains.  The  presence  of  the  last  term  on  the  rhs  of 
Eqn.  (5)  is  very  important  for  our  present  purpose.  The  term  describes  the  presence 
of  the  magnetic  moments  in  the  chains.  Oxygen  depletion  leads  to  an  increase  in 
Tm1-  Eqns.  (2)-(5)  were  solved  using  a  Newton- Raphson  method  and  inverting  the 
resulting  matrices  using  band  diagonal  techniques. 

First  of  all,  we  would  like  to  formulate  a  qualitative  result,  namely,  that  the  tem¬ 
perature  dependence  is  different  for  various  concentrations  of  the  impurities.  There¬ 
fore,  for  YBCO  the  dependence  AA(T)  is  different  for  various  oxygen  contents.  If 
Tm=0,  then  an  exponential  dependence  is  obtained  for  AA(T)  as  T  — >  0.  An  increase 
in  Tm,  that  is,  an  increase  in  magnetic  impurities,  leads  to  a  modification  of  this 
dependence.  A  weaker  exponential  dependence  is  observed  for  small  values  of  Tm 
corresponding  to  a  smaller  energy  gap.  For  Tm  =  90 K(6  «  .1)  a  linear  dependence  is 
obtained.  For  even  larger  values  of  Tm,  the  calculated  dependence  becomes  quadratic. 

In  the  calculation,  the  following  set  of  intrinsic  parameters  were  specifically  used: 
Aa=3.0,  Aa/3=.24,  AJ0Of=.17,  Tai3=90,  Tpa—Q 4,  and  Q=  385.  These  values  were  ob¬ 
tained  in1,16  and  by  analysis  of  various  experimental  data. 

According  to  the  approach  developed  in  Ref.  1,  the  value  of  the  parameter  T^  is 
directly  related  to  the  oxygen  content,  which  allows  one  to  compare  our  calculations 
with  the  experimental  data.8-13  The  value  (Tm  —  0)  corresponds  to  the  stoichometric 
composition,  and  the  dependence  of  AA(T)  is  exponential  as  T  ->  0.  The  energy 
spectrum  has  a  two-gap  structure,  and  AA(T)  is  dominated  by  the  smaller  gap,  so 
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that  AA(T)  oc  exp(-e^/T)  Such  exponential  dependence,  indeed,  has  been  observed9 
for  a  fully  oxygenated  YBCO  thin  film.  The  oxygen  depletion  leads  initially  to  a 
decrease  in  the  energy  gap  and,  correspondingly,  to  the  weaker  exponential  law.  We 
think  such  an  effect  has  been  observed  in2  for  a  small  deviation  from  the  stochiometry. 
The  value  (Tm  =  90-K")  corresponds  to  the  transition  to  the  gapless  state.1  Then  the 
dependence  AA(T)  is  not  exponential,  but  is  described  by  a  power  law.  According  to 
our  calculations,  the  dependence  becomes  linear.  For  greater  oxygen  depletion,  the 
calculated  curves  exhibit  a  quadratic  tendency.  Such  quadratic  dependence  has  also 
been  seen,12  with  the  data  more  closely  matching  calculated  curves  with  Tm  >  90 K  . 
This  is  consistent  with  the  depressed  critical  temperatures  of  the  samples  used  in12. 

According  to  our  analysis,  the  linear  dependence  in10  is  characteristic  of  an  oxy¬ 
gen  depleted  sample,  which  seems  at  odds  with  the  high  Tc  of  the  crystals.  This  can 
be  understood  in  light  of  recent  work  by  Skelton  et  al.17  who  found  that  some  single 
crystals  of  YBCO  become  highly  oxygen  deficient  at  the  surface  while  maintaining 
the  stoichiometry  in  the  bulk. 

Our  approach  allows  us  to  describe,  in  a  unified  way,  the  experimental  data 
on  the  penetration  depth  in  YBCO  displaying  different  temperature  dependences. 
According  to  our  theory,  these  differences  are  sample  dependent  and  correlate  with 
the  oxygen  content.  The  stochiometric  compound  is  gapped  and  is  characterized  by 
an  exponential  dependence.  Note  that  such  a  dependence  has  been  observed  also 
in  the  Nd-based  cuprate  and  is  related  to  the  corresponding  energy  gap.  Oxygen 
depletion  leads  initially  to  a  decrease  in  the  energy  gap  and  then  to  the  transition  to 
the  gapless  state.  Then  the  dependence  is  described  by  a  power  law,  initially  linear, 
and  then  quadratic. 

The  approach  developed  in  this  paper  can  be  applied  not  only  to  the  layered 
compounds  such  as  YBCO  which  are  characterized  by  the  intrinsic  proximity  effect 
and  the  off-diagonal  inelastic  coupling  constants,  but  also  to  the  usual  proximity 
systems,  including  conventional  S-N-S  multilayers.  Eqns.  (2)-(5)  can  be  used  to 
study  the  screening  properties;  the  usual  proximity  system  is  obtained  by  setting  \ap 
and  A pa  equal  to  0.  The  magnetic  impurities  should  be  placed  in  the  N-layer,  and 
this  should  not  drastically  effect  T1  but  will  strongly  modify  the  energy  spectrum. 
Because  of  the  appearance  of  a  gapless  state,  the  penetration  depth  data  should 
display  a  transition  from  an  exponential  behavior  to  a  power  law.  In  addition  one 
can  observe  the  linear  law  for  relatively  small  Tm,  and  a  quadratic  dependence  for 
larger  values.  It  would  be  interesing  to  carry  out  the  measurements  of  the  penetration 
depth  to  experimentally  verify  our  conclusion  about  the  change  in  AA(T)  due  to  an 
increase  in  the  concentration  of  magnetic  impurities. 

The  temperature  dependence  of  the  penetration  depth  AA(T)  for  YBCO  is  char¬ 
acterized  by  peculiar  features.  Based  on  our  approach,  one  can  demonstrate  that 
the  nature  of  this  dependence  strongly  depends  on  the  oxygen  content.  Our  anal¬ 
ysis  provides  a  unified  description  of  recent  experimental  data.  The  oxygen  de¬ 
pletion  leads  to  the  transformation:  AAj(T)  — »  AA2(T)  — >  AA3(T)  — >  AA4(T) 
where  AAi(T)  oc  exp(-ep/T ),  AA2(T)  oc  exp(-e^/T)  (e^  <  e/j),  AA3(T)  oc  T,  and 
AA4(T)  oc  T2.  A  similar  change  should  also  be  observed  in  the  conventional  S-N- 
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S-N  multilayers  with  a  change  in  concentration  of  magnetic  impurities  placed  in  the 
N-layer. 


5.  Intrinsic  Asymmetry,  SQUIDs 

The  presence  of  the  two  conducting  subsystems  (planes  and  chains)  makes  a 
great  impact  on  various  properties  of  the  materials.  This  factor  is  important  also  for 
the  analysis  of  Josephson  junctions,  particularly,  if  we  are  dealing  with  untwinned 
crystals.  Indeed,  the  conductance  of  the  junction  depends  strongly  on  the  relative 
orientation  of  the  chains.  Let  us  illustrate  this  point  by  analyzing  the  corner  SQUID 
which  contains  an  untwinned  YBCO  crystal. 

In  the  SQUID  experiment,  described  in  Ref.  18,  a  d-wave  pairing  function  would 
lead  to  a  phase  shift  8  =  ir  between  the”  a”  and  ”b”  directions  in  the  CuO  plane, 
whereas  s-wave  symmetry  would  not  display  such  a  shift.  The  idea  to  use  such  a 
difference19  in  order  to  determine  the  symmetry  of  the  pairing  is  very  attractive  and 
formed  the  basis  for  the  experiment.  According  to  Ref.  18,  the  data  are  not  totally 
conclusive  (for  example,  it  is  difficult  to  avoid  an  additional  shift  caused  by  trapped 
vortices,  or  some  extrinsic  properties  of  the  junctions),  and  there  is  a  spread  in  values 
of  the  Sab- 

Consider  corner  YBCO-Sc  SQUID  (Sc  is  a  conventional  superconductor,  e.g.  Pb, 
or  Nb18).  The  magnetic  field  modulates  the  current,  and  for  a  symmetric  SQUID: 

1  =  ImodsilKl  (6) 

where  Imo(j=2IoCOs(7r$/$(,  +  Sab )•  Note  that  for  a  symmetric  SQUID  one  can  sepa¬ 
rate  the  factor  containing  as  a  result,  for  the  d-wave  case  1=0  for  $  =  0,  and  I=2I0 
even  if  I  <  Imax- 

An  important  point  is  that  the  SQUID  contains  a  large  intrinsic  asymmetry, 
caused  by  the  presence  of  the  superconducting  chains.  The  presence  of  the  second 
subsystem  is  a  key  ingredient  of  our  approach  (see  above).  As  a  result,  the  total 
current  is 

I  =  Iisinqj  +  I2sinq2  (7) 

where  Ii=Ipi  +  1^,  l2=lpp  In  the  presence  of  a  magnetic  field  it  is  impossible  to 
reduce  (7)  to  the  form  (6),  that  is,  to  factorize  the  field.  In  the  presence  of  the  field, 
the  expression  for  I,  after  some  manipulations  can  be  written  in  the  form: 

I  =  Ii[sin(q  +  7)cos(tt$/$C(  -  7)  +  sin(q  -  7)cos(x$/$0  +  7)]  (8) 

where  q=qi+q2,  and  cos27=l2/Ii.  If  Ii=l2,  then  7=0,  and  we  obtain  Eqn.  (6).  One 
can  directly  deduce  from  Eqn.  (8)  that  the  parameter  7  enters  as  a  phase  factor,  and 
the  value  of  the  current  I  at  $  =  0  depends  strongly  on  7.  For  example,  if  I2  <C  Ii 
(then  7  =  x/4),  and  I  is  small  (we  consider  the  case  when  the  bias  current  I  <  Imax)? 
we  obtain  1=0  at  $  =  0,  and  I=U  at  $  =  $0/2. 

Therefore  I$=$0/2  I$=o,  that  is,  the  picture  is  similar  to  that  for  d-wave  pairing 

(cf.  Eqn.  (6)),  but  the  effect  is  caused  by  the  intrinsic  asymmetry  (Ii  I2)  of  the 
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corner  SQUID  with  s-wave  pairing.  Note,  that  the  small  value  of  I  at  $  =  0  does 
not  require  such  a  strong  inequality  Ii  >■  I2,  in  particular,  if  we  take  into  account 
the  spread  of  the  data.18  Even  for  realistic  values  of  Ii  and  I2  one  can  obtain  such  a 
picture,  observed  in18. 

The  remark  made  in18  about  there  being  no  difference  between  untwinned  and 
twinned  crystals  is  strange,  because,  in  the  general  case,  the  twinning  should  lead  to 
the  situation  when  the  ”a”  and  ”b”  directions  are  equivalent,  and  the  effect  claimed 
is  absent.  Probably,  one  can  deal  with  some  special  type  of  twinning,  where  the  twin 
spacing  is  large  compared  to  the  junction  size  and  the  intrinsic  asymmetry  will  be 

kept.  . 

Note  that  the  model  described  above  considers  the  chains  as  intrinsically  normal. 
The  superconducting  state  is  induced  by  an  intrinsic  proximity  effect  and  an  inelastic 
charge  transfer  channel.  As  a  result,  the  phase  shift  between  the  chain  structure  and 
Pb  is  the  same  as  for  the  planes  and  Pb.  If  we  include  an  additional  intrinsic  pairing 
for  the  chains  even  with  a  small  coupling  constant  Apj,  it  would  lead  to  an  additional 

shift  and  even  more  complicated  structure.20 

We  think  that  the  method  of  phase  coherence18’19  is  very  interesting,  but  it 
probably  requires  the  use  of  the  superconductors  without  intrinsic  asymmetry,  such 
as,  for  example,  LaSrCuO. 

From  these  considerations,  it  can  be  seen  that  the  chain  alignment  plays  a  very 
important  role.  The  parameters  of  the  Josephson  junction  can  be  greatly  affected 
by  the  mutual  orientation  of  the  contact  and  the  b-axis.  We  discuss  this  problem  in 
more  detail  elsewhere. 


6.  Conclusion 

The  main  results  of  the  paper  can  be  summarized  as  follows: 

1.  The  presence  of  various  structural  low-dimensional  units  (planes,  chains),  along 
with  short  coherence  length  lead  to  a  unique  opportunity  to  observe  a  two-gap  spec¬ 
trum.  The  spectroscopy  of  the  stoichoimetric  YBCO  compound  (microwave  proper¬ 
ties,  tunneling,  etc.)  is  determined  by  the  smaller  energy  gap. 

2.  The  chains  are  characterized  by  the  induced  superconductivity  which  is  due  to  the 
charge  transfer,  e.g.  to  the  intrinsic  proximity  effect. 

3.  Oxygen  depletion  leads  to  a  gapless  state.  This  state  is  manifested  in  the  change 
in  the  temperature  dependence  of  the  penetration  depth  which  is  then  described  by 
a  power  law. 

4.  The  chains  can  make  a  noticeable  contribution  to  the  Josephson  current,  and  this 
contribution  is  determined  by  the  orientation  of  the  chains. 
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ABSTRACT 

We  have  studied  theoretically  a  two-band  superconductor  in  which  superconduc¬ 
tivity  is  induced  by  a  strong  retarded  pairing  interaction  in  one  of  the  bands  and 
has  s-wave  symmetry.  This  picture  results  in  strongly  anisotropic  order  parameter. 
The  Eliashberg  equations  are  solved  for  two  bands  with  account  taken  of  intraband 
and  interband  impurity  scattering  (usual  and  magnetic).  Magnetic  field  penetra¬ 
tion  depth  and  electronic  densities  of  states  in  each  band  are  calculated  numerically. 
Gapless  superconductivity  is  discussed.  Conditions  are  considered  when  the  solu¬ 
tion  with  different  signs  of  the  order  parameters  in  different  bands  exists.  This 
interband  gap  sign  reversal  can  manifest  itself  in  Josephson  experiments. 


1.  Introduction 

As  follows  from  many  tunneling,  optical  and  microwave  studies  of  high  Tc  super¬ 
conductors  (see  eg.1-4),  the  low-frequency  response  of  these  materials  is  consistent 
with  either  absence  of  an  energy  gap  or  with  a  small  gap  2 A g/Tc  <  3.5.  This  suggests 
d-wave  or  strongly  anisotropic  s-wave  pairing  state.  Our  purpose  is  to  study  the  latter 
case,  but  with  interband  anisotropy  instead  of  the  more  conventional  angular  one. 

The  extension  of  the  BCS  theory  for  two  or  more  superconducting  bands  was 
worked  out  by  Suhl,  Matthias,  and  Walker5  and  independently  by  Moscalenko  6, 
and  later  elaborated  on  by  many.  Later,  it  was  realized7  that  the  fact  that  several 
bands  cross  Fermi  level  is  not  sufficient  to  have  considerable  many-band  effects  in 
superconductivity.  Only  when  the  bands  in  question  have  really  different  physical 
origin,  a  substantial  effect  may  appear. 

This  is  the  case  in  many  high-Tc  cuprates.  In  particular,  Y Ba2Cu2,07  is  knowr 
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to  have  four  sheets  of  the  Fermi  surface,  all  four  having  different  physical  origin8’9: 
one  is  formed  by  the  chain  pda  (seen  by  positron  annihilation),  another  is  an  apical 
oxygen  band  (seen  in  de  Haas- van  Alphen  experiments),  and  the  last  two  are  bonding 
and  antibonding  combinations  of  the  two  pda  plane  bands  (seen  by  angular-resolved 
photoemission).  Basing  on  the  richness  of  the  band  structure  of  YBa2Cu30r,  several 
groups  pointed  out  that  at  least  two-band10,  or  probably  the  whole  four-band11’12, 
picture  should  be  used  to  describe  superconductivity  in  this  system.  Various  exper¬ 
iments  have  been  interpreted  as  indicating  two  or  more  different  superconducting 
gaps. 

A  simplest  solvable  model  containing  all  essential  physics  is  a  two-band  model. 
We  shall  consider  two  bands  for  Y B2C113O7:  a  chain  band  and  a  plane  band.  It  is 
generally  believed  that  superconductivity  appears  because  of  the  plains  and  in  the 
chains  is  induced.  Consequently,  we  shall  assume  the  coupling  constant  in  the  planes, 
As,  to  be  much  larger  than  that  for  the  chains,  An.  We  shall  also  include  a  finite 
interband  coupling,  Ans,  and  a  finite  scattering  rate  (’interband  tunneling’)  between 
the  bands,  Tns.  This  model  has  been  considered  in10,  where  Tc  and  energy  gaps  in 
both  bands  were  calculated.  In  order  to  make  comparison  with  experimental  data 
electromagnetic  response  and  energy  spectrum  should  be  investigated  in  more  detail. 
We  present  the  results  of  a  general  treatment  of  this  two-band  model  in  a  strong 
coupling  regime.  Magnetic  penetration  depth  and  densities  of  states  in  each  band  are 
calculated.  Josephson  effect  between  two-band  superconductors  as  well  as  between 
two-band  superconductor  and  conventional  one  is  studied. 

2.  The  model 

We  shall  now  remind  the  basic  equations  of  the  multiband  BCS  theory5-7.  The 
Hamiltonian  has  the  following  form: 

H  =  ^2  {tif<$,kachk,P  ~  ^ci,*acj,*'acJ ,-kpCj,-k'p)  W 

i,kua  ij,kk’a0 

where  i,j  are  a,p  are  band  and  spin  indices,  respectively,  eitk  is  kinetic  energy  in 
i-th  band,  c*ka  and  c^ka  are  corresponding  creation  and  annihilation  operators,  gij 
are  the  averaged  pairing  interaction  energies  resulting  from  intraband  and  interband 
phonon  emission  and  absorption,  minus  the  corresponding  screened  Coulomb  inter¬ 
action  terms,  and  iff  are  matrix  elements  describing  elastic  intraband  scattering  as 
well  as  interband  one  (interband  tunneling). 

In  the  simplest  case  iff  =  0  the  order  parameter  At  on  the  t-th  sheet  of  the  Fermi 
surface  is  given  by  the  equation 


where  the  cut-off  frequency  ujd  is  assumed  the  same  for  all  sheets.  Tc  is  defined  in 
the  usual  way  by  the  effective  coupling  constant,  A e//,  as  \n(2'y*<^D/^Tc)  =  1/A e//, 
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7*  ^  1-78.  The  coupling  constant  A e//  is  the  maximal  eigenvalue  of  the  matrix  A = 
gijUj ,  where  17  is  the  density  of  states  at  the  Fermi  level  (per  spin)  in  the  j-th  band. 

In  a  case  of  strong  coupling  (A y  >  1)  the  BCS  approximation  is  not  applicable. 
The  Eliashberg  strong-coupling  theory  takes  into  account  effects  of  retardition  due  to 
finite  ratio  Tc/ujd,  as  well  as  decay  of  quasiparticle  excitations.  The  equations  of  this 
theory  for  a  many-band  case  have  the  form: 


A;.n  =  Ai.nZi,n  =  *TY;i:  {(A ijDn^  -  f)  +  (7*  -  7&)} 


A', 


+  O' 


(3) 


Wt',n  —  wn Zi,n  —  <^n  +  ^  ^  {A i,jDn>nt  +  (7t'j  +  7*j)} 


(4) 


where  Dni„/  is  a  phonon  Green  s  function,  Zt|Tl  is  a  renormalization  function,  7y  = 

l  |2 

fy*  ly  is  the  scattering  rate  from  band  i  into  band  j  due  to  nonmagnetic  im¬ 
purities,  and  7 ■■  —  |f£f|  ui  the  same  f°r  magnetic  impurities.  For  a  weak 

coupling  case  A y  <<  1  Eqs.(3,4)  reduce  to  the  equations  of  the  BCS  model. 

Let  us  consider  now  specific  case  of  a  two-band  superconductor.  We  assume 
that  electrons  in  one  of  the  bands  (s-band)  interact  strongly  with  phonons,  the  cor¬ 
responding  coupling  constant  \s  =  3,  and  electrons  in  another  band  (n-band)  are 
weakly  coupled.  In  the  notations  of  Kresin  and  Wolf  10  the  corresponding  coupling 
constants  are  An  =  As  =  3,  A22  =  An  <<  As.  To  choose  interband  coupling  constants, 
A12  =  Xsn  and  A2i  =  A ns,  one  can  use  the  relation  Asn/Ans  =  vn/vsr  According  to  the 
band  structure  calculations  8  vn/vs  «  1  for  YBCO  chain  and  plain  bands,  therefore 
we  used  in  our  calculations  Asn  =  0,  while  Ans  is  a  free  parameter.  Similarly,  we 
have  chosen  scattering  rates  7y,7y  in  Eqs.(3,4)  as:  712  <<  721,  7i2  <<  72n  7n  =  0. 
Intraband  elastic  scattering  rates  are  711  =  722  =  0.l7rTc  (clean  limit,  where  results 
do  not  depend  on  specific  choice  of  these  parameters).  Interband  elastic  scattering, 

721  =Tns,  interband  magnetic  scattering,  7|l5  and  magnetic  scattering  in  the  n-band, 

722  =  Tm,  are  the  parameters  of  the  model.  Introduction  of  nonzero  magnetic  scat¬ 
tering  in  the  s-band,  7^,  does  not  lead  to  qualitatively  different  results  (it  simply 
shifts  Tc  of  the  whole  system),  whereas  finite  interband  magnetic  scattering,  7^,  can 
lead  to  sign  reversal  of  the  gap  in  different  bands  and  therefore  can  manifest  itself 
in  Josephson  experiments,  as  discussed  below.  With  the  parameters  specified  above, 
the  Eliashberg  equations  (3,4)  were  solved  numerically  for  two  bands. 


3.  Electromagnetic  response  and  energy  spectrum 

Electromagnetic  responce  of  a  two-band  superconductor  can  be  calculated  by  gen¬ 
eralization  of  standard  approach  developed  for  strongly- coupled  supeconductors  14. 
The  static  response  is  determined  by  effective  superfluid  density,  d“2(T),  where  8(T) 
is  the  magnetic  field  penetration  depth.  Details  of  calculations  as  well  as  the  results 
for  high-frequency  response  will  be  given  elsewhere. 


The  results  of  the  calculations  of  a  normalized  superfluid  density  are  shown  in 
fig.l  for  the  coupling  constants  An/As  =  0.2,  =  0.1TC  and  various  Ans/As.  Large 

deviations  are  seen  from  isotropic  BCS  as  well  as  from  isotropic  strong-coupling  (SC) 
curves  at  low  T,  where  the  model  predicts  6~2(T)/6~2( 0)  oc  1  —  exp(— Amin/T)  with 
2Amin/Tc  ~  0.5  -r  1  and  2Amax/Tc  «  5  in  the  considered  parameter  range. 


Fig.  2.  Left:  DOS  in  s-band  (solid  lines)  and  in  n-band  (dashed  lines)  at  various  temperatures  T 
(in  cm-1).  Right:  the  same  for  various  Tm  (in  cm-1)  at  T  =  10 

Nonexponential  behavior  at  low  temperatures,  Ta  (with  a  >  2),  can  take  place 
due  to  scattering  of  carriers  by  low-frequency  excitations  (phonons,  soft  plasmons  or 
two-level  centers),  independently  on  a  pairing  mechanism  15,16.  Experimental  data 
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for  epitaxial  YB2Cuz07  films  from  17  are  also  shown  for  illustration.  Qualitative 
similarity  is  seen  at  low  temperatures.  Quantitative  comparison  of  the  theory  with 
penetration  depth  measurements  for  different  high  Tc  materials  is  in  progress. 

DOS  in  each  band  were  calculated  numerically  from  the  solution  of  Eqs.(3,4), 
analitically  continued  to  the  real  energy  axis  e  =  — iiun.  The  results  for  Ans  =  0  and 
Tns  =  Tc  are  shown  in  fig. 2.  DOS  in  the  s-band  is  peaked  at  u;  =  Amax  whereas 
DOS  in  the  n-band  is  peaked  at  u  =  Am;n  with  2Amax/Tc  =  5.3  and  2Amin/Tc  =  1.5. 
As  seen  from  fig.2,  there  exists  a  finite  gap  at  low  T,  but  at  higher  temperatures  a 
gapless  state  develops,  which  is  due  to  pair-breaking  effect  of  thermal  phonons. 

The  influence  of  magnetic  scattering  in  the  n-band  is  shown  in  fig.2.  Here  Tm  is 
the  scattering  rate  on  magnetic  impurities  in  the  n-band.  It  is  seen  that  with  increase 
of  rm  the  small  gap  Amin  decreases  rapidly,  whereas  the  larger  gap  Amax  is  almost 
not  changed  (as  well  as  Tc).  As  a  result,  for  sufficiently  large  Tm  «  Tc  a  gapless  state 
develops.  This  effect  was  first  predicted  in  10.  On  the  other  hand,  our  numerical 
solutions  do  not  depend  on  nonmagnetic  intraband  impurity  scattering  (Anderson 
theorem).  The  sensitivity  of  a  small  gap  to  the  magnetic  scattering  can  be  a  reason 
for  complicated  gap  structure  observed  in  YB2Cuz07  in  tunneling  measurements  1,a. 


4.  Interband  sign  reversal  of  the  gap  and  Josephson  effect 

In  the  given  model  the  small  gap,  Amin,  is  determined  by  the  value  of  Amax  and 
by  interband  interactions.  As  a  result,  under  certain  conditions  Am;n  can  become 
negative.  To  analyze  these  conditions,  let  us  note  that  near  Tc  the  solution  of  Eq.(2) 
is  A2/Ai  =  (Ae//  — An)/A12.  Due  to  A e//  >  An,  one  can  see  directly  that  the  interband 
sign  reversal  of  the  gap  (ISRG),  sign( A2/Ai)  =  -1,  takes  place  when  nondiagonal 
matrix  elements  AJ2  and  A2i  are  negative. 

Below  we  shall  demonstrate  that  even  a  fully  attractive  interaction  g^  >  0  can 
lead  to  the  sign  reversal  when  at  least  one  of  two  conditions  is  satisfied:  (a)  interband 
pairing  interaction  is  weaker  than  Coulomb  preudopotential,  (b)  there  is  sufficiently 
strong  interband  scattering  on  magnetic  impurities. 

(a)  If  g’s  are  electron-phonon  pairing  potentials,  then  Eq.(2)  should  be  corrected 
for  a  Coulomb  repulsion,  which  can  be  readily  done7  by  substituting  g#  by  —  Ufi  » 
g^  —  U* ,  where  effective  Coulomb  repulsion  U*  is  logarithmically  renormalized  in  the 
same  way  as  in  one-band  superconductivity  theory  (U*  is  assumed  to  be  independent 
on  i,j).  A  direct  consequence  of  that  is  that  if  the  interband  electron-phonon  coupling 
is  weak,  the  situation  with  a  negative  gap,  gij  —  U*  <  0,  can  easily  realize  because  of 
the  interband  repulsion. 

(b)  In  the  weak  coupling  limit  and  near  Tc  Eqs.(3,4)  can  be  solved  analytically. 
For  two  bands,  in  the  linear  in  7,7*  approximation,  Eq.(2)  is  recovered,  with  the 
effective  coupling  matrix  A  : 


A ejf  =  A  - 


27n  +  7i2  +  712  7i2  ”  7« 

7fi  “  721  2 7|2  +7  +  721 


■A. 


(5) 


When  all  A’s  are  equal  (isotropic  case),  the  standard  Abrikosov- Gorkov  result  18 
is  recovered:  <5A  «  — 7^(7^  +  7f2  +  7^  +  7|2)/8TC0. 

An  interesting  special  case  is  Ai2,A2i  <C  An,A22.  Then  in  the  effective  A  matrix 
nondiagonal  elements  can  become  negative,  A *J*(i  ^  j)  =  AtJ-  +  TrA^Ajj (7*^  —  7?J)/8Tc0, 
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if  7*  is  sufficiently  large.  As  discussed  above,  this  situation  will  lead  to  ISRG. 
In  order  to  demonstrate  this  effect  quantitatively,  we  solved  the  Eqs.(3,4)  numeri¬ 
cally,  using  the  following  parameters:  An  =  1,A22  =  0.5,  An  =  0.025,  A2i  =  0.1, 
721  =  47i2)7n  =  47*2 .  The  results  for  low-temperature  regime,  T  «  Tc,  are  shown 
in  fig. 3.  In  accord  with  the  condition  derived  above,  when  the  difference  7*2  —  7i2  be- 
comes  larger  than  some  critical  value  (in  this  case,  0.0427rrc),  the  second  gap  changes 
sign.  In  other  words,  when  attractive  interband  coupling  is  relatively  weak  and  the 
magnetic  interband  scattering  is  strong,  the  system  will  choose  to  have  two  gaps  of 
the  opposite  signs,  losing  in  pairing  energy,  but  avoiding  the  pair-breaking  due  to 
interband  scattering. 


o.oo  L - 1 - * -  — 

0.00  0.05  0.10  0.15  0.20 


Fig.  3.  Superconducting  gaps  at  T  «  Tc  in  a  two-band  system  with  interband  scattering  on 
magnetic  and  non-magnetic  impurities.  Solid  lines  show  2A2/jTc  (negative  values  are  in  the  upper 
left  corner),  dashed  lines  show  2Ai  jTc.  Note  the  straight  line  corresponding  to  A2  =  0 

Let  us  discuss  the  consequences  for  the  Josephson  effect.  A  lot  of  unusual  exper¬ 
imental  results  have  been  reported  so  far  for  YB2CU3O7  19>20-21>22,23  Below  we  shall 
indicate  qualitative  predictions  of  our  model  and  relation  to  these  measurements. 

The  Josephson  current  density  between  many-band  superconductors  can  be  writ¬ 
ten  as  Js  =  IZijJ?  sin^j,  where  Jlcj  is  the  critical  current  density  for  tunneling 
between  the  bands  i  and  j,  and  <f>'3  is  the  gauge-invariant  phase  difference  of  A,-,  Aj. 
In  the  simplest  case  of  the  Ginzburg-Landau  regime  24 

Jlj  =  7r  A,  Aj  /  ieRij  ksT  (6) 

where  Rij  =  (ft/e2)(pir/2x7i)2/  <  D  >  is  the  resistance  per  unit  area,  <  D  >  is 
angle  averaged  transparency  of  the  boundary  and  pF  =  min(pFi,pFj)-  Following 
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Geshkenbein  and  Larkin25,  we  obtain  that  if  sign(Ai)  =  —sign(Aj),  then  in  the 
stationary  case  ( Js  =  0)  the  finite  phase  difference  appears,  (f>ij  =  7r.  This,  ISRG  can 
lead  to  existance  of  a  ‘V— contact”  considered  first  by  Bulaevskii  et  al.  26 

Generally,  the  total  critical  current,  J*0*,  depends  on  orientation  of  the  boundary 
relative  to  crystallographic  axes  because  of  angular  dependence  of  Rij.  It  can  become 
negative  for  certain  directions,  when  the  contribution  due  to  interband  tunneling 
prevails.  The  condition  is  J12  +  J21  >  J11  +  J22  when  both  electrodes  are  two-band 
superconductors  ( TB/TB ),  and  J]2  >  J11  if  one  of  them  is  a  conventional  one-band 
superconductor  ( TB/OB ).  This  effect  is  similar  to  that  considered  by  Sigrist  and 
Rice  27  for  the  d— pairing,  resulting  from  spin-fluctuation  mediated  interaction  28. 
However,  some  of  our  predictions  differ  qualitatively,  as  discussed  below. 

For  a  TB/OB  junction  the  tunnel  resistance  R\2(9)  depends  strongly  on  the  angle 
9  relative  to  the  6  axis,  namely  R\2{9)  has  a  sharp  minimum  at  9  =  0  due  to  strong 
D(9)  dependence  for  a  tunneling  process.  Moreover,  according  to  the  band  structure 
calculations  8,  kinetic  energy  of  carriers  along  the  chains  is  larger  than  that  in  the 
plains,  thus  leading  to  larger  <  D  >  (9  =  0)  values  along  the  chains.  As  a  result, 
for  small  9  we  have  J*ot(9)< 0,  whereas  for  all  other  angles  Jtcot{9)> 0.  Therefore  an 
intrinsic  w-  phase  shift  will  occur  in  this  case  between  tunneling  along  a-and  along 
6-directions.  Then  a  dc  SQUID  with  junctions  on  a  and  6  faces  of  a  crystal,  will  show 
$o/2  shift  of  a  field  dependence  IC(H).  This  effect  was  first  observed  in  ref.  19  and 
attributed  to  the  dx 2_y2  pairing  state.  Another  consequence  is  a  local  minimum  of 
a  Fraunhofer  pattern  at  H  =  0  for  a  single  junction  formed  on  the  corner  of  a  crys¬ 
tal,  because  Jc  changes  sign  along  the  junction.  Moreover,  the  existance  of  nonzero 
Josephson  current  observed  for  c-axis  tunneling  in  Pbjm.sv\d,toilYi-xPrxBa2Cuz07 
tunnel  junctions  in  ref.21  contradicts  to  the  dx2_y2  symmetry,  but  is  consistent  with 
the  suggested  scenario  ( chains-plains ).  The  reason  is  that,  contrary  to  the  case  of 
dx2 _ y2  symmetry,  an  average  order  parameter  in  ab  plane  is  nonzero. 

Interesting  consequences  appear  for  TB/TB  junctions  (in  a  case  of  Y  Ba2Cu$Oi 
these  are  grain-boundary  junctions).  As  follows  from  the  above  arguments,  if  9  =  0 
in  only  one  of  the  grains,  then  the  grain  boundary  is  a  7r-contact,  otherwise  it  is 
a  conventional  one.  Consider  a  closed  contour  crossing  N  grain  boundaries.  Flux 
quantization  condition  in  zero  external  field  reads  n$0  —  LPj  +  £m=itjv($o/2^)^t-J^> 

where  L  is  a  self-inductance  of  a  ring  and  0-”^is  a  phase  difference  across  m-th 
junction.  Then  if  a  contour  crosses  an  odd  number  of  9  =  0  junctions,  a  spontaneous 
magnetisation  of  a  ring  with  half-integer  flux  quantum  will  occur,  whereas  for  even 
number  of  9  =  0  junctions  -  with  integer  flux  quantum. 

Spontaneous  magnetization  with  half-integer  flux  quantum  in  a  three-j unction 
ring  and  with  integer  flux  quantum  in  a  two-junction  ring  was  demonstrated  recently 
for  YBa2Cu^Oy  in  ref.22.  In  this  experiment  all  grain  boundaries  were  of  9  =  0 
type  (tt  — junctions ).  Thus,  the  results  22  are  in  agreement  with  our  proposal.  To 
distinguish  it  from  the  d- wave  scenario,  measurements  for  different  grain  orientations 
are  necessary,  because  the  criteria  for  a  7r-junction,  and  therefore  angle  dependences, 
are  quite  different.  On  the  other  hand,  the  absence  of  angular  dependence  of  Jc  for 
some  different  grain- boundary  orientations  was  observed  in  ref.20  in  Y Ba2Cu307.  It 
does  not  contradict  to  our  our  scheme.  Indeed,  in  20  all  six  grain  boundaries  have 
had  9/0  which  results  in  Jc<o*(0 )  ~Jcn(0)  ~  const. 
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Another  interesting  phenomenon  observed  first  in  Bi-based  HTS  23  and  more  re¬ 
cently  in  YBa2Cu307  (ref.29)  is  the  paramagnetic  Meissner  effect  (’’Wohlleben  ef¬ 
fect”).  The  explanation  was  proposed  in  refs.23,27  in  terms  of  intrinsic  7T-junctions 
between  weakly  coupled  regions.  An  external  magnetic  field  will  align  spontaneous 
current  loops  and  can  produce  a  net  positive  magnetization  (paramagnetic).  As  dis¬ 
cussed  above,  such  intrinsic  it—  junctions  are  naturally  predicted  by  the  two-band 
model,  thus  making  this  effect  possible. 
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ABSTRACT 

A  technique  to  accurately  measure  the  magnetic  field  penetration  depth  X  of 
superconducting  thin  films  using  a  microstrip  resonator  is  described.  Measurements  of  the 
temperature  dependence  X(T)  performed  on  the  high  temperature  superconductors 
Ndi.85Ceo.i5Cu04-5  and  YBa2Cu307_g  are  reported  and  compared,  particularly  in  the 
low  temperature  region.  Their  features  are  discussed  in  the  light  of  recent  theoretical 
models  predicting  for  the  high  Tc  superconductors  a  pairing  state  with  a  dx2.y2  symmetry 
instead  of  the  usual  s  symmetry. 

1.  Introduction 

In  spite  of  the  tremendous  efforts  made  by  both  the  theoretical  and  experimental 
researchers,  the  key  issues  for  High  Temperature  Superconductors  (HTS),  namely  the 
physical  origin  of  the  anomalous  normal  state  properties,  the  mechanism  for 
superconductivity  at  high  temperatures,  and  the  superconducting  pairing  state,  are  still 
unclear. 

The  scientific  community  is  presently  divided  between  two  different  approaches: 
conventional,  based  on  the  attempt  to  extend  the  classical  BCS  theory  into  the  new  area  of 
ceramic  oxides,  and  unconventional,  in  which  exotic  new  mechanisms  are  proposed.  One  of 
the  currently  most  popular  unconventional  theories  is  based  on  the  spin-fluctuation 
mechanism  for  the  high  temperature  superconductivity.  This  magnetic  scenario  can  explain 
the  anomalous  spin  and  charge  response  in  the  normal  state  and  account  for  the  value  of  Tc 
observed  in  the  cuprates.  Moreover,  it  predicts  that  the  antiferromagnetic  correlations 
between  the  quasi-particles  must  lead  to  a  superconducting  transition  into  a  pairing  state 
with  a  dx2-y2  symmetry  instead  of  the  usual  s  symmetry1. 

In  the  last  two  years  many  experiments  are  claimed  to  provide  strong  evidence  in  favor  of 
d-wave  pairing  state,  mainly  in  the  field  of  nuclear  magnetic  resonance,  photoemission, 
penetration  depth,  microwave  surface  resistance,  and  tunneling  measurements.  However, 
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most  of  these  experiments  has  received  an  alternative  explanations  in  terms  of  an  isotropic 
or  possible  anisotropic  s-wave  theory. 

Among  them,  the  low  temperature  behavior  of  the  magnetic  penetration  depth  A,(T)  is  an 
important  clue  as  to  the  symmetry  of  the  superconducting  order  parameter  A(k).  In  a 
conventional  superconductor  A(k)  has  the  full  rotational  symmetry  of  the  lattice, 
corresponding  to  a  finite  energy  gap  over  the  entire  Fermi  surface.  In  an  unconventional 
superconductor  A(k)  has  a  reduced  rotational  symmetry,  that  in  the  special  case  of  a  dx2_y2 
pairing  state  results  in  a  energy  gap  showing  line  nodes  on  the  Fermi  surface.  While  an  even 
anisotropic  s-wave  pairing  state  manifests  its  presence  in  a  A,(T)  dependence  with  an 
exponentially  activated  behavior  at  temperatures  well  below  Tc,  in  a  pure  dx2.y2 
superconductor  the  penetration  depth  at  low  temperatures  has  been  predicted  to  show  a 
linear  dependence  because  of  the  availability  of  low-lying  excitations  of  arbitrarily  small 
energy2.  It  has  been  also  pointed  out  that  for  a  d-wave  superconductor  impurity  scattering 
could  induce  a  crossover  from  linear  to  quadratic  behavior  in  the  penetration  depth 
temperature  dependence3.  In  the  framework  of  the  BCS  theory,  however,  the  T2  law  can  be 
interpreted  as  evidence  for  gapless  behavior4  or  as  a  manifestation  of  weak  links  between 
grains5.  In  any  event,  the  occurence  of  an  exponential  temperature  dependence  of  X  for  T  < 
Tq/2  should  rule  out  d-wave  theories. 

Experimentally,  however,  it  can  be  extremely  hard  to  distinguish  an  activated  behavior 
from  a  power  dependence  in  the  low  temperature  region,  where  the  penetration  depth 
variations  are  extremely  small.  In  order  to  get  reliable  data,  a  high-sensitivity  technique  is 
needed. 

Here  accurate  microwave  measurements  of  A,(T)  of  Nd1.85Ceo.15CuO4.-5  (NCCO)  and 
YBa2Cu307_s  (YBCO)  thin  films  are  reported.  In  the  low  temperature  region  the  method 
employed  allows  to  achieve  a  resolution  of  a  few  angstroms  in  the  penetration  depth 
variations. 

The  behavior  observed  on  fully  c-axis  oriented  NCCO  thin  films  shows  without  any 
ambiguity  that  the  electrodynamics  of  this  superconductor  can  be  well  described  by  the  BCS 
theory.  On  the  contrary,  the  results  obtained  on  YBCO  thin  films  grown  with  different 
orientations  are  quite  controversial.  In  c-axis  oriented  samples  a  T2  dependence  is  observed, 
whereas  a  film  with  an  high  degree  of  a-axis  orientation  shows  an  activated-like  behavior 
with  a  very  small  value  of  the  energy  gap  (2A/KbTc  =1.2)  for  T  less  than  10  K. 


59 


2.  Technique  Description 

The  measurements  are  carried  out  by  employing  an  inverted  microstrip  ring  resonator, 
first  designed  to  determine  the  surface  impedance  of  low  Tc  superconducting  thin  films6. 
The  configuration  chosen  for  HTS  consists  of  an  annular  microstrip  (width  W«500  |im, 
diameter  D  =  8  mm)  and  a  ground  plane,  both  made  of  thin  films  with  nominally  equal 
properties,  deposited  at  the  same  conditions  on  (100)  LaAlC>3  lxl  cm2  substrates.  The 
dielectric  layer  is  a  thin  (h=130  |im),  low  loss,  single-crystal  sapphire.  The  ratio  W/D  is 
small  enough  to  ensure  that  in  the  frequency  range  of  investigation  (1-20  GHz)  only  the 
TMnio  modes  can  propagate  in  the  resonator.  This  corresponds  to  a  r.f.  magnetic  field 
approximately  parallel  to  the  plane  of  the  substrates7.  The  microwave  measurements  are 
performed  at  the  first  harmonic,  between  3  and  4  GHz,  using  a  vector  network  analyzer. 
Unlike  the  configuration  used  for  low  Tc  materials,  in  this  geometry  the  high  values  of 
radiation  and  dielectric  losses  don’t  allow  to  determine  the  surface  resistance  R$  for  T  < 
Tc/2.  The  estimated  sensitivity  of  the  technique  for  Rs  measurements  is  around  1  mil  This 
method  is  nevertheless  adequate  to  measure  penetration  depth  variations  with  a  high 
sensitivity.  It  is  wortwhile  to  observe  that  even  in  conventional  low  Tc  superconductors, 
like  Nb  or  A15  compounds,  the  temperature  dependence  of  the  penetration  depth  is  less 
susceptible  to  extrinsic  loss  mechanisms  than  is  Rs6,8. 

In  an  isolated  resonator  the  temperature  dependence  of  the  penetration  depth  of  the  HTS 
thin  films  is  related  to  the  temperature  changes  of  the  resonant  frequency  v0(T)  through  the 

relation9: 


_  c/tzD 

V°  )  =  V^(T)X 


,  VT>  . 

1  +  — - cotli 

h  X.,(D 


|MT> 


rl/2 


coth 


K(T) 


(i) 


where  c  is  the  speed  of  light,  £eff  is  the  effective  permittivity  of  the  device,  and  ti  and  t2  are 
the  thickness  of  the  ring  microstrip  and  the  ground  plane  respectively.  The  v0  values  are 
measured  observing  the  power  transmitted  by  the  resonator  as  a  function  of  frequency.  The 
input  and  output  signal  launchers  are  capacitively  coupled  to  the  device  and  are  adjusted  so 
that  the  resonator  can  be  considered  in  the  unloaded  regime  (insertion  losses  IL  greater  than 
20  dB).  The  microwave  power  is  usually  set  between  -20  and  -10  dBm;  this  condition, 
together  with  the  IL  high  values,  ensures  that  the  measurements  are  performed  at  low 
excitation  levels,  avoiding  the  possible  dependence  of  the  data  from  the  r.f  power  applied  to 
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the  resonator.  In  the  low  temperature  region  (T  <  TJ2)  the  typical  quality  factor  measured 
are  around  103,  giving  a  3  dB  bandwidth  of  the  resonator  of  few  MHz.  The  determination 
of  the  resonant  frequency  is  usually  done  sweeping  the  signal  source  through  a  frequency 
window  equal  or  less  than  the  bandwidth  and  recording  the  maximum  in  the  trasmitted 
power  as  a  function  of  temperature.  The  measurements,  using  a  data  acquisition  system  and 
a  temperature  controller,  can  be  fully  automatized  and  ran  overnight.  The  sweep  rate  is  set 
to  be  much  less  than  the  bandwidth  of  the  resonance,  to  avoid  distortion  of  the  line  shape 
and  to  allow  a  large  number  (1601)  of  frequency  data  points  be  taken  near  the  peak.  Thus, 
the  minimum  resolvable  fractional  frequency  variation  will  be: 

A?-ML, - 1 - <l0-«  (2) 

V  1601  v  1601  Q 

where  Av3dB  is  the  3  dB  bandwidth  of  the  resonant  frequency  v0  and  Q  =  Vo/Av3dB- 

Using  Eq.  (1),  it  is  easy  to  show  that  the  minimum  resolvable  penetration  depth  change 
8A.  corresponding  to  5v  is 


AX  =  —  h  (3) 

vo 

For  T  less  than  Tc/2,  this  relation  ensures  a  measurement  resolution  of  approximately  1 

A. 

Particular  attention,  of  course,  has  to  be  paid  to  avoid  that  systematic  errors  can  arise  in 
the  penetration  depth  measurements.  These  errors  are  mainly  due  to  the  thermal  variations  of 
the  microstrip  parameters  and  may  invalidate  the  X(T)  data,  especially  in  the  low  temperature 
region. 

The  effects  related  to  the  thermal  expansion  coefficients  of  both  the  dielectric  layer  and 
the  HTS  thin  films  can  be  considered  negligible  and  ignored9.  However,  the  temperature 
dependence  of  the  effective  permittivity  of  the  device,  £eff(T),  must  be  taken  into  account. 
£eff,  due  to  the  fringing  fields  (W/h  «4)  and  to  the  open  structure  of  the  resonator,  will 
include  not  only  the  dielectric  constant  of  the  sapphire  layer,  but  also  contributions  related  to 
the  propagation  of  the  e.m.  radiation  inside  the  film  substrates  and  into  the  medium 
surrounding  the  package.  From  the  measurements  it  is  found  that  the  temperature  changes 
of  £eff  are  essentially  due  to  the  temperature  dependence  of  the  dielectric  permeability  of  the 
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helium  vapor  filling  the  dewar,  as  the  microwave  probe  with  the  sample  approaches  the 
liquid  helium  surface. 

For  an  ideal,  nonpolar  gas,  the  dielectric  constant  £r  as  a  function  of  temperature  T  and 
pressure  P  is  given  by 


,  aP 

e  =1  + - 

r  k  T 


(4) 


where  kg  is  the  Boltzmann  constant  and  a  is  the  electronic  polarizability  (aHe~2.5-10'24 
cm3). 

To  avoid  that  these  effect  can  mask,  in  the  low  temperature  region,  the  variations  of  the 
resonant  frequency  related  to  the  penetration  depth,  the  measurements  are  performed  at  low 
pressure  conditions  (P  =  1  +10  Pa)  inserting  the  resonator  inside  a  vacuum  copper  can.  The 
thermal  linkage  between  the  samples  and  the  LHe  bath  is  provided  flowing  a  small  but 
constant  amount  of  helium  exchange  gas  inside  the  probe  chamber  during  the  experiment 


3.  Experimental  Results 

The  NCCO  samples  were  obtained  at  the  IBM  laboratories  by  laser  ablation  from  a  target 
of  the  desired  stoichiometry  in  N2O  ambient  on  LaAl(>3  (100)  substrates10.  The  nominal 
thickness  of  the  films  is  3000  A.  The  critical  temperature  values  are  in  the  16-20  K  range, 
and  the  X-ray  diffraction  (XRD)  data  show  c-axis  orientation. 

In  fig.  1  the  penetration  depth  shift  AA,(T)  =  A,(T)  -  \(0)  for  one  of  the  samples  is 
reported  on  a  logarithmic  scale  as  a  function  of  the  inverse  of  the  reduced  temperature  T/Tc 
in  the  low  temperature  region  (T  <  Tq/1).  The  zero  temperature  value  A,(0)  is  obtained  from 
a  standard  best-fit  of  the  full-range  experimental  v0(T)  curve  using  the  complete  theoretical 
BCS  expression  in  the  local  limit  (X, »  ^>).  A  clear  exponential  dependence  is  displayed  by 
AX(T),  in  accordance  with  the  s-wave  behavior  (continous  curve  in  fig.  1),  which  predicts 
at  low  temperatures  1 1 

AX(T)=X(0)^exp, 

yielding12  an  energy  gap  ratio  2Aq/KbTc  ~  3.1. 
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Fig.  1:  low  temperature  dependence  of  AX(T)  for  a  c-axis  oriented  NCCO  thin 
film.  The  solid  curve  is  the  best-fit  of  the  data  using  the  BCS  expression  in  the 
local  limit  (Eq.  5).  In  the  inset  the  same  quantity,  normalized  to  the  zero 

temperature  penetration  depth  1(0),  is  shown  on  a  logarithmic  scale  as  a  function 
ofTc/T. 

For  all  the  measured  films  both  the  exponential  behavior  for  T  <  TqJ3  and  a  value  of 
2Ao/KbTc  in  the  BCS  weak-coupling  regime  were  clearly  verified  and  any  attempt  to  fit  the 
low  temperature  data  with  a  power  law  was  unsuccessful.  These  results  are  in  perfect 
agreement  with  previous  measurements  of  surface  impedance  on  both  NCCO  thin  films  and 
single  crystals,  obtained  using  a  different  technique13. 

The  YBCO  thin  films  were  prepared  on  LaA103  (100)  substrates  by  an  inverted 
cylindrical  magnetron  sputtering  technique14.  They  show  excellent  dx.  transport  properties: 
Tc  values  over  90  K  and  critical  current  densities  in  excess  of  107  A/cm7  at  77  K  are 
observed  for  c-axis  oriented  samples.  The  film  thickness  ranges  between  2000  and  3000  A 
and  the  room  temperature  resistivity  is  around  120  jifTcm.  The  deposition  temperature  can 
be  varied  to  give  c-axis  or  a-axis  orientation  of  the  samples,  as  evidenced  by  XRD  patterns. 

In  fig.  2,  the  quantity  AX(T)  for  one  of  the  c-axis  oriented  samples  is  shown  in  the  low 
temperature  region.  With  no  specific  model  for  superconductivity  in  YBCO  in  mind,  a 
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reasonable  way  to  obtain  the  zero  temperature  penetration  depth  is  to  apply  to  the  complete 
v0(T)  experimental  curve  a  simple  two-fluid  model,  where  X(T)  =  X(0)  { 1  -  (T/Tc)4}"*^. 


Fig.  2:  AX,  vs.  T  for  a  c-axis  oriented  YBCO  thin  film  in  the  low  temperature 
region.  The  solid  line  represents  the  best-fit  of  the  data  using  the  expression 
X<T)  =  X.(0)  (1  +  AT2).  The  value  of  X{0)  is  obtained  by  the  fit  of  the  full-range 
v0(D  experimental  curve  using  a  simple  two-fluid  model  (see  text).  In  the  inset 
the  same  quantity,  normalized  to  the  zero  temperature  penetration  depth  X,(0),  is 
shown  as  a  function  of  (T/Tc)2. 

As  a  matter  of  fact,  X(T)  measurements  of  YBCO  films  cannot  be  self-consistendy  fitted 
to  a  BCS  temperature  dependence  derived  from  a  single  energy  gap  over  the  entire  range 
below  Tc.  With  the  two-fluid  choice,  a  value  of  X(0)  *  2200  A  is  found,  higher  than  single- 
crystals  data,  but  in  good  agreement  with  similar  thin  film  samples.  In  any  case,  the 
quadratic  temperature  dependence  of  AX(T),  clearly  demonstrated  in  fig.  2,  is  not  much 
affected  by  the  X^O)  value  used. 

In  fig.  3,  the  low  temperature  behavior  of  the  penetration  depth  is  shown  for  a  film 
exhibiting  a  high  degree  of  a-axis  orientation. 
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For  this  sample  an  activated-like  behavior  with  a  very  small  value  of  the  energy  gap 
(2A/KbTc  ~1.2)  is  observed  for  T  less  than  10  K. 


T  (K) 


Fig.  3:  AX,  vs.  T  for  an  highly  a-axis  oriented  YBCO  thin  film  in  the  low 
temperature  region.  The  solid  line  represents  the  best-fit  of  the  data  using  Eq.  5. 
The  value  of  X(0)  is  obtained  by  the  fit  of  the  full-range  v0(T)  experimental 
curve  using  a  simple  two-fluid  model  (see  text).  In  the  inset  the  same  quantity, 
normalized  to  the  zero  temperature  penetration  depth  X(0),  is  shown  on  a 
logarithmic  scale  as  a  function  of  Tc/T. 


In  conclusion,  the  behavior  observed  in  NCCO  thin  films  shows  without  any  ambiguity 
that  the  electrodynamics  of  this  superconductor  can  be  well  described  by  the  BCS  theory. 
On  the  contrary,  the  results  obtained  on  YBCO  thin  films  are  quite  controversial  The  X£T) 
behavior  seems  to  be  dependent  on  the  orientation  of  the  samples  respect  to  the  applied 
magnetic  field.  Further  measurements  are  needed  in  order  to  clarify  the  questions  about  the 
pairing  mechanism  in  HTS  and  also  to  enlight  possible  anisotropic  mechanisms  in  the 
penetration  depth  temperature  dependence  observed. 

A  detailed  study  on  a  possible  dependence  of  the  penetration  depth  behavior  on  the 
direction  of  the  screening  currents  in  the  YBCO  films  is  in  progress. 


65 


Acknowledgements 

The  contribution  of  Dr.  A.  Del  Vecchio  to  this  research  is  gratefully  acknowledged.  The 
authors  would  like  also  to  thank  Profs.  A.  Barone,  V.  Z.  Kresin,  and  V.  G.  Vaccaro,  for 
useful  comments  and  suggestions. 

The  work  has  been  supported  by  the  National  Research  Council  (C.N.R.)  under  the  P.F. 
"Su.Cry.Tec."  and  by  the  National  Institute  of  Physics  of  Matter  (I.N.F.M.)  of  Italy. 

References 

1.  P.Monthoux,  A.V.Balatsky,  and  D.Pines,  Phys.  Rev.  Lett.  67  (1991)  3448 

2.  M.Prohammer  and  J.P.Carbotte,  Phys.  Rev.  B43  (1991)  5370 

3.  P.J.Hirschfeld  and  N.Goldenfeld,  Phys.  Rev.  B48  (1993)  4219 

4.  A. A. Abrikosov  and  L.P.Gor’kov,  Sov.  Phys.  JETP  12  (1960)  1243 

5.  J.Halbritter,  J.  Appl.  Phys.  71  (1992)  339 

6.  A.Andreone,  C.Attanasio,  A.Di  Chiara,  L.Maritato,  M. Santoro,  and  R.Vaglio,  /.  Appl. 
Phys.  73  (1993)  4500 

7.  Y.S.Wu  and  FJ. Rosenbaum,  IEEE  Trans.  Microwave  Theory  Techn.  MTT-21  (1973) 
487 

8.  A.Andreone,  C.Attanasio,  A.Cassinese,  A.Di  Chiara,  L.Maritato,  M.Salluzzo,  and 

R. Vaglio,  submitted  to  J.  Appl.  Phys. 

9  B.W.Langley,  S.M.Anlage,  R.F.W.Pease,  and  M.R.Beasley,  Rev.  Sci.  Instrum.  62 
(1991)  1801 

10.  A.Kussmaul,  J.S.Moodera,  P.M.Tedrow,  and  A.Gupta,  Appl.  Phys.  Lett.  61  (1992) 
2715 

11.  M.Tinkham,  Introduction  to  Superconductivity  (McGraw-Hill,  New  York  ,1975) 

12.  A.Andreone,  A.Cassinese,  A.Di  Chiara,  R.Vaglio,  A.Gupta,  and  E.Samelli,  Phys. 
Rev.  B49  (1994)  6392 

13.  D.H.Wu,  J.Mao,  S.N.Mao,  J.L.Peng,  X.X.Xi,  T.Venkatesan,  R.L.Greene,  and 

S. M.Anlage,  Phys.  Rev.  Lett.  70  (1993)  85 

14.  A.Andreone,  A.Di  Chiara,  F.Fontana,  F.Miletto,  G.Peluso,  U.Scotti  di  Uccio,  and 
M.Valentino,  Sov.  J.  Low  Temp.  Phys.  18  (1992)  1113 


67 


DOPING  AND  PRESSURE  INFLUENCE 
ON  THE  CRITICAL  TEMPERATURE 
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ABSTRACT 

It  is  shown  that  in  the  zero  adiabatic  approximation  the  ground  state  of  electrons 
interacting  with  acoustical  phonons  in  a  ID  chain  is  described  by  a  self-consistent 
cnoidal  wave  in  the  deformation  potential.  This  cnoidal  wave  at  sufficiently  small 
doping  level  corresponds  to  the  condensate  of  autolocalized  bisolitons.  The  depen¬ 
dence  of  the  condensate  gap  width  on  concentration  of  charge  carriers  is  shown  to 
have  a  nonmonotonic  character  close  to  that  observed  in  experiments.  The  analy¬ 
sis  of  the  pressure  dependence  of  the  condensate  critical  temperature  is  done  and 
shown  to  reproduce  well  the  results  of  experimental  investigation  of  HTSC  under 
pressure. 


1.  Introduction 

Experimental  studies  of  high-temperature  superconductors  revealed  their  remark¬ 
able  properties  that  to  some  extent  go  beyond  the  framework  of  the  conventional  BCS 
theory.  Soon  after  the  discovery  of  HTSC  it  was  shown  that  the  critical  temperature 
Tc  strongly  depends  on  the  hole  concentration  and  pressure1-4.  Since  then,  many 
experimental  and  theoretical  works  have  been  devoted  to  the  study  of  doping  and 
pressure  influences  on  Tc.  Here  we  investigate  these  properties  in  frame  of  the  bisoli- 
ton  model  of  superconductivity1 2 * * 5.  In  Section  2  the  general  description  of  the  model  is 
given  and  the  dependence  of  the  energy  gap  width  on  quasiparticles  concentration  is 
analyzed,  and  in  Section  3  the  dependence  of  the  critical  temperature  on  pressure  is 
studied. 

2.  Bisoliton  Energy  Gap 

In  view  of  the  distinctly  established  strong  anisotropy  of  physical  properties,  the 

superconducting  oxides  are  referred  to  the  class  of  low- dimensional  systems  in  which, 

as  is  well  known,  the  electron-phonon  interaction  plays  an  especially  significant  role. 
The  bisoliton  model  of  superconductivity  is  based  on  the  assumption  that  the  super¬ 
conductivity  of  high-temperature  compounds  is  generated  by  the  interaction  of  charge 
carriers  (electrons  or  holes,  for  instance,  of  copper-oxygen  complexes,  called  in  what 
follows  ‘quasi-particles’)  with  acoustical  phonons.  Here,  for  the  sake  of  simplicity,  we 
use  a  one-dimensional  model.  The  extension  of  the  model  for  higher  dimensionalities 


is  given  elsewhere  (e.g.,  6’7). 

In  the  zero  adiabatic  approximation  two  quasiparticles  with  opposite  spins  under 
their  interaction  with  the  local  deformation  of  a  chain  are  shown  to  bind  into  the 
autolocalized  singlet  spin  state,  called  bisoliton8.  Because  of  the  spin  interaction 
two  bisolitons  repel  one  another9,  and  at  some  concentration  of  quasi-particles,  6 ,  the 
periodic  cnoidal  wave  is  formed  in  a  self-consistent  deformation  potential  of  the  chain. 
The  wave  function  $  of  this  cnoidal  wave  at  some  approximations  can  be  described 
by  the  nonlinear  Schrodinger  equation 

{inFt  +  +  4J0l*M)lJ}  =  o.  (!) 

where  the  dimensionless  electron-phonon  coupling  coefficient  is  introduced 


9  2Jk(1  -s2)‘ 

Here  J  and  x  are  the  constants  of  exchange  and  electron-phonon  interactions,  respec¬ 
tively,  k  is  the  elasticity  coefficient,  and  s  is  the  ratio  of  the  cnoidal  wave  velocity  V 
to  the  velocity  of  sound  in  the  chain.  Two  extra  conditions  are  imposed  on  the  wave 
function,  the  periodicity  and  normalization  conditions,  namely, 

*(*,<)  =  ®(<r  +  M),  [‘ \9(x,t)\*dx  =  1,  (3) 

Jo 

in  which  l  =  1/6  is  the  period  of  the  cnoidal  wave  measured  in  units  of  lattice 
constant  a. 

Equation  (1)  admits  delocalized  and  localized  solutions,  which  are  separated  by 
the  energy  gap.  The  delocalized  solution  is  described  by  the  function  with  constant 
envelope,  and  corresponds  to  the  energy 


|<MM)|2  =  y,  Edel(V) 


+  mV 2, 


respectively.  Here  m  is  effective  mass  of  a  quasiparticle,  m  =  h2/2Ja2  .  The  second 
type  solution  is  described  by  the  modulated  Jacobi  elliptic  function 


tfbc(M)  =  <f>(()  exp  <  -  \mVax  -  (JE7  H — - — )i  V  ,  £  =  x-x0-Vt/a,  (5) 


where  E  is  the  energy  per  period  and 


m  = 


The  modulus  the  density  of  quasi-particles  from  the  condition 


g  =  2  6E(k)K(k). 
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Fig.  1.  The  bisoliton  energy  gap  width  (in  units  of  Jg3/ 3)  as  a  function  of  charge  carrier  density 
(in  units  of  g).  The  solid  and  dashed  lines  correspond  to  the  exact  (10)  and  approximate  (12) 
expressions,  respectively. 


in  which  K(k)  and  E(k)  axe  complete  elliptic  integrals  of  the  first  and  second  kinds, 
respectively. 

This  solution  corresponds  to  the  condensate  of  a  periodically  distributed  lattice 
of  ‘bisolitons’  moving  coherently  in  the  deformation  potential  along  the  chain.  The 
corresponding  energy  per  period,  including  deformation  energy,  reads  as 

EUV)  =  mV2  +  2J  J‘  [g)2  -  2g  « 

=  -  |  Jg2  [£(*)( 2  -  k2)  +  K(k)(  1  -  fc2)]  E-3(k ) .  (8) 

The  energetic  gap  width  of  the  bisoliton  condensate  is  determined  by  the  difference 
of  the  densities  of  energies  corresponding  to  the  solutions  (1)  and  (5)  at  zero  velocities, 
and,  hence,  is  the  function  of  quasiparticle  density, 

A  =  *[£*,(<))  -  iUO)]  =  Irfm,  (9) 
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Fig.  2.  The  critical  temperature  (in  Kelvin)  as  a  function  of  hole  concentration.  The  upper  and 
lower  curves  correspond  to  yttrium  and  lanthanum  compounds,  respectively.  Solid  lines  are  obtained 
by  fitting  Eq.  (12)  to  the  experimental  value  of  So,  dashed  line  by  fitting  to  the  value  Scr.  Empty 
and  full  squares  are  experimental  data1,2 


above  which  the  energy  gap  width  vanishes.  It  follows  from  Eq.  (10),  that  the  gap 
attains  the  maximum  value  at  small  values  of  density,  when,  according  to  Eq.  (7), 
the  modulus  of  elliptic  function  takes  values  close  to  unit.  Using  the  expansions  of 
complete  elliptic  integrals  at  k\  —  1  -  k2  «  1  ,  we  get  the  following  expression 

(12) 

which  corresponds  to  the  dashed  curve  on  Fig.  1. 

From  Eq.  (12)  the  optimal  density  value  and  corresponding  gap  width  follow 

S°  =  (13) 

Notice  that  in  frame  of  the  bisoliton  model  of  superconductivity  the  critical  tem¬ 
perature  Tc  is  proportional  to  the  energy  gap  width  at  zero  temperature5  A  =  aTc, 
where  a  is  a  numerical  constant.  By  fitting  the  maximum  value  of  critical  temperature 
obtained  in  our  model  to  the  experimental  value  ( Tc  =  38if  for  lanthanum  compound 
and  Tc  =  90 if  for  yttrium  compound),  we  get10  C=460  and  C— 1090,  respectively, 
where  C  =  Jg3/( 3a)  .This  results  in  good  agreement  with  the  experimental  data  on 
the  dependence  of  Tc  on  £  (see  Fig.  2). 
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More  sharp  decrease  of  Tc  at  densities  close  to  the  critical  value,  as  compared  with 
the  analytical  result  can  be  explained  by  taking  into  account  the  Coulomb  repulsion 
between  electrons,  whose  role  increases  with  increasing  electron  density. 


3.  Pressure  Dependence  of  Critical  Temperature 


To  analyze  the  pressure  dependence  of  critical  temperature  the  following  relation 
is  useful  dT  Tcd\nTc~  Tc  gin T,  (u) 

dP  B  d InV  3 B  din  a  ’  ^  ' 


where  P,  V ,  a,  B  are  pressure,  volume,  lattice  constant  and  bulk  modulus,  respec¬ 
tively. 

As  mentioned  above,  the  critical  temperature  is  connected  with  the  energy  gap 
width  at  zero  temperature  by  the  relation  A  =  cxTc  ,  in  which  a  is  a  numerical 
constant5.  The  logarithmic  derivative  of  the  energy  gap  can  be  obtained  from  Eq.  (13), 


din  A 
din  a 


=  J'  + 


6  <  6cr , 


(15) 


where  pf  denotes  the  logarithmic  derivative  of  parameter  p, 

din  p 


p>  = 


din  a  ’ 


P  =  9,  6,  X,  *,  J  • 


In  its  turn,  according  to  Eq.  (2),  the  following  equality  is  valid 

9’  =  2*'  -  J'  -k'. 


(16) 


(17) 


Substituting  relation  (14)  into  (13)  and  taking  into  account  Eq.  (9),  we  find 


dTc 

dP 


-I 

3  B\ 


F(l'  +  g'  +  6')  + 


(18) 


where  F  is  the  function  defined  in  (11),  and  C  =  Jp3/(3a)  . 

The  parameters  (16)  appearing  in  Eq.  (18),  can  be  estimated  as  follows.  The 
elasticity  coefficient  can  be  obtained  from  the  potential  energy  of  the  copper-oxygen 
ion  interaction,  which  can  be  described  by  the  Buckingham  potential  U  —  — Ai r  6  -f 
A2  exp(-cr), 

=  ^r(ca- 7),  (19) 

from  which  the  logarithmic  derivative  follows 

if  =  -  7(cffl~8)  of  -7.  (20) 

ca-7 
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The  electron-phonon  coupling  constant  can  be  estimated  as  the  coefficient  of  the 
term  (u2n+2  —  «2n)  in  the  expansion  of  the  energy  of  extra  electron  at  an  oxygen  ion 
in  the  chain 


E  =  - 


|-^2n-f-l  “  R2n\  l-fon+l  —  -^2n+2  | 


(21) 


Here  ze  is  the  charge  of  the  copper  ion,  Rm  =  R^  -f  um  is  the  coordinate  of  the  m-th 
ion,  um  is  the  displacement  of  copper  (m  =  2n)  or  oxygen  (u  =  2n  +  1)  ion  from  its 
equilibrium  position.  Performing  the  expansion  of  expression  (21),  we  get 


X  = 


42re2 


X'  =  “2. 


(22) 


Finally,  the  copper-oxygen  exchange  integral  in  the  tight-binding  approximation 
can  be  written  as 


J  =  -  J  ®S(?)[W(f)  -  w(rpc„(fy?,  (23) 

where  W{r)  —  w{f)  is  the  potential  energy  of  electron  interactions  with  all  ions 
except  the  one  it  occupies,  \I/o(f)  and  3X6  wave  functions  of  oxygen  and 

copper  ions  in  states  2p5,  3d10  ,  respectively.  Substituting  the  explicit  form  of  radial 
parts  of  functions  into  Eq.  (23)  and  carrying  out  the  integration,  we  get 

J  «  A(— sinh^-  -  cosh -7-)  e-5^12  «  ca2  exp(-/?a) ,  (24) 

p  12  12 

where  p  =  a/2«s  «  3.7  with  a#  being  the  Bohr  radius,  /?  =  5/(24 as),  A  and  c  are 
constants  independent  of  lattice  constant.  Differentiating  expression  (24),  we  find 

J'  =  2  ~/3a  w  0.45,  (25) 

which,  together  with  Eqs.  (20),  (21)  and  (17),  results  in  g'  «  2.4. 

The  only  parameter  whose  pressure  dependence  cannot  be  estimated  analytically 
in  our  model  is  the  charge  carrier  density  <5.  Instead  we  can  use  the  values  obtained 
experimentally  from  Hall  effect  measurements11.  For  instance,  for  yttrium  compound 
this  value  was  estimated  in4  as  8'  =  —90,  less  value  of  8'  is  found  for  lanthanum 
compound  (see12). 

Provided  the  charge  density  is  less  than  the  critical  value  determined  in  Eq.  (11), 
the  approximate  equality  follows  from  Eq.  (18) 

§  *  S  f + : + 1 -  6  F (J' + * + 2l,)}  ■  C26) 

Substituting  into  the  last  equation  the  values  J ',  g'  obtained  above,  and  the  experi¬ 
mental  value  of  8',  we  can  conclude  that  in  frame  of  our  model  the  critical  temperature 


X 

Fig.  3.  The  pressure  derivative  of  critical  temperature  as  a  function  of  composition  X  in 
La2_xMa:Cu04  compound.  Solid  line  corresponds  to  S'  =  -80,  dashed  line  to  8'  =  -90;  bulk 
modulus  is  B  =  180  GPa.  The  experimental  data  are  taken  from  Ref.  12. 


can  increase  or  decrease  with  increasing  pressure  depending  on  the  charge  carrier  den¬ 
sity.  This  explains  the  wide  scattering  of  (or  even  the  “contradictions”  among)  the 
experimental  data  on  the  pressure  dependence  of  critical  temperature. 

In  conclusion,  we  represent  in  Fig.  3  dTc/dP  as  a  function  of  x  for  the  com¬ 
pound  La,2-xMxCu04  given  by  Eq.  (27).  The  experimental  data  are  taken  from 
Fig.  12  in  Ref.  12.  Note  that  the  bisoliton  model  reproduces  well  the  general  trend 
of  the  experimental  data.  Strictly  speaking,  our  model  should  be  compared  with 
the  experimental  data  on  uniaxial  compression  of  superconducting  samples  instead  of 
hydrostatic  pressure.  But,  first,  at  present  they  are  very  few,  and  second,  the  com¬ 
parison  we  have  done  indicates  that  the  bisoliton  model  even  in  a  one-dimensional 
formulation  without  attraction  of  any  extra  mechanism  or  assumption  describes  very 
well  the  behavior  of  superconducting  oxides  under  pressure. 
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ABSTRACT 

Transport  measurements  of  the  pinning  potential  for  c-axis  oriented  films  of 
Bi2Sr2CaCu20x  (BSCCO)  in  the  absence  of  an  external  magnetic  field  (only  self¬ 
field  due  to  the  bias  current)  have  been  realized.  The  experimental  data  are  elab¬ 
orated  within  the  flux  creep  theory.  The  obtained  current  and  temperature  de¬ 
pendences  of  the  pinning  potential  are  discussed  in  terms  of  sinusoidal  shape  of 
the  pinning  potential  well.  The  results  of  numerical  simulations  strongly  prove 
the  important  role  of  a  washboard-type  pinning  potential  in  HTSC  in  the  case  of 
approximation  of  an  isolated  vortex. 


1.  Introduction 

An  enormous  amount  of  experimental  work  has  been  performed  in  order  to  inves¬ 
tigate  the  pinning  properties  of  high  temperature  superconductors  (HTSC).  These 
investigations  reveal  the  importance  of  the  classical  Anderson-Kim  model1  for  the 
description  of  activated  phenomena  and  give  rise  to  further  theory  developments 
taking  into  account  HTSC’s  peculiarities2’3.  The  special  interest  to  the  flux  creep 
phenomena  in  HTSC  is  caused  by  the  fact  that  both  magnetic  relaxation  veloc¬ 
ity  measurements  and  transport  measurements  are  extremely  fruitful  experimental 
probes  of  the  strength  of  the  pinning  interaction  between  vortices  and  pinning  cen¬ 
ters  clearing  up  the  nature  of  the  pinning  centers,  dimensionality  and  other  effects. 

The  important  moment  of  Anderson-Kim  model  is  the  suggestion  about  linear 
dependence  of  the  net  pinning  barrier  height  U  on  the  bias  current  I  :  U/U0  ~ 
(1  —  I/Ieo),  where  Ic 0  is  the  critical  current  in  the  absence  of  flux  creep  and  U0  is 
the  pinning  barrier  height  in  the  limit  of  zero  current4.  Using  a  linear  correlation 
between  activation  energy  and  external  driving  force  an  unusual  temperature  depen¬ 
dence  of  the  apparent  pinning  energy  Uapp  was  obtained  by  measuring  the  magnetic 
relaxation  process  both  in  bulk  materials5-7  and  in  thin  films8:  as  the  temperature 
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reduces  down  to  zero  the  Uapp  also  goes  to  zero,  in  contrast  with  the  conventional 
theories  of  type  II  superconductors  where  U(T)  is  supposed  to  be  a  constant  at 
low  temperatures.  Two  main  explanations  have  been  advanced  in  order  to  explain 
such  anomalous  behavior  of  Uapp  at  T  close  to  zero.  The  first  one  is  connected  with 
the  collective  phenomena  in  superconductors.  The  power  law  dependence  of  the 
vortex  bundle  activation  barrier  U  on  current  I  {U(I)  ~  I~a)  was  obtained2  in  the 
presence  of  vortex  lattice,  when  the  magnetic  induction  B  is  Bc\  <  B  <  Bc 2,  where 
Bci  and  Bc2  are  the  first  and  the  second  critical  magnetic  fields  of  superconductor. 
The  value  of  a  depends  upon  dimensionality  of  the  system.  The  second  one  is  based 
on  the  existence  of  a  pinning  energy  distribution  which  can  give  rise  to  the  analo¬ 
gous  temperature  dependence  of  Uapp9.  Also  Beasley  et  al.4  first  mentioned  that  the 
nonlinearity  of  U (I)  dependence  may  be  due  to  a  spatial  variation  of  the  pinning 
potential  wells.  In  the  case  of  complex  shapes  of  pinning  potential  wells  one  obtain 
different  types  of  U(I)  dependence10.  Zeldov  et  al.11  proposed  logarithmically  type 
dependence  of  U(I ),  U/U0  ~  ln(I/Ie0).  In  spite  of  observed  good  agreement  with 
experimental  data  both  for  YBa2Cu3Ox  and  Bi2Sr2CaCu2Ox  epitaxial  thin  films11’12 
such  dependence  suppose  that  activation  energy  diverges  as  I  approaches  zero.  On 
the  other  hand  Matsushita  and  Otabe13  considered  the  simple  case  of  sinusoidal 
washboard  potential 

=  (?)““?  _/t*  (1) 
where  fa  is  the  Lorentz  force,  af  is  the  period.  In  this  case  the  energy  barrier  is 


[.ol  0.5  .  . 

1-jJ  -JCOS  J 

where  j  =  I/Ic 0.  Evidently  the  linear  dependence  of  pinning  energy  U  on  bias 
current  I  is  no  longer  valid  for  sinusoidal  washboard  potential.  As  usual,  hopping 
motion  of  the  vortices  due  to  the  thermal  activation  leads  to  the  induced  electric 
field  E  ~  exp{—U (IcbT),  where  kB  is  the  Boltzmann  constant.  On  the  other  hand 
the  Maxwell  equation  gives  E  —d  <  <f>  >  /dr  ~  —dl/dr,  where  <  <f>  >  is 
the  mean  value  of  the  magnetic  flux  density  and  r  is  the  time.  Combining  these 
equations  for  the  electric  field  we  have 


m 


dj/dr*  =  —exp(—aU(j)/Uo).  (3) 

where  a  =  U0/kBT ,  r *  =  ( 2Bu0af  / pL0d2Jc0)T  =  ct ,  i/0  is  the  attempt  frequency  of 
the  vortex  vibration,  d  is  the  sample  thickness  and  Jc0  is  the  critical  current  density 
related  to  Ic0.  Matsushita  and  Otabe13  detected  that  the  relaxation  of  I  in  this  case 
deviates  from  the  logarithmic  type  resulting  from  the  original  model  of  Anderson 
and  Kim.  The  mean  creep  rate  <  dl/dlnr  >  defined  in  a  certain  time  interval  gives 
the  apparent  pinning  potential  Uapp.  According  to  the  result  of  ref.  13,  Uapp  has  the 
anomalous  temperature  dependence  far  from  the  critical  temperature  Tc ,  Uapp  — ►  0 
when  T  — *  0. 
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Another  result  of  the  “giant”  flux  creep  in  HTSC  is  the  unusual  broadening  of 
the  resistance  versus  temperature  in  magnetic  field14  and  at  different  values  of  bias 
current11,12.  Small  values  of  U  lead  to  the  emergence  of  a  long  tail  on  the  resistive 
transition  down  to  small  temperatures.  In  this  case  the  flux  creep  resistance  can  be 
described,  in  the  limit  of  small  applied  currents  (I  <  Ic0),  by15 

R  =  Roexp(-U  /  kBT)  (4) 

where  Rq  is  some  coefficient  related  to  the  vortex  volume,  average  hopping  distance 
of  vortices,  magnetic  inductance  and  characteristic  frequency  with  which  vortices 
try  to  escape  from  the  well.  Taking  into  consideration  that  U  is  a  function  both  of 
T  and  I  (at  fixed  value  of  J3),  from  Eq.4  follows  that  analyzing  experimental  curves 
R  ( T )  at  different  values  of  bias  current  /  one  can  extract  information  about  U  and 
its  current  dependence. 

The  I  —  V  characteristics  give  important  informations  about  the  flux  creep16"18 
too.  In  the  Anderson-Kim  model  the  I  —  V  characteristic  can  be  written16 

V  =  Ir0exp{-{U0/kBT){l  -  I/Ie0)}  (5) 

where  r0  is  a  coefficient.  In  this  case  the  magnetic  field  is  created  by  the  transport 
current  and  it  is  rather  weak.  That  is  why  the  behavior  of  the  system  can  be  well 
approximated  by  that  of  an  isolated  vortex29.  From  Eq.(5)  follows  that  voltage 
across  the  sample  is  not  equal  zero  even  for  currents  below  Ic0  when  thermally 
activated  flux  creep  is  taken  into  account.  The  range  of  I  where  this  occurs  depends 
upon  the  ratio  U/kBT.  The  barrier  height  can  be  found  by  analyzing  the  form  of 
the  I  —  V  characteristics  at  low  voltages.  It  follows  from  Eq.(5)  that  ln(V / 1)  ~ 
(1  —  I/Ic0).  If  U  depends  upon  I  in  more  complicated  way  (see,  for  example, 
Eq.(2)) ,  the  slope  of  ln(V/I )  versus  I  dependence  gives  the  apparent  value  of  pinning 
potential,  i.e.  Uapp. 

The  goal  of  our  work  is  the  experimental  determination  of  U  versus  I  and  U 
versus  T  dependences  in  BSCCO  films  by  means  of  transport  measurements  with¬ 
out  external  magnetic  field.  In  this  case  the  properties  of  the  superconductor  are 
determined  by  the  interaction  of  the  single  vortex  with  the  pinning  centers  and  the 
shape  of  pinning  potential  becomes  very  important. 

2.  Experimental  Procedures 

The  results  of  this  paper  have  been  obtained  on  high  textured  Bi2Sr2CaCu2Ox 
films  with  the  c-axis  perpendicular  to  the  MgO(lOO)  substrate  surface.  Films  have 
been  prepared  both  by  vacuum  electron  beam  evaporation  of  stoichiometrical  (2212) 
BSCCO  pellets20  and  by  molecular  beam  epitaxy  technique21.  In  the  last  case  the 
four  elements  (Bi,  Sr,  Ca,  Cu)  were  evaporated  by  four  different  shutter  controlled 
sources:  bismuth  and  calcium  were  evaporated  by  two  Knudsen  cells  while  stron¬ 
tium  and  copper  were  evaporated  by  two  electron  guns.  After  the  deposition  and 
the  annealing  in  air  at  temperature  870-880° C  the  films  showed  Tc  >  80 K.  The 


Fig.  1.  Arrhenius  plot  of  the  R(T)  of  a  BSCCO  film  for  different  values  of  the  bias  current. 


constriction  has  been  fabricated  by  usual  photolithographic  method.  Transport 
properties  have  been  measured  with  the  help  of  a  dc  current  source  generator.  The 
whole  measurement  procedure  have  been  computer  managed  and  controlled.  The 
level  of  temperature  stabilization,  measured  by  a  platinum  thermometer,  was  of  the 
order  of  10 ~2K  during  the  whole  procedure  of  data  acquisition.  The  sample  was 
attached  to  a  copper  rod  inside  a  cryocooler  by  low  temperature  silver  glue.  The 
heater  of  maximum  power  4 W  was  put  into  the  clearance  inside  the  rod  close  to 
the  sample.  The  acquisition  time  of  one  I  -  V  characteristic  varied  from  10s  up  to 
1  min.  During  the  R  versus  T  curve  registration  the  cooling  rate  was  of  25 K/h. 

3.  Results  and  Discussion 

8.1,  R(T ')  dependences 

First  we  analyze  our  resistive  data.  Special  attention  is  given  to  the  low  tem¬ 
perature  part  of  the  R(T)  curves.  Fig.l  shows  the  R  versus  T  data  of  a  BSCCO 
film  having  100  pm  width  and  50  pm  length  plotted  in  the  Arrhenius  fashion. 
We  assume  the  slope  of  the  InR  versus  T'1  curves  at  low  temperature  to  be  the 
value  of  the  effective  pinning  potential,  U*.  For  example,  from  Fig.l  follows  that 
for  large  values  of  the  driving  force  (curve  for  I  =  39.3mA),  the  slope  decreases 
when  the  temperature  decreases.  But  this  does  not  mean  that  the  value  of  U 
decreases  as  we  lower  the  temperature.  It  is  well  known  that  the  slope  of  the  Arrhe¬ 
nius  curves  does  not  correspond  to  the  actual  pinning  energy,  U (T),  but  rather  to 
U*  =  -kBd(lnR)ld(T~1)  =  U(T)  -  TdU(T)/dT.  So,  analyzing  data  of  Fig.l,  it  is 
necessary  to  take  into  account  the  temperature  dependence  of  the  pinning  potential 
which  at  temperatures  close  to  Tc  is  very  pronounced. 

Up  till  now  there  is  no  explicit  form  for  the  temperature  dependence  of  the 
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T(K) 

Fig.  2.  The  U*(T)  dependence  of  a  BSCCO  film  for  different  values  of  the  bias  current.  The  dashed 
line  corresponds  to  the  Eq.(6)  related  to  the  experimental  points  for  1=39. 3mA 

pinning  potential.  The  reasonable  approach  is  to  write  the  expression  for  U(T) 
in  the  form  U[T)  =  (l/2/z0)j9c2(r)f"(T)L3~n,  where  Bc  is  the  induction  of  the 
thermodynamical  critical  magnetic  field,  £  is  the  coherence  length,  L  is  the  tem¬ 
perature  independent  pinning  length  and  the  exponent  n  identifies  the  temper¬ 
ature  scaling  behavior  of  the  pinning  energy22.  Assuming  Be(t)  ~  (1  —  £2)  and 
£(t)  ~  (1  — f4)°-5(l  — f2)-1,  we  get  I7(t)  =  «7(0) (1  —  i2)2“ri(l  —  t4)”/2,  where  t  =  T/Tc. 
Since  the  choice  n  =  1  is  usually  assumed22  when  B  >  0.2 Bc2  we  consider  only  the 
cases  n  =  2  and  n  =  3.  For  n  =  2  we  get  17(f)  =  £/(0)(l— t4)  and  U*  =  Z7(0)(l+3f4). 
This  means  that  the  slope  of  the  Arrhenius  plot  gives  the  value  of  U*  enhanced  by 
(1  -)-  3f4)/(l  —  f4)  with  respect  to  the  value  of  U.  In  the  case  of  n  —  3  the  expression 
for  U(t)  is  :  U(t)  =  t/(0)(l  -  f4)15/(l  -  t2),  which  gives  U * 

U-(t)  =  U(t)  -  tdU/dt  =  U(t)  (l  +  (6) 

Eq.(6)  means  that  the  value  of  U*  is  enhanced  by  (1  +  6i4/(l  —  f4)  -  2t2/(l  -  t2)) 
with  respect  to  the  actual  value  of  U ( t ) . 

In  Fig. 2  we  show  the  dependence  of  U*  versus  T  for  different  values  of  the  bias 
currents.  The  arrow  shows  the  temperature  at  which  we  calculate  the  U  values  for 
different  bias  currents  at  t  =  0.8.  It  is  seen  that  as  we  cool  down  the  temperature 
to  80K,  the  experimental  points  related  to  different  values  of  the  bias  current  (10 
(jlA,  . . . ,  39.3mA)  practically  are  not  shifted  with  respect  to  each  other.  In  this 
range  of  temperature,  slightly  below  T°nat\  the  pinning  potential  is  still  small  if  we 
compare  it  with  the  energy  of  the  thermal  fluctuations  and  that  is  why  the  regime 
of  flux  flow  is  accomplished  (the  resistivity  of  the  sample  is  independent  from  the 
current  at  the  fixed  temperature  value).  The  further  fall  of  temperature  gives  rise  to 
the  increasing  of  the  pinning  potential  and  the  relation  JJ jk^T  increases  becoming 
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Fig.  3.  The  U(I)  dependence  in  normalized  coordinates  for  four  BSCCO  samples  at  t=0.8.  The  solid 
line  corresponds  to  the  Eq.(2). 


of  the  order  of  one.  As  a  result  the  weak  pinning  and  the  pronounced  flux  creep 
start  to  take  place.  This  affects  the  horizontal  part  of  the  U*  versus  T  curves.  As 
temperature  decreases  the  pinning  potential  grows  up  much  faster  and  the  relation 
U/ksT  becomes  greater  than  one,  promoting  large  pinning  and  increasing  of  U*. 
At  this  point  the  “true”  superconducting  state  comes  up;  this  is  confirmed  by  the 
fact  that  the  increase  of  U *  coincides  with  the  temperature  at  which  the  resistance 
of  the  sample,  measured  with  an  accuracy  of  10_3f2,  becomes  zero.  The  increase  of 
the  bias  current  leads  to  the  lowering  of  the  pinning  potential  and  the  all  picture 
is  naturally  shifted  toward  the  region  of  low  temperatures.  In  Fig.2  by  dashed  line 
we  show  the  best  fit  obtained  using  Eq.(6)  for  the  scaling  factor  n  =  3  related  to 
the  experimental  points  for  I  =  39.3mA.  The  agreement  is  evident.  So  for  our 
anisotropic  system  we  can  rewrite  f3  as  £26£c.  This  fact  assumes  the  existence  of 
pancake  vortices  at  T  <  0.8TC  which  are  localized  in  the  Cu02  planes.  This  result 
confirms  the  two  dimensional  nature  of  vortices  in  BSCCO  and  is  in  agreement  with 
our  previous  work23  in  which  the  evidence  of  the  2D  nature  of  the  vortices  has  been 
obtained  from  Ie  versus  B  measurements  for  the  same  quality  BSCCO  films. 

The  above  mentioned  procedure  has  been  performed  for  other  three  samples. 
The  obtained  U (I)  dependence  in  normalized  coordinates  for  the  four  samples  and 
t  =  0.8  is  presented  in  Fig.3.  The  solid  curve  corresponds  to  the  Eq.(2).  Here  Ic0 
and  U0  are  fit  parameters.  For  all  the  samples  the  values  of  pinning  potential  Uq 
are  in  the  range  between  62  and  70  meV  and  Jc0,  the  “critical  current”  at  which 
U  goes  to  zero,  corresponds  to  densities  of  the  order  of  10 5A/cm2.  The  value  of 
U{t  =  0.8,/  =  0)  ~  65 meV  is  slightly  higher  than  the  one  obtained  from  the 
suggestion  of  linear  U  versus  I  dependence  23.  However,  it  is  possible  to  obtain 
UQ  ~  30meK  from  the  slope  of  the  U(j)  curve  at  large  currents.  Thus  the  value  of 
Uq  calculated  from  the  Anderson-Kim  model  is  usually  lower  than  the  real  one. 
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3.2.  Investigation  of  the  U(j)  dependence  for  a  periodic  U(x) 

Eq.(2)  is  well  approximated  by  U(j)  ~  (1  -  j)L5.  Let  us  show  that  U(j)  is 
not  sensitive  to  the  precise  form  of  U(x )  and  that  above  approximation  is  valid 
for  any  washboard- type  pinning  potential.  It  is  worth  to  mention  that  during 
measurements  we  extract  some  medium  value  and  shape  of  U  which,  in  principle, 
could  be  different  from  the  real  form  of  the  pinning  potential  in  the  physical  object. 

We  consider  the  single  vortex  in  a  generic  periodic  potential:  U(x)  =  U(x  + 
a/),  af  is  the  medium  vortex  hopping  distance  (the  vortex  mean  free  path).  In 
the  absence  of  externally  applied  bias  current  the  vortex  is  at  the  bottom  of  the 
potential  well  with  depth  U  =  U(xmax)  -  U(xmin),  where  xmax  and  xmin  correspond, 
respectively,  to  the  nonequilibrium  and  equilibrium  positions  of  the  vortex  and  are 
determined  from  conditions 


dU 

dx 


(Xr, 


dU 

J  = 


-0;  dxt''Xmin’ 


„  d‘‘1J, 
>  °’ 


{Xmax)  ^  0 


(7) 


(Here  we  suppose  that  the  second  derivative  of  U  exists  and  is  continuous).  Applying 
a  bias  current  we  suppress  the  potential  barrier  so  that  U  =  W{xmax )  -  W(imi>l), 
where  W{x)  =  U{x)  —  fLx.  xmax  and  xmin  are,  respectively,  the  new  nonequilibrium 
and  equilibrium  positions  of  the  vortex: 


dU,  .  r  dU,  .  r 

dx  L  dx  \Xmaz)  ~  fl,  —  0 


(8) 


When  the  bias  current  reaches  the  value  of  Ic0,  where  IcQ  ~  mai(£)  =  ^(x0),  the 
potential  well  vanishes  and  superconductivity  is  destroyed.  Because  j  =  I/Ic 0  the 
height  of  the  pinning  barrier  can  be  written  as 


^7  U {xmax)  U(xmin)  J  (&())  '  ^maz 


dx 


(9) 


In  the  limit  of  j  — >  1  (in  practice,  as  we  will  see  later,  this  case  corresponds  to 
the  low  temperature  limit),  we  may  assume  xmin  =  x0  -  6,  xmax  =  x0  +  6,  where 
6/xq  <C  1.  The  eq.(8)  for  xmtn  can  be  rewritten  as 


dU ,  dU.  c.  . dU .  . 

-^M-fL  =  ^(xo-S)-j-(xo)  =  0 

Expanding  Eq.(10)  in  Taylor  series  we  can  obtain  the  expression  for  6 : 
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Combining  Eq.(9)  and  Eq.(ll)  we  finally  get 
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SR*o) 


(10) 
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Fig.  4.  V/I  versus  I  dependences  of  BSCCO  film  for  different  temperatures. 


From  Eq.(l2)  follows  that  for  a  washboard  type  potential  the  dependence  U(j)  ~ 
(1  -j)1-5  is  always  valid.  But  only  from  the  U  versus  j  dependence  it  is  not  possible 
to  extract  the  precise  spatial  form  of  the  pinning  potential. 

8.8.  I-V  characteristics 

The  analysis  of  I-V  characteristics  gives  us  a  more  precise  information  about 
flux  motion  and  pinning  potential  shape  in  BSCCO.  Fig.4  shows  typical  examples 
of  the  function  V/I  versus  I  for  the  sample  in  the  temperature  range  20K-70K. 
The  values  of  V/I  are  plotted  in  a  logarithmic  scale.  It  is  seen  that  V/I  versus  I 
dependence  deviates  from  a  logarithmic  type  but  nevertheless  these  curves  can  be 
approximated  by  exponential  function  up  to  V  ~  20/iV .  It  is  possible  to  find  the 
apparent  depth  of  potential  well  for  each  value  of  the  temperature  from  the  slopes 
of  the  straight  lines  according  to  Eq.(5).  The  Uapp  temperature  dependence  for  the 
BSCCO  film  is  given  in  Fig.5.  We  can  see  that  at  low  temperatures  the  Uapp  versus 
T  behavior  is  anomalous,  i.e.  as  temperature  decreases  the  effective  potential  well 
value  aspires  to  zero.  As  we  have  already  mentioned  the  same  Uapp(T )  behavior 
is  usually  obtained  from  magnetic  measurements  in  the  time  windows  up  to  1000 
s5~7.  In  our  case  on  the  edge  of  the  film  the  maximum  of  self-induced  magnetic  field 
due  to  transport  current  does  not  exceed  50G18.  The  minimum  vortex  distance  is 
approximately  equal  to  1  fim.  This  value  exceeds  the  magnetic  penetration  depth 
A  ~  0.2 \im.  That  is  why  we  take  into  account  only  the  single  vortex  interaction 
instead  of  collective  pinning. 

As  starting  point  we  analyze  our  data  from  the  point  of  view  of  uncorrelated 
interaction  of  isolated  vortices  with  a  sinusoidal  washboard  potential.  The  task 
is  to  solve  numerically  the  Eq.(3).  During  this  procedure  we  take  B  =  0.004T, 
Jc0  =  2  x  10 9 A/m2,  and  d  =  10_6m.  We  assume  the  attempt  frequency  value 
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T  (K) 

Fig.  5.  The  Uapp(T)  dependence  as  obtained  from  I-V  characteristics  (circles).  The  lines  a),  b),  and 
c)  correspond  to  the  results  of  the  numerical  simulations  for  a  time  interval  10-7,  .  . .  ,10-6  seconds 
using  a  log-normal  distribution  of  the  critical  current  densities  with  <T=0,  0.1,  and  0.2  respectively. 
Curve  d)  has  been  calculated  for  a  time  interval  10”6,  . . .  ,10-3  seconds  and  <7=0. 

of  1095-1  and  the  medium  distance  between  pinning  centers  to  be  of  the  order 
of  £aj.  The  only  fit  parameter  which  we  use  in  order  to  obtain  agreement  with 
the  experimental  data  is  the  integration  time  interval.  Because  in  experiment  we 
analyze  the  I  —  V  curves  in  the  range  1-10  fiV,  first  we  check  time  intervals  of  one 
order  of  magnitude.  The  best  result  is  obtained  when  Eq.(3)  is  integrated  over  the 
time  interval  ranging  from  10~7  to  10~6  seconds.  These  are  typical  time  values  for 
vortices  entering  in  the  sample  in  the  case  of  small  amount  of  vortex  chains  in  the 
microvolt  region.  The  absolutely  small  values  of  time  indicate  the  large  degree  of 
potential  well  deformation  during  the  transport  measurements.  In  this  case  it  is 
worth  to  speak  about  thermally  activated  flux  motion  than  creep  of  vortices.  As 
can  be  seen  from  Fig.5  (curve  a),  the  quantitative  agreement  between  the  theory 
and  our  experimental  data  is  not  very  good.  The  above  procedure  has  also  been 
applied  in  the  case  n  —  2,  leading  to  a  even  poor  accordance  with  the  experimental 
points.  In  the  above  procedure  it  is  implicitly  assumed  that  the  pinning  potential 
is  a  perfectly  sinusoidal  function.  It  is  clear  that  this  assumption  is  not  verified  in 
a  real  physical  object.  In  this  case  it  is  necessary  to  take  into  account  the  critical 
current  density  and  pinning  potential  height  distribution.  So  it  is  quite  obvious  to 
write  the  pinning  potential  dependence  on  the  current  as 

=  {\/l  -  ( T/lrt)-(I/I'0)coS-'(I/Ic0)}P(Ie0)dIe0  =  jH  U (I,Ie0)P(Ico)dIc0 

'  (13) 

where  P[IC 0)  is  a  distribution  function  of  the  critical  current,  and  Uo  is  some  medium 
parameter  of  normalization.  Because  Ic o  is  mostly  governed  by  the  gradient  dU / dx , 
but  not  by  the  pinning  potential  U ,  the  statistical  distribution  of  the  critical  currents 
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Fig.  6.  The  calculated  Uapp(T)  dependences  for  different  values  of  Tc.  Lines  a),  b),  and  c)  correspond 
to  TC=78K,  76K,  and  74K,  respectively.  <7=0  and  the  time  interval  is  10-7,  . . .  ,10-6  seconds. 

is  closely  related  to  a  dishomogeneity  of  the  depth  and  shape  in  the  pinning  potential 
wells.  In  this  case  the  electrical  field  due  to  the  thermally  activated  hopping  motion 
of  the  flux  lines  is  given  by16 

E  =  Bv0a,  I  ex p(  -  U/kBT)p(U  -  U)dU  (14) 

and  Eq.(3)  is  then  modified  to  become 

=  -e  jH  exp{  -  aU^^-}P[Ia)dIe „  (15) 

if  the  critical  currents  related  to  each  potential  well  are  thought  to  be  independent. 
We  assume  a  log-normal  distribution  for  the  critical  currents 

P(4°)  =  jJ^expi  ~  (16) 

and  we  solve  Eq.(15)  for  n  =  3  in  the  time  window  from  10"7  to  10~6  seconds  for 
various  values  of  the  width  o  of  the  distribution.  The  results  of  these  numerical 
calculations  are  reported  in  Fig.5.  From  this  we  can  see  that  the  effect  of  the 
statistics  becomes  less  important  at  high  temperatures.  At  the  same  time  the 
dependence  of  the  pinning  potential  upon  /,  given  by  Eq.(13)  with  a  =  0.1,  again 
well  describes  our  experimental  data  reported  in  Fig. 3.  Such  Uapp(T)  dependence 
and  the  influence  on  it  due  to  the  statistics  is  in  good  agreement  with  the  model 
of  the  ideal  critical  state.  In  fact,  at  temperatures  close  to  Tc  the  thermal  energy 
in  HTSC  is  rather  high  and  values  of  U  are  even  small.  That  is  why  small  values 
of  current  {I  <C  Ic0 )  can  create  the  activated  flux  motion.  At  low  temperatures  the 
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ksT  energies  are  quite  small  and  it  is  necessary  to  apply  large  values  of  current 
(i<  Ic0)  to  observe  the  same  degree  of  vortex  activated  motion.  It  means  that  Uapp 
becomes  smaller  and  more  sensitive  to  the  distributions  in  Jc0  as  the  temperature 
goes  down.  Also  the  fact  that  we  nevertheless  did  not  obtain  good  agreement  with 
our  experimental  data  for  the  time  interval  of  one  order  of  magnitude  is  related  to 
the  distribution  in  shape  and  amplitude  of  pinning  potential.  The  characteristic 
frequency,  v  =  t/0exp(— Cf/A^T),  of  such  a  sample  can  be  highly  nonuniform  even 
in  the  case  of  weak  inhomogeneities  in  U[x).  This  suggestion  is  confirmed  by  the 
results  of  numerical  simulations  for  the  integration  period  of  10“6, . . . ,  1CT3  seconds 
and  the  agreement  with  the  experimental  data  is  much  better  in  this  case  (curve  d 
in  Fig. 5).  At  high  temperatures  the  magnetization  of  the  sample  becomes  zero  at 
t  <  10“3s.  The  large  discrepancies  in  time  causes  the  zero  critical  current  and  then 
at  temperatures  close  to  Tc  it  is  necessary  to  take  into  account  another  time  interval 
with  smaller  values  of  r.  Moreover,  at  high  temperatures  the  results  of  simulations 
are  very  sensitive  to  the  Tc  value,  which  also  could  give  the  uncertainty  in  the  final 
result  (Fig.6). 

4.  Conclusions 

The  results  of  transport  measurements  of  BSC  CO  thin  film  microbridges  as  well 
as  the  results  of  numerical  simulations  are  well  described  in  the  framework  of  the 
classical  flux  creep  and  ideal  critical  state  models  in  the  presence  of  a  washboard- 
type  pinning  potential.  The  2D  nature  of  vortices  is  proved  from  the  experimental 
data.  The  obtained  frequencies  of  the  vortices  entering  in  the  sample  being  in  the 
range  IK  Hz-  XMHz  confirm  the  presence  of  critical  current  densities  and  pinning 
potential  shape  distributions.  Assuming  a  log-normal  distribution  of  the  critical 
current  densities  we  were  able  to  explain  quantitatively  the  Uapp{T)  dependence 
extracted  from  the  I  —  V  characteristics. 
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ABSTRACT 

We  employ  the  tunneling  Hamiltonian  formalism  to  calculate  the  quasiparticle 
and  the  two  Josephson  currents  through  a  superconductor-insulator-superconductor 
(SIS)  tunnel  junction  made  of  anisotropic  superconductors.  The  formalism  is  gener¬ 
alised  for  the  case  of  non-constant  tunneling  matrix  elements  and  superconductors 
with  different  pairing  states.  The  numerical  calculation  reveals  a  dramatic  change 
of  the  three  currents  compared  to  the  standard  BCS  theory.  Several  apparently  con¬ 
tradictory  experimental  results  can  be  explained  by  assuming  anisotropic  pairing 
which  leads  to  an  anisotropic  gap  function. 

1.  Introduction 

The  tunneling  studies  of  superconducting  junctions  that  have  been  performed 
in  the  past  focus  on  superconductors  which  possess  an  isotropic  s— wave  gap  1’2,3’4. 
This  is  apparently  well  justified  for  the  conventional,  low— Tc  materials.  But  for 
the  heavy  fermion  and  the  high— Tc  superconductors  this  does  not  seem  to  be  true. 
The  heavy  fermion  materials  are  characterised  as  unconventional  superconductors,  in 
the  sense  that  their  gap  function  has  a  different  symmetry  than  that  of  the  low— Tc 
superconductors.  On  the  other  hand,  the  high— Tc  superconductors  exhibit  crystal 
anisotropy  and  short  coherence  lengths,  and  thus  one  expects  to  see  a  strong  in¬ 
fluence  of  anisotropy  on  the  tunneling  current.  The  crystal  anisotropy  leads  to  an 
anisotropic  gap  function,  whose  symmetry  is  presently  a  matter  of  intense  discus¬ 
sions.  Experiments  performed  to  resolve  that  question  converge  toward  either  an 
anisotropic  s— wave  or  a  d— wave  symmetry.  In  practice,  it  is  very  difficult  to  re¬ 
alise  superconductor-insulator-superconductor  Josephson  junctions  made  of  high— Tc 
materials.  Despite  of  that,  some  junctions  were  already  fabricated,  and  their  I  —  V 
characteristics  showed  good  agreement  with  calculations  using  the  RSJ  model  5,6,7 . 

We  shall  study  the  influence  of  the  anisotropy  on  the  quasiparticle  and  the  two 
Josephson  currents,  considering  an  s  T  d— wave  pairing  state.  An  isotropic  s— wave 
component  is  included  as  well,  due  to  the  expecting  mixing  of  pairing  states  with 
different  1.  In  order  to  account  for  rough  interfaces  and  impurities  in  the  junction 
barrier,  we  consider  the  general  case  of  diffuse  tunneling,  which  makes  the  tunneling 
matrix  elements  k— dependent.  The  BCS  spectral  functions  shall  be  used  in  the 
calculation  of  the  tunneling  currents.  In  the  next  section  we  describe  briefly  the 
theory,  and  quote  the  formulae  used  to  calculate  the  tunneling  currents.  In  section 
3  we  present  and  discuss  the  numerical  results  and  in  the  last  section  we  give  the 
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conclusion. 

2.  The  Extended  Tunneling  Hamiltonian  Formalism. 

The  total  Hamiltonian  is  written  as  a  sum  of  the  Hamiltonians  for  the  right  hand 
side  (Hr)  and  the  left  hand  side  (HL),  respectively,  plus  the  tunneling  term  HT  of 
the  junction  i.e.: 

H  =  Hr  +  Hl  +  HT  •  (1) 

Here 

Bt  =  E(2Vlcp  +  h.c.)  .  (2) 

kp 

where  c\,Ck  are  the  creation  and  destruction  operators  for  electrons.  Tkp  is  the  tun¬ 
neling  matrix  element  which  transfers  particles  through  the  junction.  In  the  case  of 
diffuse  tunneling,  the  tunneling  matrix  elements  are  of  the  form  8 


Tkq  |2=  Cl  \Tk  \\Tq  \=d 


de(k) 

de(q) 

dh 

dqi 

(3) 


where  C\  is  a  constant  describing  the  properties  of  the  barrier  and  e(k)  is  the  quasi¬ 
particle  energy  assumed  to  have  the  tight  binding  form 

ek  =  A[-2(cos(kxax)  +  cos(kyay))  +  4:Bcos{kxax)cos(kyay)-2C  cos (kxaz)-p\  .  (4) 

The  A,  B,  C  are  constants  determined  from  the  band  structure.  ax,ay,az  are  the 
lattice  constants  in  the  x,y,z  direction  respectively,  and  fi  is  the  chemical  potential. 
In  Eq.(3)  h  denotes  the  component  of  the  wavevector  along  the  tunneling  direction. 

For  this  purpose  we  start  from  the  BCS  pairing  Hamiltonian,  with  the  following 
pairing  potential 

V(k:  k')  =  go  +  2gxcos((kx  —  kx)ocx)  +  2gycos((ky  ky)ocy)  ,  (5) 


In  the  above  formula  gx  and  gy  are  the  strength  of  the  hole-hole  interaction  in  the  x 
and  y  directions,  and  g0  is  the  on-site  interaction  strength.  Introducing  V(k,k')  into 
the  well  known  gap  equation  we  get 

iV  k' 


where 

Fk  =  ^tanh(i^£t)  ,  Ek  =  ^+4  (7) 

z&k  z 

and  ft  =  l/ksT,  kB  is  Boltzmann’s  constant.  Furthermore,  because  of  the  form  of 
the  potential  V(k ,  k '),  Ak  is  guarranted  to  be  of  the  form  9-10’1:1 

Afc  =  A0  +  2Aa:cos(A;;cax)  +  2AJ/cos(fc3/o:y)  . 


(8) 
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Figure  1:  The  quasiparticle  current  at  various  temperatures.  1:  T=0.0,  2:  T=0.05,  3:  T=0  10 
4:  T=0.12,  5:  T=0.15  . 

the  time  does  not  appear  explicitly  on  the  right  hand  side  of  the  equations.  It  can  be 
shown,  that  for  low,  or  slowly  varying  voltages,  the  tunneling  current  can  be  written 
in  the  form  15 

m  =  «V,r)  +  /,i(V',7>in(<Kt))  +  IMV,T)cos(<t,(t))  ,  (16) 

where  <t>  is  the  superconducting  phase  difference  between  the  two  electrodes. 

3.  Numerical  Results. 

We  calculate  numerically  the  tunneling  currents  as  a  function  of  the  applied  volt¬ 
age  from  equations  (10)- (12)  for  a  junction  made  of  two  identical  superconductors 
in  a  mixed  s  +  d-pairing  state.  Guided  from  earlier  works  12’18,  we  choose  the  phe¬ 
nomenological  parameters  in  Eqs.(5)  and  (9)  as  follows 

A  =  0.05  eF,  B  —  0.45  ,  <7  =  0.1,  p  =  - 2.0,  (17) 

9o  =  0.3  ,  gx  =  gy  =  1.2  .  (18) 

Setting  A  —  1.0  in  Eq.(4)  correspond  to  measuring  the  energy  in  units  of  A  tem¬ 
peratures  in  units  of  Jcb/A  =  580  K.  For  such  a  superconductor,  our  model  gives  a 
critical  temperature  Tc  =  0.155.  In  physical  units,  the  critical  temperature  is  around 
90  K,  which  is  a  high  Tc  superconductor.  Due  to  the  large  crystal  anisotropy  for 
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the  time  does  not  appear  explicitly  on  the  right  hand  side  of  the  equations  It  can  be 
shown,  that  for  low,  or  slowly  varying  voltages,  the  tunneling  current  can  be  written 

in  the  form  15 

I(t)  =  Iqp(V ,  T)  +  T)sin(0(i))  +  Ij2(V,  T)cos(<f>(t))  ,  (16) 

where  <j>  is  the  superconducting  phase  difference  between  the  two  electrodes. 

3.  Numerical  Results. 

We  calculate  numerically  the  tunneling  currents  as  a  function  of  the  applied  volt¬ 
age  from  equations  (10)-(12)  for  a  junction  made  of  two  identical  superconductors 
in  a  mixed  s  +  d-pairing  state.  Guided  from  earlier  works  12’18,  we  choose  the  phe¬ 
nomenological  parameters  in  Eqs.(5)  and  (9)  as  follows 

A  =  0.05  eV  ,  B  =  0.45  ,  C  =  0.1  ,  ft  =  —2.0  ,  (17) 

go  =  0.3  ,  gx  =  gy  =  1-2  •  (18) 

Setting  A  =  1.0  in  Eq.(4)  correspond  to  measuring  the  energy  in  units  of  A  tem¬ 
peratures  in  units  of  kB/A  =  580  K.  For  such  a  superconductor,  our  model  gives  a 

critical  temperature  Tc  =  0.155.  In  physical  units,  the  critical  temperature  is  around 
90  K,  which  is  a  high  Tc  superconductor.  Due  to  the  large  crystal  anisotropy  tor 
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Figure  2:  The  supercurrent  Ij\  at  various  temperatures.  1:  T=0.0,  2:  T=0.05,  3:  T=0.10,  4: 
T=0.12,  5:  T=0.15  . 


these  materials,  the  tunneling  current  changes  considerably  when  the  orientation  of 
the  material  with  respect  to  the  barrier  changes.  In  this  work,  we  consider  tunnel¬ 
ing  along  the  c  crystallographic  direction  for  both  the  electrodes.  Here  by  tunneling 
direction  is  meant  the  crystal  direction  normal  to  the  barrier. 

In  that  case,  the  tunneling  matrix  element  Tkp  oc  sin(kzaz)  sm(pzaz).  The  re¬ 
sults  of  this  calculation  are  shown  in  Figs.(l)-(3).  The  different  curves  labeled 
1-5  correspond  to  different  values  of  temperature.  In  normalised  units,  these  are 
1  :  T  =  0.0,  2  :  T  =  0.05,  3  :  T  =  0.10,  4  :  T  =  0.12,  5  :  T  =  0.15.  Voltages 
are  normalised  to  50m V.  In  these  figures  we  observe  some  important  features  in 
comparison  with  the  standard  BCS  theory  1’2.  A  calculation  based  on  the  standard 
BCS  theory  for  the  coefficient  of  the  sin  (j>  term  Ij\  gives  a  logarithmic  singularity  (the 
Riedel  peak)  at  the  gap  voltage  Vg.  This  is  an  artifact  due  to  the  fact  that  the  BCS 
quasiparticle  and  pair  densities  of  states  go  to  infinity  when  the  voltage  approaches 
the  gap  voltage.  In  our  case  the  effective  densities  of  states  calculated  numerically 
from  Eq.(13)  are  finite  and  have  non-zero  values  only  in  a  certain  energy  interval  de¬ 
termined  by  A,  B ,  C  and  p.  As  it  is  apparent  from  Fig.(l)  the  logarithmic  singularity 
has  been  eliminated.  Furthermore,  the  curves  have  been  rounded  off  significantly  as 
a  result  of  the  anisotropic  gap. 

Let  us  now  turn  our  attention  to  the  other  two  currents,  the  quasiparticle  current 
Iqp  and  the  quasiparticle-pair  interference  current  Ij%.  These  are  discontinuous  at  the 
gap  voltage  according  to  the  standard  BCS  theory.  When  anisotropy  is  taken  into 
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Figure  3:  The  supercurrent  Ij2  at  various  temperatures  1:  T=0.0,  2:  T=0.05,  3:  T=0.10,  4: 
T=0.12,  5:  T=0.15  . 

account,  both  Iqp  and  Ij2  are  changing  in  a  rather  smooth  way,  and  they  exist  for  very 
low  voltages  even  at  zero  temperature  (Figs. (2)  and  (3)).  Because  the  gap  changes 
on  the  Fermi  surface  from  a  minimum  value  Am;n  to  a  maximum  Amax  it  does  not 
make  sense  to  define  a  gap  voltage. 

The  Josephson  current  Ij\  was  calculated  as  a  function  of  temperature  at  V  —  0 
for  three  different  junctions.  The  results  are  presented  in  Fig. (4),  where  the  Ij\{T ) 
is  normalised  to  Ij\{T  =  0,  V  =  0)  and  T  is  normalised  to  Tc.  The  curve  labeled  1 
corresponds  to  a  junction  made  of  two  s  +  d— wave  superconductors,  the  curve  labeled 
2  corresponds  to  a  junction  made  of  two  isotropic  s— wave  superconductors,  and  the 
curve  labeled  3  corresponds  to  a  junction  made  of  an  s  +  d— wave  and  an  isotropic 
s— wave  superconductors.  The  parameters  for  the  s— wave  superconductor  are 

A  =  1.0,  5  =  0.0,  <2=1.0,  fi  —  —2.0  ,  (19) 

go  =  1.345  ,  g,=gt  =  0.0.  (20) 

The  critical  temperature  for  this  material  is  (in  physical  units)  Tc  =  7.2  K ,  it  thus 
corresponds  to  a  low— Tc  material. 
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Figure  4:  The  supercurrent  Iji(V  =  0)  for  three  different  junctions.  The  description  of  the 
junctions  is  given  in  the  text. 

4.  Discussion  and  Conclusions. 

The  gap  anisotropy  plays  a  very  important  role  in  the  tunneling  currents  through  a 
superconducting  junction.  Experiments  on  high— Tc  superconductors  show  a  large  gap 
anisotropy  in  these  materials,  with  ratios  of  the  maximum  gap  value  to  the  minimum 
Amax/A min  which  even  go  up  to  6  19.  These  materials  are  also  characterised  by 
large  measured  values  of  the  ratio  r  =  2A/&bTc  which  is  usually  attributed  to  strong 
coupling  effects  and  failure  of  the  BCS  approach  which  gives  r  =  3.53.  This  belief 
is  based  on  the  isotropic  model,  and  is  likely  to  be  wrong  in  the  anisotropic  case 
20.  When  the  gap  is  determined  by  tunneling  conductance  measurements,  what  it  is 
actually  measured  is  the  ratio  r'  =  Amax/kBTc.  Using  a  simple  model  Abrikosov  20 
showed  that  in  the  case  of  anisotropy  Amax  >  A bcs  and  Amin  <  A bcs-  These  results 
are  general,  since  his  model  does  not  depend  on  the  details  of  the  Fermi  surface  or 
the  form  of  the  anisotropy.  Thus,  obviously  r'  >  r. 

Although  there  is  a  significant  difference  in  the  tunneling  currents,  for  a  real 
junction  which  is  operated  at  rather  low  voltages,  up  to  about  1  mV  the  change  is 
not  so  dramatic.  As  we  can  see  from  figures  1-3,  at  low  voltages,  the  quasiparticle 
current  increases  linearly  with  voltage  and  Ij\  is  practically  constant.  The  second 
supercurrent  Jj2  is  very  small  and  can  be  neglected  in  a  first  approximation.  Thus, 
the  resistively  shunted  junction  model  is  expected  to  work  well  for  junctions  made  of 
anisotropic  superconductors. 
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Because  of  the  short  coherence  length  one  expects  to  see  manifestations  of  the 
anisotropy  in  many  situations.  Tunneling  has  offered  a  lot  of  information  on  the 
properties  of  superconductors.  Thus,  it  might  be  possible  to  extract  some  information 
from  tunneling  about  the  fundamental  question  of  the  gap  symmetry.  Experiments 
up  to  now  have  given  controversial  results,  not  being  able  to  provide  the  pairing 
state  of  the  high— Tc  superconductors.  For  the  high— Tc  superconductors  a  rather 
low  critical  voltage  Vc  —  IjiRn  bas  been  repeatedly  measured,  compared  to  what  is 
expected  from  the  conventional  Ambegaokar-Baratoff  theory.  Rn  is  the  normal  state 
resistance,  which  is  assumed  to  be  temperature  independent.  Since  the  manufacturing 
of  SIS  junctions  is  not  a  very  easy  task,  the  reduction  of  the  critical  voltage  could  be 
merely  a  result  of  a  defective  barrier.  On  the  other  hand,  it  has  been  speculated  that 
this  reduction  could  be  due  to  a  d  pairing  superconducting  state.  Model  calculations 
showed  21,22  that  a  d—  wave  state  gives  considerably  (about  a  factor  of  two)  lower 
critical  voltage  than  an  s— wave  state. 

In  conclusion,  we  have  calculated  the  tunneling  currents  through  an  SIS  Joseph- 
son  junction,  using  the  BCS  spectral  functions  with  an  anisotropic  gap  function. 
The  results  suggest  that  the  RSJ  model  works  well  in  the  case  of  junctions  made  of 
anisotropic  superconductors.  Furthermore,  the  Riedel  peak  in  the  quasiparticle  cur¬ 
rent  is  rounded  off,  and  the  supercurrents  change  continuously  as  a  function  of  the 
applied  voltage.  Finally,  the  reduction  of  the  critical  voltage  for  high— Tc  supercon¬ 
ductors  might  result  from  a  dominant  d— wave  component  in  the  gap  function. 
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ABSTRACT 

We  have  fabricated  planar  tunnel  junctions  on  Y B^Cu^Og  single  crystals  and 
compared  the  tunneling  spectra  to  those  previously  obtained  on  Y Ba2Cug02-g. 
In  the  superconducting  state,  the  1:2:4  phase  shows  a  smeared  structure  around 
18mV,  similar  to  that  observed  in  the  1:2:3  phase,  while  the  main  difference  in  the 
tunneling  spectra  is  the  absence  in  the  1:2:4  phase  of  the  5mV  gap-like  feature. 
These  results  can  be  interpreted  in  terms  of  a  decreased  interlayer  coupling  in  the 
1:2:4  phase. 


1.  Experimental  Results 

High-pressure  YBa2Cu4Og  (Y124)  crystal  growth  was  performed  from  mixtures 
of  polycrystalline  Y Ba2CugOi-g  (Y123),  BaCu02  and  CuO,  as  described  in  Ref.l, 
using  Zr02  crucibles  at  1100°C  with  600  bar  of  02  at  3  Kbar  total  pressure. 

Susceptibility  measurements  were  performed  on  all  crystals  using  a  Lake  Shore 
Cryotronics  AC  susceptometer,  in  a  1  Oe  ac  field  at  100  Hz.  The  onset  critical 
temperatures  Tc  were  found  to  be  of  about  80  K.  As  an  example,  the  susceptibility 
vs  temperature  curve  for  a  Y124  crystal  is  reported  in  Fig.l.  From  the  numerically 
computed  first  derivative,  shown  in  the  inset,  it  can  be  seen  that  the  width  of  the 
transition  is  less  than  2  K.  This  result  is  representative  of  all  the  samples  used  in 
this  work.  Moreover,  the  crystals  are  orthorhombic  and  untwinned  as  shown  by 
single-crystal  X-ray  diffraction.  This  fact,  combined  with  a  stable  oxygen  content, 
makes  Y124  an  ideal  material  for  determining  the  superconducting  and  normal  state 
properties. 

One  of  the  major  structural  features  of  Y124  which  is  different  from  that  of 
Y123  is  an  additional  Cu-0  layer  which  leads  to  double  chains  of  CuO  stacked  up 
along  c  between  the  Ba-O  planes.  These  chains  are  shifted  relative  to  each  other  by 
b/2  along  the  b  axis.  It  is  thus  possible  to  characterize  the  Y2Ba4Cu6+nOi4+n  fam¬ 
ily  (with  n=0,l,2,4),  consisting  of  Ba-Y-Ba  perovskite  blocks  separated  by  single 
and/or  double  or  triple  CuO  chains.  We  will  focus  on  the  first  member  with  n=0, 
the  well-known  1:2:3  phase,  Y123,  with  Tc  —  90K ,  and  the  n=2  member,  the  1:2:4 
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Fig.  1.  Susceptibility  vs  temperature  curve  for  a  Y124  crystal.  In  the  inset  the  numerically  computed 
first  derivative  is  shown. 


phase,  Y124,  with  Tc  =  80 K.2  The  existence  of  this  series  allows  us  to  investigate 
systematically  the  significance  of  the  chains  on  the  normal  and  superconducting  fea¬ 
tures.  In  contrast,  the  Bi-Sr-Ca-Cu-0  and  Tl-Sr-Ca-Cu-0  families  provide  insight 
in  the  importance  of  the  number  of  Cu02  layers. 

In  this  work,  Y123  and  Y124  single  crystals  have  been  used  as  base  electrodes 
in  planar  tunnel  junctions.  Chemical  etching  of  the  crystals  in  a  1%  Br  solution  in 
methanol  ensured  the  cleaning  and  the  passivation  of  the  crystals’  surface.3  Furthe- 
more,  the  appearence  of  many  etch  pits  exposed  to  the  tunneling  process  also  the  a 
and  b  directions  on  nominally  c-axis  oriented  crystals.  After  the  etching,  the  crys¬ 
tals  were  exposed  to  the  atmosphere  for  about  30  min,  forming  a  natural  barrier, 
and  finally  placed  in  a  vacuum  system  where  a  Pb  thin  film  counterelectrode  was 
evaporated  through  a  metallic  mask.  Junction  dimensions  were  about  0.1  x  1.0mm2 
and  resistances  ranged  between  500  and  5000  Ohm.  Four  terminal  measurements  of 
the  differential  resistance  dV /dl  were  performed  using  the  standard  low-frequency 
lock-in  technique. 

We  have  performed  a  number  of  quality  controls  on  our  junctions,  both  at  low 
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Fig.  2.  I-V  characteristic  at  low  bias  for  a  Pb/Yl24  junction  at  T=4.2  K 


and  high  biases.4  We  have  measured  the  I-V  characteristic  at  low  biases  and  at 
low  temperature,  and  compared  it  to  the  theoretical  expression  for  the  current 
flowing  through  an  S-N  junction  at  the  same  temperature.  The  good  agreement 
obtained  on  a  typical  Pb/Y124  junction  is  shown  in  Fig. 2.  Checking  that,  at  low 
bias,  the  Pb  gap  and  phonon  structures  were  at  the  correct  energies  and  had  the 
right  amplitudes  implied  that  the  conductance  was  mainly  due  to  a  single-step 
tunneling  process  through  the  barrier.  Under  these  conditions,  we  can  attribute 
the  structures  observed  in  the  dV / dl  to  structures  in  the  density  of  states  of  the 
Y-Ba-Cu-0  material. 

In  Fig. 3  we  show  the  dynamic  resistance  vs  voltage  for  a  Pb/Yl24  junction  at 
different  temperatures.  It  is  possible  to  observe  a  finite  zero-bias  resistance  and  a 
gap-like  features  at  about  ±18mV,  that  appear  in  the  resistance  curve  below  Tc. 
This  behavior  is  similar  to  that  observed  for  Y123,  the  principal  difference  consisting 
in  the  absence,  in  the  Y124,  of  the  low  bias  ±5 mV  gap-like  feature  present  in  the 
tunneling  spectra  of  Y123  together  with  the  18  mV  structure.3,5 

Further  information  can  be  obtained  by  studying  the  behavior  of  the  zero-bias 
resistance  as  a  function  of  temperature.  Tunneling  spectroscopy  is  in  fact  a  surface 


104 


Fig.  3.  Dynamic  resistance  vs  voltage  for  a  Pb/Yl24  junction  at  different  temperatures.  The  vertical 
axis  has  been  shifted  for  clarity. 


technique  that,  on  a  scale  of  the  coherence  length,  measures  the  Tc  of  the  mate¬ 
rial  layer  close  to  the  barrier.  For  a  typical  Pb/Yl24  junction,  the  temperature 
dependence  of  the  normalized  zero-bias  resistance  (Fig.4)  shows  a  discontinuity  at 
Tc,  similar  to  the  opening  of  an  energy  gap  in  tunnel  junctions  made  with  BCS 
superconductors . 


2.  Discussion 

The  double  structures  observed  in  the  Y123  system  by  tunneling  spectroscopy 
and  other  experimental  techniques,6  have  been  attributed  to  a  double  gap-like  fea¬ 
ture,  coming  from  the  layered  structure  of  this  system.  The  18  mV  feature  can  be 
related  to  the  strongly  superconducting  CuOi  layers.  These  layers  are  alternated 
by  CuO  chains,  thus  the  low  bias  feature  at  5  mV  has  been  related  to  a  super¬ 
conducting  energy  gap  in  the  planes  of  the  chain  structures.7,8  On  the  other  hand, 
if  the  chain  superconductivity  were  intrinsic,  an  enhancement  of  the  low-energy 
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Fig.  4.  Normalized  zero-bias  resistance  vs  temperature  for  a  Pb/Yl24  junction. 


structure  should  be  expected  in  the  Y124  material.  Disappearence  of  this  feature 
is  thus  consistent  with  a  normal  metal  (or  weakly  superconductive)  behavior  of 
the  chains,  already  proved  by  means  of  different  experimental  techniques.9,10  In  the 
Y123  with  a  single  CuO  layer,  chain  superconductivity  is  induced  from  the  Cu02 
adjacent  planes  by  a  kind  of  internal  proximity  effect.  Both  the  absence  of  the  5 
mV  structure  and  the  smearing  of  the  main  feature  at  18  mV  can  be  interpreted 
in  terms  of  an  increased  normal  contribution  of  the  double  CuO  chain  layers  in  the 
Y124  system. 

The  present  study  suggests  that  the  in-plane  superconducting  properties  remain 
unaltered  in  the  Y124  and  Y123,  while  a  lower  strength  of  the  interlayer  coupling  is 
inferred  in  the  Y124,  due  to  the  different  role  of  the  CuO  chains  in  this  material.11 
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ABSTRACT 

We  investigate  the  influence  of  the  electromagnetic  surrounding  on  fluxon  dynamic 
regimes  in  long  Josephson  junctions.  Experimental  data  were  compared  with  nu¬ 
merical  simulations  using  the  modified  two-dimensional  perturbed  sine-Gordon 
equation.  Measurements  have  been  done  with  long  Nb/A10x/Nb  Josephson 
tunnel  junctions  made  in  a  “window”  in  the  thick  insulating  layer  between  two 
overlapping  superconducting  electrodes.  We  compare  the  data  obtained  for  junc¬ 
tions  of  the  same  dimensions  but  with  different  ratio  of  the  junction  width  W  to  the 
width  of  the  idle  (“window”)  part  W'  of  the  electrodes  surrounding  them.  Zero- 
field  steps  were  found  to  be  stable  only  in  structures  with  W' /W  <  3  .  In  addition 
to  conventional  zero-field  steps  at  low  voltages,  we  also  find  very  high  frequency 
cavity- like  zero  field  resonances.  With  increasing  the  ratio  W' jW ,  the  effective 
fluxon  propagation  velocity  is  found  to  increase  and  fine  structure  resonances  ap¬ 
pear  on  the  I  —  V  characteristics.  Qualitative  agreement  between  experiment  and 
numerical  simulations  is  found. 


1.  Introduction 

The  ideal  quasi-one- dimensional  Josephson  junction  of  length  Lf%>  \j  and  width 
W  <  A  j,  where  A  j  is  the  Josephson  penetration  depth,  is  a  model  system  for  the 
demonstration  of  the  complex  behavior  of  nonlinear  systems.  The  nonlinearity  of 
the  Josephson  term,  due  to  the  tunneling  of  supercurrent,  causes  localisation  of  the 
magnetic  flux  that  penetrates  the  oxide  and  the  superconducting  (within  the  London 
penetration  depth)  layers.  For  a  long  junction  the  fluxons  are  described  successfully  by 
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Fig.  2.  Numerically  calculated  I  —  V  characteristic  for  three  different  values  of  W' /W :  0.2  (solid 
circles),  0.8  (open  circles)  and  1.8  (solid  triangles). 


distributed  RSJ  model  which  consists  of  a  resistor  Ri  (the  normal  electronic  current) 
in  parallel  with  a  capacitor  Ci  (capacity  between  superconducting  layers)  and  the 
non-linear  Josephson  element  connecting  the  two  superconductors.  This  model  is 
equivalent  to  Maxwell’s  equations  together  with  Josephson’s  constitutive  equations. 
The  normalized  equation  for  the  current  at  node  i  reads  in  a  dimensionless  form  as 


j 


1 

+  A$  Lj 


sin  (<fc)  + 


h. 

R 


haLi 


(1) 


with  the  last  two  terms  being  absent  in  the  idle  region  as  there  is  no  tunneling  of 
supercurrent  or  normal  current  there.  Since  the  width  of  the  dielectric  (idle  region) 
is  much  larger  than  the  oxide  layer  in  the  window  the  characteristic  times  are  much 
shorter  in  the  idle  region;  the  capacitance  Ci  and  inductance  Li  have  therefore  been 
normalized  by  Cj  and  Zj  their  values  at  the  nodes  of  the  idle  region.We  have  intro¬ 
duced  here  the  mesh  normalized  Josephson  length  A  j  —  \J  <&0/(Zj/o)  and  normalized 
Ri  by  yjLi/Ci ,  where  $0  is  the  magnetic  flux  quantum  and  the  current  is  normalised 
in  units  of  $0/Zj  .  The  numerical  values  used  for  the  computations  were  chosen  to 
be  close  to  that  in  experiments  described  in  the  next  section.  We  used  Cj  =  100, 
Lj  —  0.5,  and  R  =  50  for  the  junction;  all  other  normalized  parameters  were  equal 
to  unity.  We  have  applied  the  external  current  homogeneously  across  the  longer  sides 
of  the  rectangular  domain,  like  in  the  overlap  geometry.  In  the  case  of  a  large  idle 
region  the  detailed  bias  current  distribution  at  the  outside  boundary  is  not  very  im¬ 
portant.  The  initial  condition  is  obtained  by  solving  numerically  the  static  problem3 
with  zero  external  current.  The  fluxon  is  then  accelerated  by  a  slow  increase  of  the 
external  current  and  damping.  For  each  point  of  the  I  —  V  characteristic  we  have 
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Fig.  1.  (a)  Schematic  view  of  a  window-type  Josephson  tunnel  junction.  The  tunnel  barrier  area 
is  surrounded  by  the  idle  part  which  consists  of  superconducting  electrodes  (Nb)  separated  by  a 
thick  insulating  layer  (Nl^Os).  Sketch  (b)  shows  the  top  view  of  the  window  junction  with  a  fluxon 
inside. 


the  sine-Gordon  (or  its  perturbed  form)  system  even  in  the  presence  of  perturbations 
or  various  boundary  conditions  due  to  the  bias  current  or  an  external  magnetic  field. 
So  far  the  influence  of  the  external  electromagnetic  environment  due  to  the  idle  (no 
tunneling)  parts  of  the  superconducting  electrodes  has  been  neglected.  However,  one 
may  expect  that  the  properties  of  both  linear  and  nonlinear  electromagnetic  waves, 
which  propagate  into  the  junction,  can  be  considerably  influenced  by  the  idle  part 
around  it.  The  reason  is  that  the  free  energy  of  the  device  has  a  large  contribution 
from  the  magnetic  energy  due  to  the  surface  currents  especially  in  the  large  idle  region 
where  no  tunneling  occurs,  prefering  to  delocalise  the  fluxons.  The  inhomogeneity  of 
the  energy  distribution  leads  to  a  curvature  of  the  constant  phase  lines. 

In  practical  Josephson  devices,  due  to  the  preparation  procedure  in  the  Nb/Al 
technology,  the  Josephson  junction  perimeter  is  often  surrounded  by  an  overhanging 
superconducting  electrode  which  forms  a  sort  of  a  ‘window’,  also  called  ‘idle  part’ 
(see  Fig.  1)  above.  The  idle  part  results  from  oversized  dimensions  of  the  wiring 
Nb  layer  which  covers  the  ground  Nb  electrode.  Lee  1  suggested  a  simple  model  to 
calculate  the  dispersion  relation  for  linear  waves  modified  by  the  presence  of  the  idle 
window  around  the  junction.  Later,  Lee  and  Barfknecht  2  showed  a  good  greement  of 
this  model  with  the  experimental  data  on  linear  Fiske  resonances  in  Nb/Al- AlO^/Nb 
junctions.  So  far,  there  has  been  no  study  of  the  effects  of  the  idle  window  around 
the  junction  on  the  nonlinear  resonances  which  occur  due  to  the  resonant  motion  of 
solitons  (fluxons,  or  Josephson  vortices)  in  long  quasi-one-dimensional  junctions. 

2.  Model  and  numerical  simulations 

The  electromagnetic  properties  of  the  device  can  be  described  with  the  phase  dif¬ 
ference  of  the  superconducting  order  parameter  across  the  two  layers  <f>(x,y).  The 
model  used  to  describe  the  window  junctions  is  a  two-dimensional  sine-Gordon  equa¬ 
tion  for  the  junction  region,  coupled  to  a  two-dimensional  wave  equation  for  the  idle 
part3  due  to  the  absence  of  tunneling  there.  In  the  numerical  calculations  we  dis- 
cretise  the  junction  area.  Thus  we  consider  each  superconductor  to  be  represented 
by  a  two  dimensional  array  of  inductances.  For  each  element  of  area  a2  we  use  the 
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studied  about  eighty  fluxon  oscillations  leading  to  long  computations  (about  12  hours 
on  a  Sun  Sparc  10)  for  a  grid  of  about  seventy  by  seventy.  We  have  also  varied  the 
space  discretisation  to  make  sure  the  results  were  stable.  For  speed  we  have  used  the 
fixed  step  Runge-Kutta  method  of  the  4-th  order,  but  in  many  cases  the  results  were 
checked  by  using  a  variable  step  procedure  based  on  the  Stoer-Burlisch  algorithm4. 

Figure  2  shows  the  numerically  calculated  I  -  V  characteristics  with  the  well- 
known  resonances,  the  zero-field  steps  (ZFSs),  for  the  window  junction  with  different 
width  of  the  surrounding  idle  region  W'  and  the  same  length  L  =  6 A j.  For  smaller 
idle  regions  ( W*  =  0.2A j  and  W'  -  0.8Aj)  the  first  ZFS  is  seen  in  Fig.  2.  One  may 
notice  also  the  fine  scale  structure  for  W'  =  0.8Aj.  For  W’  =  0.2  A  j  the  instantaneous 
charge  evolution  shows  a  well  formed  fluxon  as  can  be  seen  in  Fig.  3. 


Fig.  3.  Instantaneous  charge  evolution  for  L  =  6A j  and  W' j\j  —  0.2,  applied  current  /  — 

0.07  J0.  (a)  t  =  96.0  x  103,  (b)  t  =  96.5  x  103. 


Fig.  4.  The  same  as  Fig.3  except  W'/Xj  =  1.8.  (a)  t  =  98.3  X  103,  (b)  t  =  99.0  X  103. 


Fig.  4  shows  the  instantaneous  charge  for  W'  ~  1.8.  In  contrast  to  Fig.  3  the 
voltage  oscillations  have  invaded  the  whole  junction  leading  to  a  cavity- like  oscillation 
of  the  phase.  This  gives  a  very  sharp  resonance  in  the  I  —  V  curve,  so  that  the 
obtained  dc  voltage  is  practically  independent  of  the  bias  current.  We  have  repeated 
these  experiments  with  a  junction  of  length  L  =  10.5Aj  and  found  no  such  resonances, 
furthermore  we  have  not  been  able  to  produce  a  stable  ZFS  for  W'  >  3Aj. 

3.  Experimental  results 

In  experiments  we  used  Nb/Al-AlOa/Nb  Josephson  junctions  of  overlap  geom¬ 
etry.  The  junction  geometry  is  schematically  shown  in  Fig.  1.  On  each  wafer  we 
prepared  chips  of  several  junction  dimensions,  typically,  L  x  W  =  350  x  20^m2.  Each 
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Fig.  5.  Experimentally  measured  /c(if)  dependence  for  two  junctions  of  the  same  dimensions  but 
with  different  values  of  W' fW  —  1  (a)  and  W'  jW  =  10  (b). 


chip  contained  5  junctions  of  the  same  tunnel  barrier  size  (£,  W )  but  with  different 
width  W'  of  the  idle  area  surrounding  them.  The  spread  in  the  Josephson  critical 
current  density  jc  was  less  than  5%  across  the  wafer.  A  typical  value  of  jc  was  about 
360  A/cm2,  which  corresponds  to  the  Josephson  penetration  depth  of  A j  «  20  p m. 
Measurements  were  performed  at  4.2  K  in  an  rf- shielded  room. 

3.1.  IC(H )  dependence 

Measurements  of  the  critical  current  Ic  versus  external  field  H  showed  a  remark¬ 
able  dependence  on  W' jW ,  as  seen  in  Fig.  5.  As  the  idle  region  is  enlarged  three 
effects  are  observed:  (i)  7C(0)  increases;  (ii)  the  critical  field  Hc i,  corresponding  to 
the  threshold  for  magnetic  field  penetration  in  the  junction,  decreases;  (iii)  the  sec¬ 
ondary  lobes  in  the  magnetic  pattern  become  more  pronounced  and  show  a  smooth 
transition  from  overlapping  to  separated  shapes.  The  first  effect  should  occur  due 
to  the  current  redistribution  occurring  in  the  idle  region.  Increasing  of  W'/W  leads 
to  a  more  homogeneous  distribution  of  the  bias  current  along  the  junction.  The  sec¬ 
ond  phenomenon  is  due  to  a  magnetic  field  focusing  effect,  as  can  be  deduced  from 
the  geometrical  configuration  of  window-type  junctions  (Fig.  1).  The  third  effect  we 
discuss  in  the  next  section. 

3.2.  I  —  V  characteristics 

Several  features  affecting  the  experimental  I  —  V  characteristics  were  found  to 
depend  on  the  dimensions  of  the  idle  part  W'  around  the  junctions.  In  zero  magnetic 
field,  the  I  —  V  characteristics  of  all  junctions  with  the  smallest  width  of  the  idle 
part  W'  =  2.5  pm  showed  a  series  of  ZFSs.  An  example  of  the  I  —  V  characteristics 
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Fig.  6.  Experimental  I  —  V  characteristic  for  the  junction  with  dimensions  L  X  W  ~  200  X  XOflm2 
and  W’  =  2.5  fi m2. 


is  given  in  Fig.  6.  In  addition  to  conventional  zero-field  steps  at  low  voltages,  we 
also  observed  sharp  cavity-like  resonances  at  high  voltages.  With  increasing  W' ,  the 
number  of  observable  ZFSs  was  decreasing.  In  our  measurements  we  never  found  any 
ZFS  for  W'/W  <  3. 

In  all  sample  series  we  found  a  systematic  increase  of  the  asymptotic  voltages  of 
the  zero  field  steps  with  increasing  W'/W.  The  asymptotic  voltage  is  Vzfsi  —  $o c/L, 
where  c  is  the  Swihart  velocity.  Thus,  the  voltage  Vzfsi  allows  one  to  directly  measure 
the  velocity  c  in  the  junction.  We  find  that  with  increasing  of  W'  the  effective 
fluxon  propagation  velocity  is  also  increasing.  Qualitatively,  the  increase  of  the  fluxon 
velocity  can  be  explained  by  the  increase  of  the  effective  inductance  per  unit  length 
of  a  Josephson  transmission  line  along  the  L  dimension.  The  idle  part  impedance  per 
unit  length  appears  to  be  connected  in  parallel  with  the  junction  impedance.  The 
comparison  of  the  experimental  data  with  estimation  according  to  Lee’s  formula  1 
showed  a  reasonable  agreement. 

A  distinct  feature  which  has  been  experimentally  observed  in  window  junctions 
is  the  fine  structure  resonances  on  ZFSs.  Fig.  7  shows  ZFS1  in  the  junctions  with 
W’  =  2.5  fi m  (a)  and  W'  —  30  ^m  (b).  Fine  structure  in  the  I  —  V  curve  can 
be  easily  recognized  for  the  case  (b)  and  is  even  better  seen  on  the  corresponding 
dV/dl  vs  V  plot.  Additional  small  steps  occur  on  the  ZFS1  for  larger  idle  parts. 
This  fine  structure  appears  only  for  larger  idle  parts  while  almost  no  fine  structure 
has  been  observed  for  the  smallest  W'  [see  Fig.  7(a)].  One  possible  reason  for  the 
fine  structure  is  the  interaction  between  the  Josephson  plasma  waves  and  the  moving 
fluxon  5.  Another  explanation  refers  to  the  stable  cavity  modes  in  the  junction  and 
the  idle  region  6.  Since  the  observed  resonances  are  rather  irregular,  at  present  it 


Fig.  7.  dVjdl  —  V  and  I  —  V  curves  for  ZFSls  in  junctions  with  W'  =  2.5  um  (a)  and 
W  =  30  pm. 


seems  to  be  hardly  possible  to  explain  this  fine  structure  by  a  single  model. 

4.  Discussion 

Numerical  calculations  of  static  phase  distributions,  assuming  various  boundary 
conditions  for  the  current  bias,  show  most  of  the  effects  observed  experimentally 
in  IC(H )  dependence.  In  the  small  W'  limit  the  behavior  is  similar  to  the  inline 
geometry  leading  to  large  Hcl  and  small  /c(0).  In  this  case  the  magnetic  field  lines 
remain  concentrated  around  the  ends  of  the  junction.  When  W'  is  large  the  geometry 
is  closer  to  the  overlap  case,  the  current  is  distributed  more  homogeneously  around 
all  sides  of  the  junction,  this  leads  to  a  smaller  Hc\  and  a  larger  Ic( 0).  The  transition 
from  overlapping  to  separated  IC(H )  lobes  at  H  >  Hcl  can  be  understood  by  noting 
that  a  long  junction  in  a  large  idle  region  leads  to  fluxons  of  effective  width3  A j/W. 
Thus,  the  junction  behaves  almost  like  a  short  junction  with  more  Fraunhofer-like 
pattern  of  IC(H). 

The  reason  for  the  loss  of  stability  in  zero-field  fluxon  oscillations  can  be  inferred 
from  numerical  simulations  of  the  junction  dynamics.  In  zero  magnetic  field,  the 
fluxon  is  expected  to  reflect  from  the  boundaries  which  work  as  open  ends  of  the 
transmission  line.  With  the  large  idle  part  surrounding  the  junction,  the  flux  lines  of 
a  fluxon  approaching  the  boundary  close  around  the  junction  edge,  thereby  producing 
a  local  self-induced  magnetic  field  of  the  opposite  polarity3.  This  effect  prevents 
fluxon  reflections  from  the  junction  boundaries,  and  no  zero-field  resonances  occur. 
The  same  reason  accounts  for  the  fine  structure  observed  in  experimental  [Fig.  7(b)] 
and  numerically  calculated  (open  circles  in  Fig.  2)  zero  field  steps.  Even  for  the  case 
of  small  idle  size  shown  in  Fig.  3,  fluxon  motion  is  accompanied  by  visible  small- 
amplitude  oscillation  which  may  lead  to  fine  structure  resonances. 

Experimentally  found  behavior  showing  the  increase  of  the  fluxon  propagation 
velocity  with  W'  is  in  agreement  with  numerical  simulations:  Fig.  2  shows  the  in¬ 
crease  of  the  critical  velocity  with  increasing  W'  from  0.2  to  0.8.  Similar  effect  has 
been  observed  for  the  phase  velocity  of  the  linear  waves  2,7 .  Moreover,  numerically 
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calculated  ZFS  with  the  highest  voltage  (shown  by  triangles  in  Fig.  2)  very  much  re¬ 
sembles  sharp  high-voltage  resonances  in  experimental  Fig.  6.  These  resonances  have 
been  observed  numerically  and  experimentally  only  for  intermediate  length  junctions 
for  which  the  fluxon  “invades”  the  whole  junction  when  the  idle  region  is  enlarged. 
We  note,  that,  in  contrast  to  cavity-induced  resonances  in  structures  with  small  junc¬ 
tion  imbedded  in  the  idle  window1 2 3 4 5 6 7 8,  the  spatially-dependent  voltage  oscillations  in  our 
case  are  present  in  the  long  junction  itself  (see  Fig.  4).  When  the  idle  region  becomes 
larger,  most  part  of  the  system  is  linear  and  the  linear  cavity  modes  are  expected  to 
dominate. 

Since  the  fluxon  is  “dressed”  with  the  magnetic  energy  of  the  idle  region,  its 
effective  width  changes  from  Aj  to  A j/W.  Thus,  even  for  L  \j  the  fluxon  width 
may  become  comparable  to  the  junction  length  L  if  W  is  small  and  W'  is  large  enough. 
In  this  case  the  junction  should  behave  as  a  short  junction  and  no  ZFSs  should  be 
observed.  In  numerical  simulations  we  have  considered  two  junctions  of  equal  width 
W  =  0.5Aj  and  lengths  L  =  6A j  and  L  =  10.5Aj.  No  ZFSs  were  found  numerically 
for  the  smaller  L. 

In  conclusion,  we  investigated  the  influence  of  the  electromagnetic  surrounding  of 
long  Josephson  junctions  on  its  fluxon  properties.  We  show  that  the  electromagnetic 
surrounding  is  substantially  modified  by  the  presence  of  the  idle  window  around  the 
junction.  We  found  that  the  idle  part  influences  both  the  static  and  the  dynamic 
properties  of  long  junctions. 
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ABSTRACT 

We  report  experimental  data  about  the  Fiske  step  voltages  in  window  Josephson 
junctions  showing  that  the  phase  velocity  of  electromagnetic  waves  is  strongly  af¬ 
fected  by  the  insulating  region  surrounding  the  junction.  We  have  investigated  sep¬ 
arately  in  unidimensional  junctions  the  effect  either  of  an  idle  region  along  the  long 
dimension  or  at  the  extremities  of  the  junction,  finding  that  the  former  increases 
the  phase  velocity  and  causes  dispersion,  the  latter  only  decreases  the  velocity.  We 
propose  two  simple  models  to  account  for  these  phenomena. 


1.  Introduction 

In  its  simplest  version  a  Josephson  junction  can  be  fabricated  simply  depositing 
two  superconducting  films  onto  a  substrate  through  stencil  masks;  in  this  case  (but 
not  the  only  one)  the  area  of  the  junction  is  defined  by  the  extent  to  which  the 
films  overlap.  The  analysis  of  the  propagation  of  electromagnetic  waves  in  such  a 
structure  is  based  on  the  theory  of  superconducting  striplines,  made  by  Swihart1. 
A  prediction  of  the  theory  is  that  the  phase  velocity  of  waves  in  a  superconducting 
transmission  line  can  be  quite  lower  than  in  the  vacuum,  as  it  depends  on  the  ratio 
tfd  between  the  electric  and  the  magnetic  field  penetration,  and  this  effect  is  expected 
to  be  enhanced  in  the  case  of  the  Josephson  transmission  lines,  since  the  thickness 
of  the  dielectric  barrier  is  much  smaller  than  the  London  penetration  depth  A £,.  In 
fact,  the  linear  analysis  applies  well  to  lossless  Josephson  transmission  lines,  in  spite  of 
their  non-linear  nature,  with  a  strong  experimental  evidence  that  the  phase  velocity  of 
traveling  waves  in  Josephson  junctions  ( Swihart  velocity )  is  determined  by  parameters 
intrinsic  to  the  junction  itself,  as  far  as  the  junctions  are  of  the  kind  described  above, 
i.e.,  at  the  junction  edge  the  dielectric  barrier  is  terminated  abruptly  into  vacuum. 
However,  this  kind  of  junctions  ( naked  junctions)  has  become  a  rarity  nowadays,  as 
the  improvements  in  the  junction  fabrication  techniques  have  made  window  junctions2 
(sketched  in  Fig.l)  widespread.  In  these  junctions,  the  area  is  defined  by  a  relatively 
thick  insulating  layer,  and  both  the  electrodes  are  larger  than  the  junction  area,  so 
that  the  junction  edges  are  terminated  into  an  idle  region  consisting  of  a  passive  SIS 


Fig.  1.  Cut-away  view  of  a  window  Josephson  tunnel  junction  of  width  Wj  and  length  Lj 
surrounded  by  an  idle  region  of  width  W{  +  Wj  and  length  L{  -f  Lj.  For  a  naked  junction 
Wi  =  0  and  Li  =  0.  The  dimensions  are  not  to  scale. 


structure  surrounding  the  junction.  In  this  paper  we  show,  from  the  measurement 
of  the  Fiske  step  voltages  in  naked  and  window  junctions,  that  the  phase  velocity  of 
traveling  waves  is  modified  by  the  presence  of  an  idle  region,  that  acts  either  as  a 
parasitic,  highly  dispersive,  transmission  line  running  along  the  junction  edges,  or  as 
a  capacitive  energy  tank  at  the  junction  extremities. 

2.  Experiment 

2. 1 .  Sample  fabrication 

Most  of  the  measurements  that  we  report  were  obtained  from  junctions  prepared 
in  a  planar  trilayer  Nb/Al/Nb  technology.  The  trilayers  were  fabricated  through  a 
standard  procedure,  but  for  the  addition  of  a  thin  (2 nm)  A1  layer  on  top  of  the 
AlOx  that  had  been  thermally  grown.  The  reason  for  this  is  to  get  a  current  density 
much  lower  than  what  is  normally  expected  from  a  Nb/Al  trilayer,  as  the  junction 
area  cannot  be  made  too  small;  in  fact,  at  least  one  of  the  dimensions  shall  be 
large,  since  it  is  preferable  to  keep  as  low  as  possible  the  frequency  of  the  Fiske 
resonances  in  order  to  separate  the  effect  of  the  idle  region  from  the  effects  arising  at 
higher  frequencies  from  dispersion  and  losses  in  the  junction.  In  fact,  the  A1  layer  is 
oxidized  by  the  oxygen  adsorbed  in  the  A1  oxide,  making  the  tunnel  barrier  thicker; 
moreover,  it  prevents  the  unbound  oxygen  from  diffusing  into  the  top  Nb  electrode, 
contributing  to  an  improvement  of  the  junction  quality.  Then  the  films  were  patterned 
by  standard  photo  lithographic  procedures  and  the  junction  area  was  defined  by 
selective  anodization  of  the  Nb  top  electrode3  followed  by  the  deposition  of  a  wiring 
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Fig.  2.  The  three  different  configurations  investigated  in  this  work:  a) naked  junction;  b)sided 
junction;  c)  ended  junction.  The  alignment  tolerance  was  3 pm.  The  dimensions  are  not  to  scale. 


Nb  film  patterned  by  lift-off.  The  sandwich  made  by  the  Nb  base  electrode,  the  anodic 
Nb  oxide  and  the  wiring  all  around  the  junction  constitutes  the  idle  region.  Using 
this  fabrication  process,  we  obtained,  in  samples  that  had  also  been  heated  above  the 
room  temperature  during  the  thermal  growth  of  the  barrier,  current  densities  as  low 
as  10 A/cm2  and  junction  quality  factor  (defined  as  the  product  of  the  critical  current 
times  the  subgap  resistance  at  2 mV)  always  better  than  40mVr  (up  to  98m V)  and 
independent  of  the  junction  size 

2.2.  Sample  geometry 

A  sample  consisted  of  four  junctions  with  overlap  geometry  having  length  Lj  = 
200 pm  and  width  Wj  ranging  from  10  to  20 pm*  The  geometries  of  the  junctions  and 
of  the  idle  regions  are  shown  in  Fig.2  ;  they  were  intentionally  mixed  in  each  sample 
to  emphasize  the  differences.  After  the  first  run  of  measurements  some  samples 
underwent  a  reduction  of  the  idle  region  by  photolithography  and  were  remeasured. 
We  used  three  configurations;  i)  naked  (Fig.2a),  for  which  Li  =  =  0;  ii)  sided 

(Fig.26),  that  is  Wi  >  0,  Li  =  0,  and  in)  ended  (Fig.2c),  where  Wi  =  0 ,  L;  >  0.  We 
chose  geometries  ii)  and  Hi)  instead  of  the  most  general  (Wi  >  0,  Li  >  0)  to  evidence 
the  different  effects  of  a  lateral  or  a  terminal  idle  region,  since,  as  we  shall  see,  they 
are  such  that  they  can  balance  each  other  to  some  extent. 

We  remark  that  the  words  lateral  and  terminal  should  not  be  referred  to  the 
geometrical  configuration,  but  rather  to  the  direction  of  traveling  waves  in  the  junc- 


Tn  the  followings  the  indices  i  and  j  will  always  refer  to  the  idle  region  and  to  the  junction, 
respectively. 
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tion;  since  we  chose,  for  the  sake  of  simplicity,  a  unidimensional  geometry,  the  two 
coincide. 


2.3.  Measurements 

We  measured  the  asymptotic  voltage  of  the  Fiske  steps  obtained  applying  a  mag¬ 
netic  field  in  the  plane  of  the  junction,  perpendicular  to  the  long  dimension.  All 
measurements  were  performed  at  4.2FT. 

2.3.1.  Naked  junctions. 

In  naked  junctions  the  Fiske  steps  (FS)  appear  to  be  evenly  spaced  by  the  voltage: 

=  (1) 


where  c  is  the  Swihart  velocity  and  $0  the  flux  quantum.  From  this  formula,  we 
obtained  c  =  0.035co  ±5%,  the  same,  within  the  error  for  all  the  naked  junctions  that 
we  tested  (co  here  is  the  speed  of  light  in  vacuum).  From  the  magnetic  field  pattern 
of  electrically  small  junctions,  we  obtained  the  value  of  the  critical  field  and  hence  an 
estimate  of  the  total  magnetic  penetration  depth  as  dj  =  140 nm.  Given  the  above 
values,  we  may  calculate,  using  the  formula: 


(2) 


the  effective  (or  reduced)  barrier  thickness  —  tj/cj,  where  tj  is  the  barrier 

thickness  and  €j  is  its  relative  dielectric  constant.  We  get  tj,ejf  =  0.23rcm. 

2.3.2.  Sided  junctions. 

The  Fiske  steps  in  sided  junctions  do  not  exhibit  the  simple  behavior  found  in 
naked  junctions.  There  are  two  relevant  differences: 

1.  The  voltage  of  the  1st  FS  grows  with  the  ratio  Wi/Wj  (Fig.3)  (we  found  up  to 
twice  the  value  seen  in  naked  junctions),  i.e .,  the  phase  velocity  vp  of  the  1st 
FS  is  a  growing  function  of  that  ratio. 

2.  The  steps  are  no  longer  evenly  spaced,  as  AV  appears  to  be  a  decreasing  func¬ 
tion  of  the  step  order  n,  or,  in  other  words,  dispersion  occurs,  as  vP  appears  to 
be  a  decreasing  function  of  the  frequency.  In  Fig.4  we  compare  the  voltages  of 
the  Fiske  steps  in  the  same  junction  with  two  different  widths  of  the  lateral  idle 
region,  obtained  by  partially  trimming  the  wiring  Nb  film  after  the  first  test;  it 
is  seen  clearly  that  dispersion  is  stronger  when  the  ratio  Wi/Wj  is  larger,  as  we 
repeatedly  found  in  other  similar  cases. 
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Fig.  3.  Phase  velocity  at  the  fundamental  frequency  of  the  Fiske  resonance  in  sided  junctions  as 
a  function  of  the  ratio  Wi/Wj.  The  stars  represent  the  experimental  data,  the  solid  curve  is  the 
theoretical  prediction  according  to  the  simple  model  of  Sec.  3. 1. 
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Fig.  4.  Fiske  step  voltages  in  a  sided  junction  before  (crosses)  and  after  (squares)  trimming  the 
idle  region,  showing  that  the  frequency  dependence  of  the  phase  velocity  becomes  stronger  when 
the  ratio  Wi/Wj  is  larger.  The  upper  points  (circles)  represent  the  normal  behavior  in  a  naked 
junction. 
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2.3.3.  Ended  junctions. 

Dispersion  in  this  case  was  negligible,  the  major  effect  being  opposite  to  that  in 
sided  junctions.  In  fact  the  voltage  of  the  1st  FS  can  be  quite  lower  than  in  the  naked 
junctions  (Fig. 5),  and  is  a  decreasing  function  of  the  idle  region  area.  The  choice 
to  represent  the  1st  FS  voltage  as  a  function  of  the  capacitance  C  of  the  idle  region 
takes  into  account  the  model  that  will  be  described  in  the  next  section.  The  value 
of  C  was  estimated  from  the  parameters  of  the  Nb  anodization,  while  the  junction 
capacitance  Co  was  evaluated  from  the  naked  junctions. 

A  final  remark  concerning  both  kinds  of  window  junctions  is  that  we  checked 
that  the  trimming  of  the  idle  region  always  shifts  the  FS  voltages  towards  the  values 
expected  for  the  naked  junctions. 

3.  Theoretical  models 

A  global  theoretical  approach  to  the  dynamical  problem  in  window  junctions 
would  imply  the  solution  of  two  2  +  1  partial  differential  equations.  Resorting  to 
long  junctions  and  separating  the  effects  of  lateral  and  longitudinal  idle  junctions 
allow  to  interpret  the  main  features  by  simple  models  which  help  to  understand  the 
essential  physics  of  the  phenomena. 


3.1.  Sided  junctions 

In  this  case  the  device  can  be  modeled  as  a  complex  stripline  structure  made  by  a 
Josephson  transmission  line  in  parallel  with  two  passive  superconducting  transmission 
lines.  If  we  disregard  the  losses,  according  to  Swihart1  the  distributed  inductance  and 
capacitance  for  each  line  are: 


+o  djj  _ cpeijWij 

W  ’  t- 

vv*,j  lt,j 


(3) 


A  look  at  the  two  phase  velocities 


V„4  =  c,  vni  —  c , 


titjdj 


tjtid i 


(4) 


says  that  the  latter  is  always  the  larger.  In  the  TEM  approximation,  one  can  calculate 
the  phase  velocity  vp  in  the  whole  structure  from  the  total  distributed  inductance  and 
capacitance.  Carrying  on  the  calculations  with  elementary  algebra,  and  introducing 
w  —  Wi/Wj,  we  get 
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where  the  last  equality  holds  for  small  w.  In  this  equation  A  =  dj/di,  B  =  tj,ef  j / 
and  D  =  c/cq,  which  we  estimated  from  the  fabrication  parameters  and  from  experi¬ 
mental  data  to  be  0.4,  0.035  and  0.04,  respectively.  With  these  figures  we  calculated 
the  solid  curve  in  Fig.3.  The  scattering  of  the  experimental  data  with  respect  to  the 
theoretical  prediction  may  depend  on  the  scattering  of  the  fabrication  parameters 
and  on  the  practical  difficulty  to  define  the  pure  geometrical  configurations  of  Fig. 2. 
With  this  model  in  mind,  the  dispersive  behavior  can  be  accounted  for  by  quasi-TEM 
propagation  in  thick  striplines  due  to  the  discontinuity  of  the  dielectric  constant4;  it 
has  been  shown5  that  dispersion  cannot  be  neglected  especially  in  the  case  of  low 
impedance  striplines. 


3.2.  Ended  junctions 

The  fundamental  Fiske  resonance  in  our  samples  is  close  to  30  GHz ,  corresponding 
to  a  wavelength  of  about  2  mm  in  Nb  oxide,  much  larger  than  the  dimensions  of  the 
terminal  idle  region,  that  therefore  may  be  approximated  as  a  lumped  capacitive  load 
Ci.  Tentatively,  we  guess  that  c  is  modified  by  the  load  at  the  junction  boundaries 
over  a  region  of  length  A j,  as  this  is  roughly  the  width  of  the  zone  involved  in  reflection 
phenomena,  and  take  the  average  value  of  the  velocity  in  this  region  as  the  modified 
value  vpi.  To  be  specific,  we  shall  suppose  that  the  effective  capacity  of  such  a  region 
is  the  sum  of  its  intrinsic  capacitance  and  of  the  loading  capacitance.  Indicating  with 
AT  the  variation  of  the  Fiske  oscillation  period  with  respect  to  the  naked  junction, 
we  get: 

"■-"'(i-i)'  “> 


where  the  factor  4  takes  into  account  the  occurrence  of  the  idle  region  at  both  the 
extremities  of  the  junction  and  the  fact  that  both  incident  and  reflected  waves  are 
affected.  From  the  above  formula,  with  some  elementary  algebra,  we  obtain: 


V  = 


(7) 


where  V  and  Vo  are  the  1st  FS  step  voltages  in  the  ended  and  the  naked  junctions 
respectively,  and  l  =  Lj/Xj  is  the  electrical  length.  Considering  that  the  local  phase 
velocity  is  inversely  proportional  to  the  square  root  of  the  specific  capacitance,  we 
end  with: 


V  = 


(8) 


In  Fig.5  we  compare  this  formula  with  the  experimental  data,  emphasizing  that 
we  did  not  use  free  parameters  to  fit  the  formula  to  the  data.  However,  the  choice 
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Cl/Co 


Fig.  5.  Voltage  of  the  first  Fiske  step  in  ended  junctions  as  a  function  of  the  ratio  of  the  capacitance 
of  the  idle  region  to  the  capacitance  of  the  junction.  The  circles  represent  the  experimental  data, 
the  solid  line  is  the  theoretical  prediction  of  the  model  in  Sec.  3.2.  Here  1=6. 


of  A j  as  the  width  of  the  affected  zone  is  riot  crucial  since  V  is  a  slow  function  of 
/;  the  physical  meaning  is  that  a  different  (not  too  much)  choice  would  increase  (or 
decrease)  the  length  over  which  the  phase  velocity  is  influenced  but,  at  same  time, 
would  decrease  (or  increase)  the  velocity  itself  producing  some  compensation. 

Finally,  we  report  that,  in  accordance  with  this  picture,  samples  with  smaller 
electrical  length  exhibit  a  comparatively  smaller  reduction  of  the  FS  voltages. 


4.  Conclusions 

The  idle  region,  in  spite  of  its  name,  plays  a  prominent  role  in  determining  the 
phase  velocity  in  window  junctions,  and  it  is  possibly  the  major  cause  of  the  large 
spread  of  data  reported  in  the  literature  relative  to  the  Swihart  velocity  in  Josephson 
junctions  and  to  their  specific  capacitance.  We  have  investigated  separately  the  effect 
of  a  lateral  and  a  terminal  idle  region,  which  allowed  to  formulate  simple  models  to 
interpret  quantitatively  some  of  the  experimental  data,  but  further  work  is  required 
to  account  quantitatively  for  the  effects  due  to  dispersion  and  for  the  behavior  of 
window  junctions  with  a  generic  geometry. 
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ABSTRACT 

A  model  of  large  area  Josephson  junctions  with  highly  inhomogeneous  distributions 
of  bias  currents  or  magnetic  field  penetrations  has  been  proposed.  The  model 
is  based  on  approximation  of  the  inhomogeneities  by  point-like  singularities  (or 
“defects”).  The  features  of  the  critical  phenomena  associated  with  driven  instability 
of  mixed  states  are  investigated  within  the  scope  of  a  singular  boundary  problem 
for  the  2D  sine-Gordon  equation. 


1.  Introduction 

The  strong  spatial  localization  of  boundary  injected  currents  or  magnetic  field 
permeations  are  the  typical  phenomena  for  large  two-dimensional  Josephson  junctions 
with  sizes  much  greater  than  the  Josephson  penetration  depth  A j.  It  is  known  that 
the  boundary  currents  are  concentrated  near  the  corners  for  junctions  with  wide 
current-feeding  superconductive  strips1  (see  Fig.  la,b  where  the  typical  diagrams 
of  junctions  under  investigation  are  shown).  The  similar  localization  occurs  in  an 
applied  parallel1  or  perpendicular2  magnetic  field.  Moreover  it  was  supposed1’3  that 
such  inhomogeneities  may  be  approximated  as  point-like  ones  situated  in  corners  of 


the  junction  by  the  following  ratios: 

•  junction  with  bias  current  applied  and  zero  magnetic  field 

crossed  :  h  :  h  :  h  :  h  =  3/4  :  1/4  :  -1/4  :  1/4  (1) 

overlap  :  h  :  I2  :  h  :  h  =  1/2  :  1/2  :  1/2  :  1/2  (2) 

•  junction  with  zero  bias  current  and  parallel  magnetic  field 

crossed  :Il:I2:I3:I4  =  1/2  :  -1/2  :  -1/2  :  1/2  (3) 

overlap  :  h  :  h  :  h  :  h  =  1/2  :  -1/2  :  -1/2  :  1/2  (4) 

•  junction  with  zero  current  and  perpendicular  magnetic  field 

crossed  :  h  :  I2  :  h  :  h  =  1/2  :  -1/2  :  1/2  :  -1/2  (5) 

overlap :  h  :  J2  :  J3  :  h  =  1/2  :  -1/2  :  1/2  :  -1/2  (6) 
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Another  case  is  the  penetration  of  Abrikosov  vortices  from  thick  superconductive 
strips  into  the  junction2,4,  which  corresponds  to  appearance  of  local  magnetic  impu¬ 
rities  with  sizes  ~  Ax,  <<  A j  (Ax,  -  London  penetration  depth)  inside  the  junction. 
They  may  be  interpreted  as  point-like  inhomogeneities  too  (see  Fig.  lc). 

We  shall  call  these  point-like  current  or  field  inhomogeneities  together  with  in¬ 
duced  phase- difference  distributions  around  them  as  “defects”.  The  full  classification 
of  the  defect  structures  has  been  given  in  Ref.  5.  It  seems  reasonable  that  the  critical 
properties  and  dynamics  of  large  area  Josephson  junctions  are  predominantly  defined 
by  a  distribution  of  the  defects.  This  paper  gives  a  review  of  our  computer  investiga¬ 
tions  of  critical  phenomena  for  this  case  in  the  framework  of  the  (2+l)-dimensional 
sine-Gordon  (SG)  model 

-  <f>tt  +  <f>xx  +  <f>yy  =  sin{4>)  +  fit)  +7 <j)t  (I) 

where  <f>ix ,  y ,  i)  is  the  phase-difference  distribution  in  the  two-dimensional  junction. 
Eq.  (7)  is  written  in  dimensionless  form  where  coordinates  are  normalized  by  A  j  and 
time  by  to"1  {top  being  the  “plasma”  frequency  for  the  junction). 

2.  Classification  Problem  for  the  Defects 

In  a  stationary  case  (and  with  /  =  0  )  the  SG  Eq.  (7)  admits  a  full  solution 
of  the  classification  problem5,  which  is  based  on  the  fundamental  theorem  for  the 
structure  of  solutions  for  equations  with  a  sublinear  nonlinearity.  The  defect-like 
solutions  may  be  of  two  basic  types  -  “sources”  and  i  vortices  .  All  more  complex 
defect  configurations  consist  of  these  two  basic  types. 

The  source  defect  corresponds  to  the  point-like  injection  of  bias  current  to  a 
junction.  It  was  discussed  in  Ref.  3  as  a  current  injection  to  comers  of  the  cross-type 
junction.  The  defect  is  a  system  of  snugly  packing  ring  fluxons  with  common  center 
in  a  source-type  singularity  * 

<{>  ~  a  log(l/r),  r  — >  0  (8) 

(“core”  of  defect)5  .  The  radius  of  the  defect  grows  linearly  with  a  as 

R  «  (3/4)a  -  2  (9) 

for  a  >  5,  and  R  0  for  a  -+  0.  For  r  >  R  the  phase  disappears  exponentially: 
<f>  ~  exp(-r). 

In  terms  of  the  Dirac  ^-function  the  source  defect  is  a  solution  of  the  elliptic 
equation 

<t>xx  +  <(>yy  —  sin(<f>)  -  27T aS{r), 

which  exhibits  its  physical  meaning  as  a  point-like  injection  of  bias  currents. 

■"Detailed  computations  have  shown  that  the  source  defects  obtained  in  Ref.  5  are  metastable  solu¬ 
tions.  They  are  contracted  to  more  compact  stable  states  with  sizes  defined  by  Eq.  (9). 
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□  (0.78)-(1.00) 

□  (0.56)-(0.78) 

■  (0.34)-(0.56) 
M  (O.I2)-(0.34) 

■  (-0.12)-(0.12) 

■  (-0.34)-(-0.12) 

■  (-0.56H-0.34) 

■  (-0.78H-0.56) 

■  (-1.00)-(-0.7S) 


Fig.  2.  Dynamical  structures  formed  by  isolated  unstable  source  (a)  and  vortex  (b)  defects  in  a 
square  junction.  The  distribution  of  the  Josephson  current  J  =  sin\<p)  is  shown  by  the  grey-level 
scale  at  the  right  hand  side  of  the  picture,  (a)  The  ring  fluxon  moves  outside  the  core  with  constant 
velocity;  /  =  0.9  >  fc,  a  =  4.0,  a  =  30.  (b)  The  spiral  rotates  with  constant  frequency  around 
the  core,  /  =  0.9,  a  =  60. 
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The  topological  vortex  solution  corresponds  to  the  entrance  of  the  unit  Abrikosov 
vortex  into  a  junction  and  consists  of  a  semi-infinite  fluxon  line  starting  from  the  core 

<j>  ~  k  tan~1(x/y )  (10) 

(k  =  ±1  -  topological  charge).  Multivortex  solutions  also  exist.  The  simplest  one  is 
a  dipole  configuration  which  consists  of  a  fluxon  segment  linking  two  singular  points 
with  opposite  topological  charges  and  corresponds  to  the  entrance  of  an  Abrikosov 
vortex  in  one  point  and  its  exit  in  another  point  of  a  junction.  The  distribution 
of  magnetic  field  lines  for  the  dipole  is  schematically  shown  in  Fig.  lc.  It  is  an 
experimentally  observed  situation4. 

In  the  model  of  large  area  junctions  under  discussion  we  suppose  that  the  current 
or  field  injections  into  the  junction  are  carried  through  the  defect  cores  only.  From  the 
mathematical  point  of  view  we  have  a  singular  boundary  problem  for  SG  (7),  where 
one  imposes  current  free  boundary  conditions  d<j)/dn\c  =  0,  d/dn  -  normal  derivative 
to  area  border  C ,  and  the  phase  distribution  inside  the  junction  area  is  defined  solely 
by  positions  of  the  defect  cores. 

An  implicit  unconditionally  stable  numerical  scheme  was  used  to  compute  SG 
Eq.  (7)  on  a  rectangular  grid  100  X  100.  The  method  of  definition  of  the  defect  cores 
has  been  discussed  in  Ref.  8. 

One  notes  that  Eq.  (7)  in  the  stationary  case  is  a  completely  integrable  model 
and  some  defect-like  solutions  may  be  obtained  in  analytic  form  or  their  asymptotic 
investigations  may  be  performed  by  the  Inverse  Scattering  Transform  method6,7. 

3.  Stability  of  the  Isolated  Defects 

Stability  properties  of  the  defects  and  their  distributions  are  the  key  problem  for 
critical  phenomena  in  large  area  junctions  because  the  transfer  from  the  stable  region 
to  unstable  one  usually  results  in  the  motion  of  the  defects,  and  a  junction  goes 
from  the  superconductive  state  to  the  dynamic  resistive  one.  Parameters  when  this 
transition  occurs  we  shall  call  as  critical  parameters.  We  start  to  discuss  the  problem 
for  a  particular  case  of  isolated  defects  when  their  interactions  with  the  boundaries 
are  negligible. 

Usually  the  defect  cores  are  fixed  inside  the  junction  area  by  peculiarities  of  area 
border  (for  boundary  localized  source  defects)  or  by  pinning  of  Abrikosov  vortices 
(for  vortex  defects).  In  this  case  the  isolated  defects  were  found  to  be  stable  with 
respect  to  a  wide  class  of  small  perturbations5.  But  there  are  two  special  types  of 
perturbations  that  can  destroy  the  isolated  defects  under  the  effect  of  bias  currents 
f(x,y,t)  spread  in  a  junction  area  (see  Eq.  (7)): 

•  stationary  uniform  current  /  =  const  when  its  value  is  greater  than  some  critical 
level  f  >  fc  , 

•  small  periodic  f(t)  for  the  special  set  of  frequencies. 

The  second  type  of  perturbations  will  be  investigated  in  the  following  section. 
Now  we  restrict  ourselves  to  the  first  type,  and  we  consider  an  overdamped  case  only 
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Fig.  3.  The  dynamics  of  the  overlap  junction  in  the  unstable  region  (a  >  olct).  The  boundary 
injected  currents  are  approximated  as  source-like  defects  in  the  corners  with  ratio  (2)  and  a  =  10. 
The  size  of  the  junction  is  a  =  15  .  The  Josephson  current  distribution  is  pictured.  The  meanings 
of  the  painting  masks  are  the  same  as  in  Fig.  2. 


131 


(i.e.  we  drop  the  term  <J>tt  and  set  7  =  1  in  Eq.  (7)).  This  allows  one  to  emphasize  the 
characteristic  properties  of  the  structures  appeared  which  can  be  ruined  by  turbulent 
fluctuations  in  the  opposite  case  of  low  dissipation.  Moreover  an  overdamped  model 
is  a  typical  one  for  SNS  junctions. 

The  source  type  defect  is  stable  under  the  influence  of  driving  force  /  <  /c(a), 
where  the  critical  value  decreases  with  growing  a  as  ~  1/or.  If  /  >  /c(ar)  the  defect 
loses  stability9,  and  ring  fluxons  begin  to  move  outside  with  constant  velocity  forming 
the  steady  structure  like  target  pattern  (Fig.  2a). 

The  stationary  driving  force  has  the  most  destructive  effect  on  the  isolated  vortex 
solution.  In  this  case  fc  =  0  and  even  small  current  rolls  up  the  fiuxon  to  a  spiral 
pattern  with  center  in  the  defect  core9.  It  rotates  with  a  constant  frequency  around 
the  core  and  has  a  constant  radial  step  (Fig.  2b). 

The  physical  mechanism  of  pattern  formation  as  a  result  of  driven  instability 
of  source  or  vortex  solutions  is  simple  enough.  Really,  it  is  well  known  that  driving 
force  /  in  SG  Eq.  (7)  causes  moving  of  a  quasi-one-dimensional  fluxon  in  the  direction 
associated  with  its  topological  charge  (see  e.g.  Ref.  10).  The  asymptotic  velocity  of 
the  moving  fluxon  is  established  as  a  balance  between  driving  (/)  and  dissipation  (7). 
The  same  effect  of  driving  force  to  fluxons  remains  valid  in  the  2D  case,  but  now  the 
core  of  the  vortex  is  fixed  and  the  fluxon  line  will  be  reeling  around  the  core.  Because 
the  normal  velocity  of  the  moving  fluxon  is  bounded,  the  steady  spiral  pattern  shown 
in  Fig.  2b  is  formed.  This  supposition  for  physics  of  spiral  formation  is  confirmed  by 
simulation.  The  target  patterns  are  formed  for  fa>  0  when  driving  force  acts  on 
ring  fluxons  outside  the  centre  and  seeks  for  its  divergence.  If  the  force  exceeds  some 
critical  value  the  ring  fluxons  leave  the  core  and  a  divergent  pattern  forms  (Fig.  2a). 

4.  Critical  Currents 

If  f  =  0  then  isolated  defects  are  stable  and  only  their  interactions  with  bound¬ 
aries  or  one  with  another  can  initiate  instability.  Now  the  value  of  injected  currents 
becomes  a  critical  parameter.  For  small  currents  the  stationary  defect-like  phase 
distribution  is  adjusted  and  a  mixed  superconductive  state  with  Josephson  current 
J  —  sin(<f>)  is  formed.  Here  <j)(x,  y )  is  a  stationary  solution  of  Eq.  (7).  With  increasing 
of  the  current  a  stationary  distribution  may  lose  its  stability  and  a  resistive  dynamic 
state  is  formed.  The  current  for  creation  of  the  resistive  state  is  called  as  “critical 
current”  for  a  junction. 

The  first  example  of  such  critical  phenomenon  was  given  in  Ref.  3  for  a  crossed 
junction  with  corner  defects.  We  discuss  here  the  similar  process  for  an  overlap 
square  junction  with  currents  injected  to  the  corners  in  ratio  (2).  The  overdamped 
approximation  will  be  used  again. 

For  small  currents  (parameter  a)  the  stable  ring-like  phase  distribution  is  formed 
near  each  corner  of  the  junction.  Then  the  defect  radius  increases  with  or  and  defects 
begin  to  interact  one  with  another.  After  this,  the  stationary  state  becomes  impossi¬ 
ble,  and  collapsing  ring  fluxons  are  formed  periodically  in  the  centre  of  the  junction 
which  then  transfer  into  the  dynamic  resistive  state.  Some  stages  of  this  dynamics 
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Fig.  4.  The  dependence  of  the  main  resonant  frequency  0  on  the  dipole  size  L.  For  large  L  the 
curve  tends  to  a  constant,  which  confirms  the  string-like  dependence  fi  ~  L-1 . 


are  shown  in  Fig.  3.  The  critical  value  of  a  is  subject  to  the  simple  empirical  rule 
cter  ~  0.6a  for  a  >  5.  In  contrast  to  the  above  case,  one  notes  that  the  distributions 
of  currents  with  ratios  (3)-(6)  are  stable  for  any  intensity  of  magnetic  field. 

5.  Critical  Temperature  and  KT-type  Phase  Transitions 

The  Kosterlitz-Thouless  (KT)  phase  transition11  is  a  possible  mechanism  for  de¬ 
struction  of  the  Josephson  junction  superconductive  state  by  thermal  fluctuations. 
This  problem  is  actively  discussed  to  explain  some  properties  of  high-Tc  ceramics 
near  the  critical  temperature,  where  the  intrinsic  twin-boundary  weak  links  in  grains 
are  thought  to  be  a  candidate  for  application  of  the  large  area  Josephson  junction 
theory12. 

Vortex-type  defects  are  the  main  active  objects  in  the  KT  phase  transitions. 
Strictly  speaking,  the  KT  theory11  is  the  correct  one  in  linear  region  of  Eq.  (7),  that 
is  for  area  sizes  much  less  than  A j.  In  this  case  the  linear  vortices  <j>  «  ±tan~1(x/y ) 
have  a  logarithmic  interaction  energy,  and  the  KT  phase  transition  is  associated  with 
the  breakup  of  thermally  created  vortex  dipoles  at  some  critical  temperature  Tkt- 
For  T  >  Tkt  the  vortices  become  free,  and  they  are  disseminated  inside  the  junction 
area  destroying  the  superconducting  state. 

Another  situation  takes  place  for  large  area  junctions.  If  the  distance  between 
vortex  cores  becomes  greater  than  Xj  the  fluxon  line  linking  the  cores  is  formed  and 
the  interaction  energy  acquires  a  linear  growth  with  distance,  which  must  prevent  the 
dipole  dissociation8.  Starting  from  this  stage  another  process  comes  into  effect.  The 
phase  transitions  may  be  caused  now  only  by  thermal  break-down  of  fluxons. 

It  turns  out  that  the  main  destructive  factor  is  associated  with  internal  resonant 
properties  of  fluxon  lines  as  “strings” .  We  found  that  fluctuations  of  the  dipoles  have 
a  discrete  spectrum  with  the  main  frequency  and  its  harmonics  nfl.  For  a  large 
distance  L  between  cores  the  dependence  Q,  ~  L~l  was  obtained,  which  confirms  the 
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string- like  character  of  the  resonances  (see  Fig.  4).  For  small  dissipation  7  in  Eq.  (7) 
the  computer  experiments  indicate  a  high  Q-factor  of  the  resonator.  External  periodic 
perturbations  with  resonant  frequencies  effectively  destroy  the  dipole  even  for  small 
amplitude  of  perturbations. 

In  spite  of  this  very  effective  mechanism  of  resonant  destruction  the  thermal  fluctu¬ 
ations  have  a  weak  effect  on  the  dipoles  because  of  difference  in  the  frequency  ranges. 
Really,  the  frequency  range  of  the  dipoles,  which  display  the  good  quality  resonance 
properties,  is  Cl  <  1  (see  Fig.  4).  On  the  other  hand  it  seems  reasonable  that  the 
temperature  fluctuations  are  concentrated  in  the  region  fit  >  1,  i.e  in  the  range  of 
small  “plasma”  oscillations  with  dispersion  law  lo  —  y/l  -f-  k2  >  1  that  follows  from 
Eq.  (7)  in  linear  approximation.  Thus  the  dipoles  with  L  >  1.5  -j-  2.0  are  stable  with 
respect  to  thermal  fluctuations  and  the  KT  phase  transitions  in  large  area  Josephson 
junctions  are  forbidden  in  the  nonlinear  SG  model  (7). 
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ABSTRACT 

We  have  investigated  the  dynamics  and  symmetries  of  fractional  fluxon  excitations 
that  appear  in  systems  of  coupled  long  Josephson  junctions(JJ’s).  The  system  of 
3  coupled  JJ’s  enclosing  a  half  flux  quantum  supports  three  distinct  permanently 
bound  topological  1/3  fluxon  subkinks.  Exact  solutions  are  found  for  this  system 
operating  in  the  flux  flow  mode.  A  novel  feature  of  this  system  is  that  parallel 
forcing  currents  across  two  JJ’s  of  the  system  results  in  their  developing  a  non  zero 
DC  voltage,  while  the  third  JJ  acts  as  a  driven  rf  oscillator  with  zero  DC  voltage. 
An  array  using  these  systems  as  elements  is  modeled  numerically  and  found  to  be 
stable  with  respect  to  large  (~±80%)  variations  in  JJ  critical  currents,  to  be  capable 
of  a  large  series  output  voltage  and  impedance,  to  have  negligible  power  emitted 
into  higher  harmonics,  and  to  have  rf  output  power  and  polarization  varying  as  a 
function  of  external  axial  flux  at  constant  frequency.  The  same  array  composed 
of  short  JJ’s  is  shown  to  have  similar  properties  plus  a  capability  for  varying  the 
frequency  of  the  rf  output  with  small  changes  in  rf  power. 


1.  Introduction 

Due  to  the  low  impedance  and  rf  output  power  available  from  a  single  small 
JJ  oscillator(~3.0  nW)  or  a  single  long  JJ  in  the  flux  flow  mode(~.5  /zW),  it  is 
desirable  to  couple  each  into  an  array  capable  of  providing  coherent  large  amplitude 
rf  output  voltages.  We  shall  consider  two  basic  coupling  schemes  for  long  JJ’s  and 
some  of  the  possible  kink  and  flux  flow  solutions  for  them.  In  the  simplest  system 
(N=3)  three  superconductors  separated  by  tunneling  oxide  layers  are  arranged  in  a  3 
conductor  bundle  to  form  3  long  JJ’s  as  shown  in  Fig.  1.  In  the  second  system  (N=4) 
four  superconductors  are  bundled  to  form  6  long  JJ’s.  Both  of  these  configurations 
allow  each  superconductor  to  interact  with  all  of  the  other  superconductors  in  an 
equivalent  way,  leading  to  triangular  and  tetrahedral  symmetries  of  the  Lagrangian 
and  its  kink  solutions.  We  then  consider  forming  an  array  using  N=3  systems  as 
array  elements.  The  results  obtained  for  long  JJ’s  will  also  apply  to  short  JJ’s  if 
appropriate  consideration  is  given  to  the  absence  of  the  spatial  degree  of  freedom. 

The  Lagrangian  density  can  be  written  in  terms  of  the  energy  densities  of  the 
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electric  and  magnetic  fields  0it  and  <f>yX  and  the  junction  potential  energies  U[<f>i(x)\  — 
Jc{  1  -  cos  [fa])  as 


Nj  M  M 

-  (V’i  “  0t  +  0*+l  -  27r$/ ^0  +  ^  •  2?r)  (!) 

t=l  t=l  i= 1 

where  we  have  normalized  space  and  time  variables  to  the  Josephson  penetration 
depth  Xj  =  yJ^0/{2irJdiL)  and  plasma  frequency  =  l/^LCAj.  We  have  assumed 
that  all  superconductors  are  thicker  than  the  London  penetration  depth  Ax,,  which 
imposes  a  phase  constraint  on  the  junction  gauge  invariant  phases  fa  around  each 
axial  cavity 

(-)0i(rr)  4-  fa+i{x)  4-  fa-i(x)  4-  27t$/<1>o  =  n  ■  27r  (2) 

where  $  is  an  externally  imposed  magnetic  flux  threading  each  axial  cavity  and  <J>o  is 
the  flux  quantum  (=h/2e).  These  constraints  have  been  included  in  the  Lagrangian 
by  means  of  Lagrange  multipliers  A*.  We  have  also  assumed  that  the  self  inductance 
around  each  cavity  is  small  and  can  be  neglected.  We  have  labeled  {Ji,ji}  as  the 
critical  current  densities  of  the  {fa,  fa}  JJ’s  and  have  defined  M  to  be  the  number  of 
axial  cavities,  and  Nj  to  be  the  number  of  independent  JJ’s.  The  capacitance  per 
unit  length  C  and  the  inductance  per  unit  length  L  for  the  fa  junctions  have  been 
allowed  to  differ  from  those  of  the  0*  junctions  by  including  multiplicative  factors 
r]i  and  fa.  For  this  section  of  the  paper  we  shall  assume  that  rji/fa  =  1  so  that  the 
velocity  of  light  in  all  junctions  will  be  the  same  and  equal  to  c  =  1  fy/LC. 


Fig.  1.  Schematic  drawing  of  N=2,  3,  and  4  coupled  long  Josephson  junction  systems. 


2.  Kink  Solutions  and  Symmetries  for  N=3,4  Systems 

Variation  of  the  Lagrangian  with  respect  to  fa(x,t)  and  i tpi(x,t )  for  the  N=3  case 
leads  to  the  equations  of  motion 

0i, tt  ~  =  {-(1  4-r/)Jsin0i  -  r?Jsin02  -  Jsin(0i  ~  02  4-  27t4>/$0) 
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+(v-v)(<i>2,xx-<f>l,xx}/(l  +  2'n)  (3) 

with  the  equation  of  motion  for  <\>2  being  given  by  Eq.  (3)  with  subscripts  1  and  2 
interchanged.  To  obtain  the  static  kink  solutions,  one  can  consider  z  to  be  a  fictitious 
time  variable  for  the  system  with  an  effective  potential  given  by1  Ve //  =  —££/».  Due 
to  the  presence  of  cross  terms  like  <j)ijX  x  <f)2tX  in  the  Lagrangian,  it  is  first  necessary 
to  diagonalize  the  derivative  terms  in  the  Lagrangian,  which  yields  the  orthonormal 
coordinates 

Pi  =  (0i  +  0  2) /V%  /a\ 

P2  =  vT+~2 7/  (0j  -  02)  / v^2. 

2.1.  Coordinates  and  Symmetries  for  =  ji  =  r)i=l 

Writing  Eq.  (3)  in  terms  of  {pi,  p2)  and  considering  only  static  solutions,  the  x 
derivative  terms  can  then  be  considered  to  be  Newton’s  equations  of  motion  for  the 
coordinates  p\  and  p2  of  a  unit  mass  in  the  potential  Veff  [pi,p2]  shown  in  Fig.  2  for 
the  case  J=j=??=l.  The  kink  solutions,  found  by  simple  quadrature  will  then  trace 
out  in  x,  the  motion  of  a  unit  mass  traveling  from  one  peak  of  the  two  dimensional 
potential  Ve//  [pi,p2]to  another.  In  terms  of  0ls  02  coordinates,  the  three  basic  kinks 
are  given  by2 

AB  :  0i( x )  -  2II(— z),  <j>2(x)  =  0, 

DA:  0i(z)  —  0,  J>2(x)  =  2II(-z),  (5) 

DB  :  0i(z)  —  2II(— z),  <f>2{x)  =  2II(— z), 

where  II  (z)  is  the  Lobachevsky  function  II  (z)  =  2  •  arctan[e-:r]. 


Fig.  2.  Contour  plot  of  the  potential  energy  U(/?i,p2)  f°r  an  N=3  system(with  $  =  $o/2)  with 
superimposed  parametric  plot  of  t/>(=  pi/2\/2)  vs.  9(~  P2/V^)  centered  around  ^  =  +7T/2. 
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Since  the  rest  energy  of  each  of  these  kinks  is  16,  Veff  [p\,po\  should  be  invariant 
under  rotations  of  27r/3  and  reflections  about  any  of  the  6  symmetry  axes  separated 
by  7r/6,  transformations  that  constitute  the  triangular  group  C3V.  To  show  this  in  the 
simplest  way  we  can  employ  triangular  coordinates.  These  can  be  defined  in  terms 
of  the  perpendicular  distances  Q  from  a  point  to  each  of  the  sides  of  an  equilateral 
triangle  as  indicated  in  Fig.  2  ((Vs  pointing  away  from  the  interior  are  taken  as 
negative).  Since  the  area  of  the  triangle  is  simply  the  sum  of  half  the  perpendicular 
distances  from  a  given  point  times  the  base  length,  the  phase  constraint  Eq.  (2)  can  be 
interpreted  as  a  geometric  constraint  inherent  in  the  use  of  triangular  coordinates.  If 
we  take  the  base  length  a=DB=(4  7r/>/3)4>/^o,  this  leads  to  the  relation  C1+C2+C3  = 
27r$/$o  for  triangle  DEB.  We  may  now  define  the  coordinates  a i  as  the  triangular 
coordinates  of  the  triangle  perpendicular  to  DEB  that  are  orthogonal  to  the  <fo.  The 
relation  between  these  coordinates  and  the  &  coordinates  can  be  obtained  from  the 
geometry  of  the  two  triangles  as 

°i  =  (Cl  -  C3)/V3  +  \/3a/4  -  a/2;  a2  =  (C3  “  (2)/^  +  V3a/4; 

and  <r3  =  (C2  -  Ci)/V^3  +  a/2  +  VSa/4.  (6) 

Defining^  =  <7*/^,  0*  =  (-1)^*  (V  then  leads  to 
{-<!>  1)  —  01  -  03  +  27r$/<I>0)  02  =  03  ~  02,  03  =  02  -  01- 

In  coordinates,  the  Lagrangian  density  for  <E>  =  n<E>o  can  be  written  as 

C  =  NJ2  (ii,i  -  ill)  /2+  £  J(l- cos(fc  -  *,))  (7) 

t=l  t#j=l 

Cyclic  Ci  —*  Ci+i,  0i  — 5 ►  0i+i  and  pair  Ci  «-*■  Cj,  0i  ^  0i  replacement  of  coordinates  in 
the  Lagrangian  density  of  Eq.  (1)  and  (7)  will  then  describe  all  of  these  symmetry 
operations,  demonstrating  that  the  Lagrangian  and  kink  solutions  are  invariant  under 
C3V  A  similar  exercise  can  be  carried  out  for  $  ^  $0  and  for  the  N=4  system 
using  tetrahedral  coordinates  showing  that  the  N=4  system  is  invariant  under  the 
tetrahedral  group  r^. 

By  transforming  the  descriptions  of  the  N=3  and  N=4  systems  in  this  manner,  it 
is  now  possible  to  take  advantage  of  the  connection  established  by  Ha3  who  showed 
that  a  bosonized  version  of  the  Lagrangian  density  for  quantized  SU(N)  Gross  Neveu 
theory  can  be  written  in  the  form  of  Eq.  (7)  for  arbitrary  N.  In  the  quantized 
theory,  the  commutators  of  the  currents  and  charges  form  an  SU(N)  algebra  while 
the  eigenvalues  of  the  charges  commute,  their  weight  diagrams  forming  the  groups  C3V 
and  Td  for  N=3  and  4  respectively.  The  C3v  and  rj  symmetries  of  the  fluxons  (that 
are  the  ’charges’  of  the  coupled  long  JJ  model)  in  the  N=3  and  N=4  systems,  can  thus 
be  considered  as  the  classical  limit  of  the  SU(N)  symmetry  of  the  quantized  theory. 
This  connection  with  SU(N)  Gross  Neveu  theory  also  suggests  that  results  concerning 
dynamical  subkinks  in  the  following  section  may  also  be  useful  in  describing  other 
systems  modeled  by  Gross  Neveu,  or  similarly  coupled  sine-Gordon  systems  such  as 
DNA4  and  charge  density  wave  conducting  polymers  like  TTF-TCNQ5  . 
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2.2.  Broken  Symmetry  and  Formation  of  Dynamical  Subkinks 

When  the  parameters  of  the  JJ’s  in  the  N=3  (or  4)  system  are  not  equal  ,  the 
triangular(tetrahedral)  symmetry  is  broken  and  triangular(tetrahedral)  coordinates 
offer  no  advantage.  The  system  is  now  best  described  in  terms  of  the  orthonormal 
coordinates  p{.  For  the  N=3  system  we  shall  use  the  orthogonal  set 

a  =  +  02  ,  __  01  ~  02 

2  ’  p  ~  2 

The  equations  of  motion  in  these  coordinates  may  be  written  exactly  as 

Q,tt~8,xx  =  -Jsin9cosip  (9) 

{l +  2r))'ipitt  — (l  +  2fj)iptXX  =  —  J  simp  cos  9  +  j  sin  (2-0  +  27t$/$o)  (10) 

which  can  be  looked  upon  as  describing  a  single  sine  Gordon(SSG)  system  (9)  coupled 
to  a  double  sine  Gordon(DSG)  system  (ip).  For  J=j=??=l  the  DSG  kink  AE  has  a 
rest  mass  =  37  and  is  unstable  against  breaking  up  into  the  two  kinks2  AB  and 
BE.  If  j>  1/2  and  77  ~0.22j,  this  kink  is  stable  and  we  shall  restrict  values  of  j  and  77 
considered  here  to  be  in  this  range.  It  has  been  pointed  out  by  Bullough  et  al.6  that 
the  DSG  kink  can  be  considered  as  a  bound  state  of  two  SSG  subkinks  separated 
by  2A(  where  A  —  In  [y/(l  4-  2 j)  +  \/2j])  .  For  the  N=3  case  both  the  9  and  the  ip 
fields  form  distinct  subkinks  that  are  conserved  and  have  a  fractional  fluxon  content 
of  $o/2.  As  an  example,  the  AB  kink  (which  is  an  exact  SSG  A<pi  —  2ir  kink  for 
j=l)  develops  a  non  zero  component  in  <p2  if  j  is  increased  from  j=l  to  j>l.  In  terms 
of  the  Lorentz  boosted  subkinks 

9  —  n(-/?0  ( x  -  vt)fV  1  -  v 2),  ip  =  II(-/fy  ( x  -  vt)/\/ 1  -  v 2)  (11) 

the  AB  kink  can  now  be  approximated  as  AB  ~  9(x,  t)-\-ip(x,  t),  where  the  propaga¬ 
tion  constants  &q  and  0^  can  be  found  by  using  the  Hirota  technique.  To  the  lowest 
order  these  are  determined  to  be7 


(8) 


=  1,  /3*  =  J(l  +  2j)/{l  +  2ri) 


(12) 


Introducing  first  order  corrections8  these  agree  with  numerical  results  to  within  0.3%. 

Since  the  AE  kink  is  now  stable,  the  set  of  basic  27r  kinks  has  increased  to  four, 
and  they  can  be  approximated  in  terms  of  the  9  and  ip  hr  subkinks  as 


AB  ~  9(x,t)  +  ip(x,  t)  BE  ~  9(x,t)  +  ip(x,t) 

DB  ~  9(x,t)  +  9(x,t)  AE  ~  ip(x  +  A/^,f)  +  ip(x  -  A/0^,  t) 


We  have  termed  the  subkinks  that  arise  from  symmetry  breaking  ’dynamical’ 
subkinks  to  distinguish  them  from  the  ’topological’  subkinks  that  arise  when  = 
$o/2.  The  utility  of  the  subkink  description  becomes  manifest  if  two  or  more  kinks 
are  allowed  to  interact.  As  an  example  in  Fig.  3  we  have  plotted  the  position  of  the 
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subkink  EM  field  energy  density  (9*x  +  9*  and  ip*x  +  ip*)  peaks  for  the  duration  of 
a  collision  between  an  incoming  AB  (9  + ip)  kink 'and  a  stationary  KE{ip  4-  ip)  kink 
at  the  origin  (the  9  trajectories  have  been  plotted  with  a  .5A j  shift  to  the  left  for 
clarity).  The  incoming  ip  subkink  belonging  to  AB  can  be  seen  displacing  the  right 
iP  subkink  of  AE  with  a  small  exchange  of  energy  (slightly  exciting  the  outgoing  AB 
and  AE)  and  momentum  (slightly  slowing  AB  and  speeding  up  AE).  The  incoming 
9  subkink  knocks  off  the  9  subkink  of  a  9  +  9  pair,  that  was  induced  when  the  systems 
began  to  interact  at  t~  10,  and  also  shares  in  the  energy  momentum  exchange.  We 
have  termed  the  final  AE  excited  state  a  hybrid  breather  since  it  consists  of  a  9  4-  9 
breather  that  could  not  exist  on  its  own  without  an  accompanying  excited  DSG  ip+ip. 
Breaking  the  symmetry  still  further  to  j  >  J2  >  J\  leads  to  9  and  ip  subkinks  splitting 
into  higher  and  lower  energy  pairs  9  — >  {91,9%},  ip  —*  {ip\,ipi}  that  have  also  been 
computed  using  the  Hirota  technique8.  Thus  a  <p\  2n  kink  will  now  be  composed  of 
(0X  +ipi)  while  p 2  =  (02  +  ^2)-  Each  variety  of  9  and  ip  subkink  will  now  be  conserved 
separately  during  interactions. 


Fig.  3.  Plot  of  the  {x,t}  position  of  9  and  ip  field  energy  density  peaks  during  a  9lp  — >  ipip  collision. 
The  9  track  is  offset  to  the  left  by  0.5  A  j  for  clarity. 

For  the  N=4  system  with  six  JJ’s  there  are  numerous  possibilities  for  breaking  the 
symmetry  of  the  system.  The  appropriate  coordinates  for  the  simplest  case,  where 
j1  =  j2  —  jz  >  J\  =  J2  —  J3,  are  the  tetrahedral  coordinate  9  =  (<p\  4-  <p2  +  <fo)/3  and 
three  77*.  The  rji  are  the  projections  of  the  three  remaining  tetrahedral  coordinates 
that  form  triangular  coordinates  in  the  9  =  0  plane.  All  of  the  subkinks  for  this 
system  will  then  have  a  flux  content  of  $o/3. 

2.3.  Formation  of  Topological  Subkinks  when  J—j=7)  =1 

We  now  turn  to  the  N=3  symmetric  case  when  there  is  a  non  zero  enclosed  axial 
magnetic  flux  $  =  $o/2.  From  the  expression  for  Ve//  =  -  E  Ui  it  can  be  seen  that 
taking  =  *  has  the  effect  of  shifting  the  origin  to  {<pi  =  tt,  02  =  and 

inverting  the  potential.  The  possible  kink  solutions  for  this  situation  will  connect  the 
peaks  labeled  a,b,c,d,e,  and  f.  By  employing  triangular  coordinates  <pu  the  kinks 
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ab,bc,  etc.,  can  be  described  in  terms  of  $o/3  flux  loop  quarks  around  each  of  the 
superconductors.  Labeling  the  4>o/3  flux  loops  around  conductors  1,  2,  and  3  as  d,  s, 
and  u  yields  the  description  of  the  kinks  ab,  be,  etc.,  in  terms  of  fluxon  quarks.  They 
are  thus  a  classical  fluxon  version  of  six  of  the  meson  octet  (7r+,  7t-,  K+,  K“,  Ko,  Ko)- 
The  two  remaining  neutral  members  7 r0  and  tj0  may  be  considered  as  being  formed 
from  pairs  of  uu  ,  ss  and  dd  breathers(we  note  that  these  three  breathers  are  not 
stable  and  decay  radiatively).  The  coupled  N=3  system  also  offers  a  classical  analog 
to  quark  confinement.  If  the  potential  between  two  fluxon  quarks  is  calculated  as  a 
function  of  separation  distance  z  between  them  using  a  simple  collective  coordinate 
model2,  it  is  found  that  asymptotically  the  potential  energy  Vd  is  proportional  to  z. 
The  two  fluxon  quarks  are  thus  permanently  confined  in  a  linear  potential  well.  An 
attempt  to  separate  the  d  and  s  fluxons  composing  the  cd  kink  by  a  large  impulsive 
force  will  yield  a  cd  kink  in  an  excited  state  plus  a  train  of  kink  antikink  pairs. 


3.  Oscillator  Arrays  with  N=3  Systems  as  Elements 


If  operated  as  a  resonant  fluxon  oscillator,  an  N=3  system  with  $  =  $o/2  con¬ 
taining  a  cd  kink  for  example  would  have  the  desirable  property  that  subkinks  on 
adjacent  JJ’s  are  permanently  bound.  If  an  array  is  formed  with  N=3  systems  as 
elements  as  drawn  on  Fig.  4,  and  filled  with  cd  kinks  across  the  array  (one  kink  deep 
in  the  x  direction),  this  property  persists  and  subkinks  on  all  adjacent  JJ’s  remain 
permanently  bound.  If  this  array  is  operated  as  a  coupled  array  of  flux  flow  oscillators 
by  filling  each  long  JJ  with  a  lattice  of  merged  fluxon  kinks,  it  should  be  possible  to 
produce  even  more  rf  power.  For  this  purpose,  a  flux  flow  lattice  (in  the  x  direction) 
composed  of  a  chain  of  merged  ab  +  be...  kinks  is  more  suitable  than  a  chain  of 
merged  cd  4-  cd7...  kinks  since  the  voltage  wave  form  for  the  latter  case  will  lead  to 
substantial  power  going  into  higher  harmonics. 


for  the  case  Nj= 5. 

We  consider  first  a  single  N=3  system  with  <E>  =  <Fo/2  where  an  appropriate 
flux  lattice  can  be  induced  by  an  external  transverse  magnetic  field  through  the 
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<0i  and  <02  junctions.  It  is  possible  to  generate  an  analytic  solution  (based  on  a 
solution  given  by  Costabile  and  Parmentier  for  a  single  long  JJ  9)  for  a  single  N=3 
coupled  JJ  system  operating  as  a  flux  flow  oscillator  if  periodic  boundary  conditions 
and  quadratic  damping  are  assumed.  Thus  with  quadratic  damping  and  forcing 
(_p  |  ff  t  |  Q  t  +  jg )  added  to  the  right  hand  side  of  Eq.  (9)  and  -T(l  +  2 rj)  |  0  *  |  iptt 
added  to  Eq.(10),  we  may  write  a  solution  to  these  coupled  equations  as 


0 


7(x  —  ut ) 
\/k 


+  0O  and 


— 7r/2  +  sin  1 1  ksu 


7(2;  —  ut) 


(14) 


where  cn[u ,  k2]  and  sn[u,  k 2]  are  Jacobi  elliptic  functions  with  elliptic  modulus  k  and 
where 


72  sa  J(1  -  u2)2  -f  T2u4]  ^  ,  cos  0O  =  72(1  “  w2)>  sin  0o  =  Fu272, 

and  k  =  Vu2j2/je  =  72(1  -  u2)-rj/j.  (15) 


Flux  flow  is  imposed  by  demanding  that  there  be  n  fluxons  within  a  length  L  i.e. 

0*  =  n  •  $0/T.  (16) 


which  then  determines  the  velocity  u  for  a  given  je  and  T . 

In  Fig.  2  we  have  drawn  a  parametric  plot  of  4>  vs.  0,  centered  about  ip  = 
7r  and  shifted  by  0o  in  0  so  that  its  maxima  and  minima  line  up  with  the  peaks 
a,  b,c  ...  indicating  that  a  lattice  of  merged  ab  +  bc+  ...  kinks  has  been  produced. 
Alternatively  one  could  plot  <0 iiX  and  <0 2,x  vs-  x  which  would  show  <0i)X  flux  lattice 
peaks  interleaved  with  (j)2,x  flux  lattice  peaks.  The  voltages  0<t  and  i0)t  can  be  expanded 
in  a  Fourier  series  in  terms  of  the  complete  elliptic  integrals  K  and  K'\ 


9<t  =  ~^Ldn[p,  k2] 

—  y/auj cn[p,  k2\ 


COS 


mrp 


L  K  J 


=  -4 


/  u'yir  ^ 

00  n+l/2 

\  q  ««« 

(2n  -(-  l)-rrp 

\yfii2K  J 

l£l  +  <?2n+1 

2  K 

(17) 


where  p  —  7(2  -  ut)/y/K  and  where  q  =  e ~'kK'/k. 

From  this  one  can  see  that  the  fundamental  frequency  in  the  'ip  channel  is  given 
by  ft  =  (Tr/2K)'yu/ y/n,  and  that  the  next  harmonic  at  3ft  will  be  very  small  due  to 
the  factor  q,  where  q  ranges  from  0  to  .043  as  k  — ►  {0,  .7}.  In  the  0  channel  there  will 
be  mainly  a  DC  component  and  an  rf  voltage  at  2ft.  The  analytic  results  have  been 
compared  with  a  numerical  model  of  flux  flow  with  periodic  boundary  conditions  and 
linear  damping.  For  ranges  of  9<t  where  the  excursion  of  9>t  about  its  mean  is  small 
the  results  of  both  calculations  agree  when  the  linear  damping  coefficient  a  is  set  to 
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P  |<  6>t  >j.  The  periodic  boundary  model  in  turn  provides  a  good  approximation  to 
the  full  numerical  model  of  flux  flow  if  restricted  to  the  region  around  x  =  L/2  where 
effects  from  the  boundaries  at  x  =  {0,  L}  have  diminished.  The  expressions  for  0 1  and 
ip,t  in  Eq.  (17)  are  found  to  be  a  good  approximation  to  the  voltages  at  x=L  in  the  full 
model  if  their  magnitudes  are  doubled.  This  relation,  (p)t(x  =  L)  ~  2 <j>j(x  =  L/2),  is 
also  found  in  a  model  for  flux  flow  by  Nagatsuma  et  al.  10  by  applying  standing  wave 
theory.  If  the  axial  flux  is  not  exactly  $  =  $0/2,  the  frequency  in  the  0  channel  will 
drop  from  2Q,  to  fi.  We  have  not  yet  obtained  an  exact  solution  for  this  case,  but  the 
reason  for  this  behavior  can  be  understood  by  examining  a  potential  energy  plot  like 
Fig.  2  for  the  case  <3>  <  4>o/2.  For  this  situation,  the  small  peaks  like  a  and  c  above 
the  line  ip  =  tt/2  will  be  lower  than  those  below  the  line,  so  that  a  particle  rolling 
down  the  ip  —  tt/2  ridge  will  have  to  go  twice  as  far  in  9  to  get  back  to  its  original 
energy  state  as  it  would  have  when  <1?  =  <£0/2.  This  doubling  of  the  period  then 
translates  into  a  9  frequency  half  that  for  the  case  $  =  <E>0/2  where  the  symmetry  of 
states  above  and  below  ip  =  7r/2  is  not  broken. 

Operating  an  array  of  N=3  systems  in  this  manner  as  shown  in  Fig.  4,  requires  an 
external  transverse  magnetic  field  threading  the  <p\  — +  <p^j  JJ’s  and  parallel  forcing 
currents  Ix  —  I2  =  ...Inj  applied  across  the  array  bottom  to  top.  If  the  magnitude  of 
the  axial  flux  threading  the  array  is  increased  or  decreased  away  from  $  =  $o/2,  the 
total  rf  voltage  across  the  ipi  array  will  diminish  (with  a  concurrent  increase  in  the 
rf  voltage  across  the  0;)  while  the  stability  of  the  flux  flow  state  and  the  rf  output 
frequency  are  not  affected. 


Fig.  5.  Plot  of  the  fundamental  frequency  and  the  amplitude  of  the  Fourier  transform  of  E ipij 
at  u)  =  f2  vs.  A p,  the  Jc  defect  magnitude. 

We  have  also  investigated  the  effect  that  a  random  distribution  of  JJ  critical 
current  defects  will  have  on  the  stability  of  the  array.  Fig.  5  shows  the  rf  power  at 
the  fundamental  frequency  resulting  from  a  random  distribution  of  defects  {rj  (where 
-1  <  n  <  1)  in  the  critical  currents  and  ji  of  the  array.  The  critical  current  Ji 
or  ji  for  each  JJ  is  changed  as  J{  =  J&  — >  Jc0(l  +  r^Ap),  where  Ap  is  the  defect 
magnitude.  Thus  Ap=80%  implies  that  defects  up  to  ±  0.8  Jcq  are  allowed.  It  can  be 
seen  that  as  the  rf  voltage  drops  to  a  minimum  of  30%  of  zero  defect  voltage  with  up 
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to  ±80%  Jd)  defects,  the  array  is  still  able  to  find  a  stable  operating  equilibrium  with 
minimal  (-3%)  change  in  rf  frequency. 

In  Fig.  6  we  have  plotted  the  ipi  junction  voltages  at  x=L  for  an  array  with 
Nj  =  6  (11  JJ’s)  and  ±60%  discrepancies  in  JJ  critical  currents.  Although  the 
voltage  waveforms  on  each  junction  are  distorted  elliptic  sinusoids,  the  sum  of  the 
lower  (or  upper)  fa  junctions  voltages  Vjr,  =  YhoddfyiA  practically  sinusoidal  as  can 
be  seen  from  the  inset  plot  of  Vjr,  vs.  frequency.  Both  the  upper  and  lower  total  DC 
voltages  <  Vu,l  >  are  zero  since  there  is  no  transverse  forcing  current.  The  rf  voltages 
on  the  fa  junctions  add  in  series  and  are  found  to  increase  as  Vu,l  ~  1-7  ■  ( Nj  —  l)/2 
as  a  function  of  array  size.  The  impedance  of  the  array  is  also  expected  to  increase 
as  (iVj  —  1)  ,  allowing  the  array  to  be  matched  to  a  load  impedance. 


Fig.  6.  Plot  of  fa(x  =  L,  t )  voltage  amplitudes  and  frequencies  with  random  JcO  defects  of  ±60% 
for  Nj= 6,  jBt=4,  L=20,  /6c=  1.1,  7?=1  and  a  =  ,25.Inset:  Amplitude  of  Fourier  transform  of 
E^t,  t  vs.  frequency. 


Fig.  7.  Schematic  drawing  of  (a)  small  JJ  N=3  triangular  system,  (b)  lx(iVj  1)  triangular  row 
array,  (c)  small  JJ  N=4  tetrahedral  system  and  (d)  close  packed  spherical  array. 

A  Sx  transverse  slice  of  the  array  in  Fig.  4  will  form  an  array  of  short  JJ’s 
equivalent  to  one  row  of  a  2D  triangular  array  as  shown  in  Fig.  7b.  We  have  shown  in 


147 


Ref.  11  that  a  stable  triangular  row  array  will  result  if  the  array  can  be  considered  as 
being  built  in  a  modular  fashion  with  an  N=3  small  JJ  system(Fig.  7a)  as  the  module. 
An  exact  solution  for  the  N=3  module  can  be  obtained  from  the  solution  for  the  N=3 
long  JJ  system  (Eq.  14)  by  taking  x=0,  =  {'yu/ v^k)^ J2K  and  using  a  time  average 

of  the  6  equation  of  motion  to  determine  the  allowed  frequencies11.  Qualitatively 
the  results  for  the  1  row  array  of  N=3  modules  subjected  to  parallel  forcing  are  the 
same  as  for  the  long  JJ  array.  Both  develop  rf  voltages  and  impedances  across  the 
transverse  0  JJ’s  that  add  in  series.  Both  are  able  to  reach  a  stable  equilibrium  with 
discrepancies  in  the  Jc’s  of  all  JJ’s  up  to  ±60%  while  developing  at  least  65%  of  their 
zero  defect  power.  If  $  is  changed  away  from  $  =  4>o/2,  the  transverse  rf  voltages 
in  both  arrays  will  decrease,  vanishing  at  <3>=0.  One  difference  is  that  for  the  small 
JJ  array  it  is  possible  to  change  Q  by  changing  the  forcing  current  in  a  linear  fashion 
along  with  a  small  ~10%  change  in  output  voltage,  while  changing  the  forcing  current 
in  the  long  JJ  array  leads  to  larger  changes  in  output  voltage. 

The  short  JJ  version  of  the  N=4  long  JJ  system  is  a  tetrahedral  system  of  small 
JJ’s  with  a  forcing  current  applied  as  shown  in  Fig.  7c.  Oscillations  in  the  transverse 
JJ’s  are  possible  if  the  axial  flux  $  through  each  triangular  face  0{0*+i0i+2  does  not 
differ  from  $  =  $0/2  by  more  than  $0/4,  i.e.  |$  -  3>0/2|  <  $o/4.  The  transverse 
oscillations  in  the  0*  JJ’s  will  be  centered  around  0*  —  27t/3  for  two  of  the  three  0j’s 
and  47r/3  for  the  third  0*  while  the  rf  voltage  amplitude  for  the  third  0*  will  be  the 
negative  sum  of  the  first  two.  There  is  also  a  phase  shift  of  27t/3  between  adjacent 
0i’s. 

A  three  dimensional  array  of  tetrahedral  systems  is  possible  based  on  the  JJ  array 
formed  between  adjacent  spheres  of  a  close  packed  spherical  array  of  niobium  balls.  A 
planar  triangular  array,  using  niobium  balls  has  already  been  successfully  fabricated12. 
The  simplest  two  layer  tetrahedral  array  would  thus  represent  a  straightforward  ex¬ 
tension  of  this  technique. 

4.  Conclusions 

We  have  outlined  the  symmetries  and  some  of  the  possible  interactions  among  the 
kink  excitations  that  can  exist  for  N=3  and  N=4  long  JJ  systems  with  and  without 
an  axial  magnetic  flux  of  4>o/2.  When  the  symmetry  of  these  systems  is  broken  by 
non  equal  JJ  critical  currents,  the  kink  excitations  can  be  described  in  terms  of  1/2 
(N=3)  and  1/3  (N— 4)  fluxon  subkinks  that  persist  (unless  annihilated  by  a  matching 
anti-subkink)  throughout  all  interactions.  These  interactions  are  in  general  inelastic 
in  contrast  to  the  elastic  interaction  of  solitons  that  can  result  only  in  a  phase  shift 
and  no  exchange  of  energy  and  momentum. 

We  have  investigated  using  arrays  of  N=3  systems,  biased  about  an  axial  flux  of 
$o/2,  in  the  flux  flow  mode.  This  allows  rf  power  to  be  developed  in  the  transverse 
0  JJ’s  with  no  DC  voltage  present.  For  a  single  N=3  system,  it  is  possible  to  obtain 
an  exact  solution  in  terms  of  Jacobi  elliptic  functions.  For  an  array,  the  rf  voltages 
and  impedances  of  the  0*  JJ’s  add  in  series,  allowing  the  transverse  oscillator  array 
to  be  matched  to  an  external  load  impedance.  The  flux  flow  arrays  have  been  shown 
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to  be  stable  with  respect  to  large(±20%  — >  ±80%)  variations  in  JJ  critical  currents. 
The  presence  of  the  axial  magnetic  field  allows  the  rf  power  to  be  switched  from  the 
ipi  JJ’s  to  the  0i  JJ’s  with  no  change  in  output  frequency.  The  2D  triangular  and  3D 
tetrahedral  analogs  of  these  systems  using  small  JJ’s,  can  also  be  biased  about  an 
axial  magnetic  flux  of  $0/2  to  generate  rf  output  from  the  transverse  ifi  JJ’s-  The 
one  row  triangular  array  has  properties  as  a  transverse  oscillator,  similar  to  those  of 
the  N=3  flux  flow  array. 

The  effects  of  transverse  circuit  inductance  on  the  stability  of  short  junction  arrays 
and  the  calculation  of  radiation  linewidth  will  be  addressed  in  future  work. 
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ABSTRACT 

Dynamics  of  a  soliton  chain  placed  in  a  periodically  modulated  Josephson  junc¬ 
tion  is  investigated.  In  order  to  eliminate  soliton  collisions  with  boundaries,  we 
consider  a  Josephson  ring  (annular  Josephson  junction).  Due  to  the  interaction  of 
the  solitons  with  periodically  placed  obstacles,  collective  excitations  such  as  linear 
deformation  modes  of  the  soliton  chain  lead  to  new  resonances  which  can  be  ob¬ 
served  experimentally.  Numerical  results  are  found  to  be  in  good  agreement  with 
linear  theory  in  an  appropriate  parameter  range.  In  the  relativistic  limit,  the  simu¬ 
lations  reveal  a  new  dynamical  mode  which  is  characterized  by  a  strongly  nonlinear 
interaction  between  the  moving  solitons  in  the  chain.  On  average,  we  find  that 
in  this  regime  one  half  of  the  elementary  topological  charge  (equal  tt  in  the  sine- 
Gordon  system)  is  effectively  moving  along  the  junction.  We  suggest  a  qualitative 
explanation  to  this  regime  by  an  extrapolation  of  the  linear  behavior. 


1.  Introduction 

Solitons  in  a  long  Josephson  junction  are  superconducting  Josephson  vortices 
(magnetic  flux  quanta,  or  fluxons)  described  by  the  perturbed  sine- Gordon  equa¬ 
tion.  Since  the  first  theoretical  work  by  Lebwohl  and  Stephen1,  collective  excitations 
in  a  multi-fluxon  chain  have  received  very  limited  study.  The  reason  probably  is 
that  in  a  typical  experiment  with  homogeneous  Josephson  junctions  it  appears  to  be 
difficult  to  excite  any  collective  mode  except  the  progressive  motion  of  a  the  fluxon 
chain  as  a  whole,  known  as  a  flux-flow  regime.  The  situation  changes  if  some  spatial 
modulations  are  present  in  the  system.  For  the  periodic  fluxon  chain  it  is  natural 
to  consider  a  periodically  modulated  medium  (e.g.,  a  long  Josephson  junction  with  a 
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(a)  (b) 

Fig.  1.  (a)  Mechanical  analog:  a  chain  of  rigid  balls  as  a  simplest  model  for  a  chain  of  interacting 
solitons.  (b)  A  fragment  of  the  ball  chain  with  its  geometrical  dimensions. 


periodic  lattice  of  obstacles).  Linear  effects,  like  coherent  emission  of  linear  waves  by 
a  chain  of  equidistant  fluxons,  produce  additional  resonance  structure  on  the  current- 
voltage  characteristics  of  the  Josephson  junction2.  Nonlinear  collective  excitations, 
called  supersolitons  (i.e.  solitary  excitations  propagating  in  a  pinned  fluxon  lattice), 
were  found  numerically3  and  investigated  experimentally4  and  analytically  .  Such 
excitations  can  be  viewed  as  waves  of  the  fluxon  density. 

Let  us  consider  fluxons  in  one-dimensional  long  Josephson  junction  as  rigid  balls 
with  the  diameter  D2  and  the  spacing  between  their  surfaces  L>i  (Fig.l).  Let  also 
assume  that  the  balls  interact  only  if  they  touch  each  other.  Since  the  long-range 
interaction  between  sine-Gordon  solitons  is  exponential,  this  model  can  be  viewed 
as  a  limiting  case  of  Toda  lattice  with  exponential  interaction  between  the  atoms, 
where  fluxons  play  role  of  atoms  in  the  lattice.  A  well-known  example  of  a  nonlinear 
collective  excitation  in  this  system  is  a  localized  shock  wave  excited  when  the  last 
ball  with  the  velocity  u0  hits  its  neighbor,  as  shown  in  Fig.  1(a).  The  speed  of  the 
propagating  wave  can  be  calculated  as  Ui  =  u0(Di  +  2D2)/Di.  If  Di  — ►  0,  the 
velocity  m  is  limited  only  by  the  sound  velocity  inside  the  balls.  This  picture  gives 
a  rough  idea  for  a  similar  sort  of  nonlinear  density  excitations  which  were  recently 
found  to  exist  in  the  fluxon  lattice  moving  in  the  homogeneous  junction  with  a  strong 
external  stimulation  at  its  boundary.  Fluxon  density  waves  were  first  indicated  by 
experiments6  and  later  simulated  numerically7. 

In  this  paper,  we  focus  on  collective  excitations  in  a  fluxon  chain  (using  the  sim¬ 
plest  version  of  it,  consisting  of  two  fluxons)  trapped  in  a  periodically  modulated 
Josephson  junction.  In  order  to  eliminate  collisions  with  boundaries,  we  consider  a 
Josephson  ring  (annular  Josephson  junction)  with  a  periodic  lattice  of  obstacles  (mho- 
mogeneities).  This  structure  has  recently  been  fabricated  and  studied  in  experiments  . 
Linear  deformation  modes  (“phonons”)  in  the  fluxon  chain  excited  by  its  interaction 
with  the  lattice  of  obstacles  should  bring  about  new  resonances  that  can  be  observed 
experimentally.  We  compare  the  linear  analysis  with  numerical  simulations,  and  find 
good  agreement  in  the  appropriate  parameter  range.  In  the  “relativistic”  limit,  the 
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numerical  simulations  reveal  a  new  dynamic  mode  which  is  characterized  by  a  strongly 
nonlinear  interaction  between  moving  fluxons  in  the  chain.  On  average,  we  find  in 
this  regime  one  half  of  the  elementary  topological  charge  (equal  tt  in  the  sine-Gordon 
system)  effectively  moving  around  the  junction.  We  suggest  a  qualitative  explanation 
to  this  regime  by  an  extrapolation  of  the  linear  behavior.  The  analytical  calculations 
in  the  linear  approximation  are  presented  elsewhere9,  here,  due  to  space  limitations, 
we  concentrate  mainly  on  numerical  results  and  discussion. 

2.  Model  and  numerical  simulations 

A  long  Josephson  junction  is  governed  by  the  following  equation,  known  as  the 
perturbed  sine-Gordon  equation,  for  the  gauge-invariant  phase  difference  across  the 
barrier,  <p: 


N 

<Ptt  ~  H>xx  +  sirup  =  7  -  oapt  +£0  ~  Lm/N)  sin  ip  ,  (1) 

m=l 

where  7  is  the  bias  current  density,  a  is  the  damping  coefficient,  e0  is  the  amplitude 
of  the  obstacles,  N  is  the  number  of  obstacles,  and  L  is  the  length  of  the  junction. 
Lengths  are  measured  in  units  of  A j,  the  Josephson  penetration  depth,  and  time  is 
measured  in  units  of  A j/c,  where  c  is  the  Swihart  velocity.  We  assume  the  periodic 
boundary  condition: 


<p(x  +  L)  -  ip(x)  +  2mr  ,  (2) 

which  means  that  there  are  n  trapped  fluxons  in  the  annular  junction. 

In  numerical  simulations  we  focused  on  the  simplest  case  of  n  =  2  trapped  fluxons 
in  a  ring  with  N  =  3  obstacles,  as  illustrated  by  an  inset  in  Fig.  2.  The  current-voltage 
characteristics  for  various  values  of  the  Josephson-junction  length  L  were  obtained  by 
direct  numerical  simulations  of  the  model  (1)  with  the  periodic  boundary  conditions 
(2).  The  current- voltage  characteristic  is  given  by  the  dependence  of  the  average 
fluxon  velocity  v  on  the  applied  bias  current  density  7.  In  order  to  realize  different 
fluxon  densities,  in  simulations  we  varied  the  ring  circumference  L  in  the  range  from 
3  to  12.  The  coefficient  e[x)  =  £oX)m=i  &{x  ~  Lm/N)  was  approximated  by  a  more 
smooth  hyperbolic  function10.  The  details  of  numerical  simulations  are  presented 
elsewhere9.  In  the  characteristics  shown  below  instead  of  the  averaged  total  voltage 
V  we  plot  the  average  velocity  v  =  VL/(2ir  n)  per  fluxon,  normalized  to  c. 

The  calculated  7  —  v  characteristic  is  shown  in  Fig.  2.  The  parameters  are  L  = 
5,  a  —  0.02,  £0  =  0.2,  i.e.,  weak  damping  and  rather  strong  modulation.  This 
characteristic  displays  three  very  pronounced  resonances  at  v  just  below  1.0,  0.5, 
and  at  about  0.25.  The  dynamic  states  corresponding  to  these  three  regimes  are 
illustrated  by  Fig.  3,  showing  the  evolution  of  the  spatial  derivative  of  the  phase 
difference  <px(x,t).  Physically,  ipx  corresponds  to  a  local  magnetic  field  which  has  a 
maximum  in  the  center  of  each  fluxon.  In  Fig.  3  the  field  y>x  is  shown  as  a  function 
of  x  and  t  in  a  grey  scale,  with  white  parts  corresponding  to  the  highest  values  of  the 
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Fig.  2.  The  numerically  calculated  current-voltage  curve  for  the  Josephson  ring,  switches  are  in¬ 
dicated  by  the  arrows.  The  inset  shows  a  sketch  of  the  simulated  geometry:  a  Josephson  ring 
containing  2  trapped  fluxons  and  3  equidistantly  placed  obstacles  (inhomogeneities). 


field.  Thus,  two  white  domains  in  Fig.  3(a)  moving  from  right  to  left  with  increasing  t , 
correspond  to  two  fluxons  moving  with  velocity  close  to  the  Swihart  velocity  (u  =  1). 
In  contrast,  the  state  shown  in  Fig.  3(b)  indicates  a  solitary  excitation  moving  in 
the  opposite  direction.  This  regime  coincides  with  the  so-called  supersoliton  mode 
3,5 .  In  this  mode,  one  may  regard  the  two-fluxon  state  as  a  superposition  of  three 
static  fluxons  pinned  by  the  three  obstacles  and  a  single  anti-fluxon  associated  with 
the  darkest  area  in  Fig.  3(b)  moving  to  the  right. 

The  most  interesting  regime  essential  for  the  present  work  is  the  third  one  shown 
in  Fig.  3(c).  It  looks  somewhat  surprising  by  its  clear  indication  of  a  well-localized 
single  light  domain  moving  with  almost  the  Swihart  velocity  to  the  left.  If  one  assumes 
that  this  domain  is  the  only  localized  kink  which  contributes  to  the  dc  voltage,  this 
must  be  a  7r-like  kink,  and  not  the  usual  27r-kink  of  the  sine-Gordon  system.  The 
dc  voltage  corresponding  to  v  of  about  0.25  is  exactly  one  half  of  the  voltage  expected 
for  a  27T — kink  moving  with  the  Swihart  velocity. 
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(a) 


(b) 
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Fig.  3.  The  spatio-temporal  evolution  of  <px(x}t)  corresponding  to  different  points  of  the  current- 
voltage  characteristic  shown  in  Fig.  2  :  (a)  point  A;  (b)  point  B;  (c)  point  C.  The  values  for  (px  are 
given  in  grey  scale. 


3.  Comparison  with  linear  theory  and  discussion 

In  the  linear  case,  one  may  expect  a  resonance  due  to  a  phonon-like  excitation  in 
the  system  of  two  interacting  solitons.  In  this  mode,  the  spacing  between  the  solitons 
rotating  in  the  ring  does  not  remain  constant  but  oscillates  with  time.  The  resonance 
is  excited  due  to  soliton  collisions  with  obstacles. 

Figure  4  shows  a  comparison  of  theoretical  prediction  of  the  linear  theory9  with 
the  numerical  data  for  the  resonance  step  positions  for  rather  strongly  damped  case 
(a  =  0.1),  using  different  lengths  L  of  the  ring  with  e0  =  0.1.  Comparing  the 
theoretical  and  numerical  values,  we  see  a  good  accord  for  L  >  5,  i.e.,  for  the  region 
where  the  analytical  method  produces  v  to  be  a  decreasing  function  of  L.  For  L  <  5, 
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Fig.  4.  Comparison  of  the  numerical  data  (points)  with  the  analytical  result  of  the  linear  theory 
(continuous  line)  derived  in  Ref.  [9]. 


numerical  simulations  show  that  v  tends  to  saturate  to  the  value  0.25  as  L  goes  to 
zero.  The  failure  of  the  analytical  method  in  this  region  is  expected9,  since  the  linear 
approximation  is  valid  for  sufficiently  long  junctions  only. 

Similar  saturation  of  the  step  position  at  v  «  0.25  has  been  also  found  for  longer 
rings  with  as  low  damping  as  a  =  0.02.  Furthermore,  for  L  >  7.5  the  resonance  is 
found  to  split  in  two.  The  lower  resonance  is  very  close  to  the  prediction  of  the  linear 
analysis  (see  Fig.  4),  and  the  higher  resonance  remains  close  to  the  “golden  value”  of 
0.25.  In  this  regime  we  found  a  strongly  relativistic  dynamics  with  hard  collisions  of 
the  well- localized  fluxons. 

Qualitatively,  we  can  explain  the  nonlinear  regime  by  an  extrapolation  of  the 
linear  behavior.  In  general,  there  is  a  phase  shift  of  7t/2  between  the  vibration  of 
the  fluxons  and  the  driving  force  produced  by  the  obstacles.  This  is  the  well-known 
property  of  an  oscillator  driven  by  an  external  force.  It  means  that  when  the  driving 
force  is  minimal,  the  displacement  of  the  oscillator  is  maximal,  and  vice  versa.  In  our 
system,  the  force  is  maximal  when  one  of  the  fluxons  is  exactly  at  the  position  of  the 
obstacle.  So,  when  the  perturbation  of  the  phase  is  maximal,  one  of  the  obstacles  is 
exactly  in  the  middle  between  two  fluxons.  Thus,  when  the  two  fluxons  are  closest 
to  each  other,  one  obstacle  is  located  just  between  them.  In  the  non-linear  regime, 
where  the  amplitude  of  the  vibration  becomes  large,  the  fluxons  will  eventually  collide, 
and  the  collision  will  take  place  exactly  at  the  location  of  one  of  the  obstacles.  The 
next  collision  should  also  occur  at  an  obstacle.  Since  we  have  two  fluxons  and  three 
obstacles,  and  8.33),  this  can  only  happen  if  one  of  the  fluxons  reaches  the  nearest 
obstacle  at  the  distance  T/3  away,  exactly  when  the  other  fluxon  reaches  the  same 
obstacle  moving  in  the  opposite  direction,  thus  covering  a  distance  twice  as  large, 
2T/3.  Since  the  velocity  of  any  fluxon  is  limited  by  the  Swihart  velocity,  we  conclude 
that  the  fast  fluxon  moves  with  almost  the  Swihart  velocity,  while  the  slower  one  has 
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to  have,  in  average,  half  of  this  velocity  in  the  opposite  direction.  The  velocities  are 
exchanged  after  each  collision,  just  as  with  two  identical  massive  particles.  Thus,  we 
obtain  the  time  average  velocity  per  fluxon  to  be  about  1/2.  In  Fig.  3(c)  we  find 
the  localized  moving  light  domain  which  indicates  the  fast  fluxon  only  (due  to  the 
relativistic  effect  its  <px  amplitude  is  expected  to  be  large),  and  fluxons  exchange  their 
velocities  after  each  mutual  collision. 

Instead  of  this  picture  of  two  fluxons  going  back  and  forth  between  the  collisions, 
one  may  think  of  two  fluxons  moving  through  each  other  without  changing  their 
velocities  (this  qualitative  picture  is  somewhat  less  physical,  as  two  fluxons  repel  each 
other).  Since  the  ideal  fluxons  are  solitonic  solutions  of  the  completely  integrable  sine- 
Gordon  equation,  the  collisions  are  totally  elastic,  their  sole  effect  being  spatial  shifts, 
which  can  be  positive  or  negative.  In  our  case  the  velocities  of  the  colliding  fluxons 
are  opposite,  therefore  both  spatial  shifts  are  positive.  These  spatial  shifts  produce  a 
contribution  to  the  mean  velocities,  which  renders  them  larger  than  the  real  velocities 
(between  collisions).  We  have  seen  this  effect  in  the  two-dimensional  plots.  Recall, 
that  the  mean  velocity  of  the  fast  fluxon  seems  to  be  the  Swihart  velocity.  Still,  we 
are  not  sure  if  this  velocity  is  simply  close  to  its  limit  value,  or  there  is  some  general 
mechanism  enforcing  it  to  be  exactly  equal  to  the  Swihart  velocity. 
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ABSTRACT 

The  influence  of  external  rf  radiation  on  some  nonlinear  effects  in  a  long  Josephson 
junction  is  investigated.  The  model  consists  of  the  perturbed  sine-Gordon  (SG) 
equation  with  the  driving  rf  field  taken  into  account  as  the  oscillatory  boundary 
condition.  The  rf  radiation  is  not  treated  perturbatively  but  enters  the  formalism 
directly  as  an  exact  multiperiodic  solution  of  the  unperturbed  SG  equation.  In  the 
next  step,  the  dissipative  term  is  included  by  using  a  simple  perturbation  scheme. 
As  an  example,  the  fluxon  dynamics  in  the  presence  of  external  rf  radiation  is  briefly 
discussed.  The  results  are  compared  with  those  available  from  the  literature  as  well 
as  with  direct  numerical  simulations. 


1.  Introduction 

A  long  Josephson  junction  irradiated  with  an  external  rf  field  exhibits  a  variety 
of  interesting  nonlinear  phenomena,  such  as  excitation  of  breathers  and/or  plasma 
waves,  hysteresis  loop,  flux-flow  steps  etc.1-4  In  particular,  in  Ref.  1  the  fluxon  dy¬ 
namics  under  the  influence  of  external  radiation  was  investigated,  with  the  rf  driving 
field  applied  as  an  oscillatory  boundary  condition. 

The  aim  of  the  present  paper  is  twofold.  First,  we  present  a  new  version  of  the 
perturbation  method,  which  can  be  applied  to  a  general  solution  being  a  combination 
of  nonlinear  localized  objects  (fluxons,  breathers  etc.)  and  small-amplitude  quasi- 
linear  (plasma)  waves.  Second,  we  consider  a  problem  similar  to  that  discussed  in 
Ref.  1,  using  however  a  more  rigorous  approach  based  on  the  exact  solution  of  the 
unperturbed  Sine-Gordon  (SG)  equation.  As  a  result,  we  are  able  to  derive  approx¬ 
imate  analytical  expressions,  describing  the  fluxon  dynamics  in  the  presence  of  an 
external  rf  field. 

2.  Model 

We  consider  the  perturbed  SG  equation5  in  the  dimensionless  form: 

<t>xx  ~  (f>tt  =  sm<t>  +  a<f>t,  (1) 

where  $  is  the  phase  difference  of  the  wavefunctions  in  both  superconducting  elec¬ 
trodes,  a  is  the  loss  parameter  corresponding  to  dissipative  currents. 
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The  driving  rf  field  enters  the  formalism  as  the  oscillatory  boundary  condition  at 
the  right  edge  of  the  junction  {x  =  0): 


<?y*=o  =  gcosu;*, 


(2) 


where  a  denotes  the  amplitude  of  the  rf  field. 

For  simplicity  we  consider  a  very  long  junction  (L  1)  such  that  the  reflection 
of  the  damped  plasma  wave  from  the  left  edge  can  be  neglected. 

Let  us  consider  first  the  unperturbed  (lossless)  case  (a  =  0).  It  is  well  known 
that  the  general  (exact)  solution  of  the  unperturbed  SG  equation  can  be  expressed 
as  follows6,7: 


u  =  2i In 


0(z  +  e/2|£) 

©(*1 B) 


(3) 


where  B  is  a  g  x  g  Riemann  matrix,  e  denotes  the  ^-dimensional  unit  vector,  z  £  C9 
is  a  linear  function  of  space  and  time  coordinates  Zj  =  kjX  +  Wjt  +  z°-  and  0(z|B) 
denotes  the  ^-dimensional  Riemann  theta  function 

0(z|£)  =  Y!  exp(2'27rnz  +  iimBn)  .  (4) 

n  €Z9 


Usually,  the  general  solution  consists  of  highly  nonlinear  localized  objects  (fluxons, 
breathers  etc.)  accompanied  by  small-amplitude  contributions  (plasma  waves) .  Using 
the  method  presented  in  Ref.  8,  one  can  linearize  Eq.  (3)  in  the  presence  of  arbitrary 
nonlinear  solution  <j> o 


^  =  +  (5) 

i=l 

where  <f) o  denotes  a  highly  nonlinear  component  of  the  solution  while  ifr j’s  are  small- 
amplitude  quasi-linear  contributions. 

In  particular,  at  the  boundary  we  have: 

°o 

(f>o,x  +  Y2  =  a  cos  ut  > 

1=1  J  x—0 

and  the  coelficients  qi  can  be  determined  from  (6)  using  standard  methods. 

When  the  dissipation  term  is  small,  we  can  treat  it  pertubatively  and  still  use  the 
Eq.  (3)  as  an  approximate  solution,  but  allowing  some  of  the  parameters  to  be  slowly 
varying  functions  of  space  and/or  time  coordinates. 

In  particular,  the  frequency  of  the  plasma  wave  is  fixed  by  the  external  rf  source, 
while  its  amplitude  becomes  a  “slow”  (exponential)  function  of  x.  On  the  other  hand, 
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a  nonlinear  localized  object  will  change  its  dynamics  as  a  result  of  perturbation,  i.e. 
some  dispersion  parameters  and  consequently  the  velocity  may  be  a  “slow”  function 
of  time  t. 

Let  us  substitute  the  linearized  solution  into  Eq.  (1)  and  compare  independently 
fast  and  slowly-oscillating  terms.  For  the  rapidly  oscillating  term  we  obtain  modified 
dispersion  relations: 


aoj{  =  2  ki(i{ 


(7a) 


and 


=  *?  +  ! -Ill 


where  the  propagation  constant  k  has  been  replaced  by  k  —  ifi. 

The  slowly- varying  term  yields  a  modified  perturbed  SG  equation: 


? o,xx  —  90, tt  ~~  sin  < 


i  +  Of<j 


’0,tj 


(76) 


(8) 


where  {.)  denotes  the  time  average. 

It  should  be  noted  that  the  term  ~  ^>2,  although  quadratic  in  the  small  parameter 
q  has  important  consequences  for  the  dynamics  of  the  nonlinear  part  of  the  solution1. 

Eq.  (8)  can  be  solved  using  one  of  the  well  known  perturbation  methods,  e.g.  based 
on  the  1ST  formalism9,10  or  using  modified  conservation  laws10,11.  In  this  way,  we  can 
investigate  the  influence  of  the  external  rf  radiation  on  the  dynamics  of  nonlinear 
components  of  the  solution  via  the  excitation  of  small- amplitude  plasma  waves. 

3.  Example 

As  an  example,  let  us  consider  the  fluxon  interaction  with  a  sinusoidal  plasma 
wave  excited  by  the  external  rf  field. 

It  can  be  shown12  that  the  general  form  of  if>  for  one  fluxon  interacting  with  a 
single  plasma  wave  reduces  to: 

ip  =  8  [cos  tj  cos(7 rtf)  —  sin  q  sin(7r<5)  tanh  770]  >  (9) 

where  rj  =  kx  +  ut,  r)0  =  (x  -  ut)/y/ 1  -  u 2,  u  denotes  the  fluxon  velocity,  8  is  the 
fluxon-plasma  interaction  parameter,  and  for  a  ^  0  the  small  parameter  q  should  be 
replaced  by  q0exp(nx),  q0  —  a/{8y/k 2  +  y,2). 

Fig.  1  shows  the  example  of  a  fluxon  interacting  with  a  plasma  wave  in  a  very 
long  junction  for  time  t  fixed. 
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Fig.  1.  A  static  fluxon  interacting  with  a  plasma  wave  in  a  long  junction,  a  =  0.2,  a  —  0.5,  U)  =  2. 


Evolution  equation  for  the  momentum  P  in  the  presence  of  perturbations  can  be 
written  as: 


where 


dP 

dt 


(*2)  = 


1  f°° 

--  sin  <t>Qdx  -  aP , 

L  J—OO 

(10) 

fOO 

P  —  /  <p0,x<p0,t^'^t 

J—oo 

(ii) 

o2  .2ux  (,  sin2(7r^)\ 

4 (k2  +  fi2)  V  cosh2  rjo  )  ’ 

(12) 

and  we  have  extended  the  upper  limit  of  integration  to  +oo,  since  the  integrands  in 
Eqs.  (10)  and  (11)  are  negligibly  small  at  the  junction  edge. 

Substituting  the  expression  for  the  unperturbed  kink  into  Eqs.  (10)  and  (11)  we 
can  find  the  differential  equation  for  the  fluxon  velocity  u(<): 

^  =  C0(l  -  u2)2e2fiut  -  cm(l  -  u2),  (13) 

dt 

where  Co  can  be  evaluated  precisely  due  to  the  analytical  expression  (9)  for  the  plasma 
wave  if). 
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Numerical  results  show  that  the  fluxon  velocity  u  is  very  small  and  nearly  constant 
over  the  large  time  interval,  thus  the  solution  of  Eq.  (13)  can  be  approximated  by  the 
solution  of  a  transcendental  equation  with  respect  to  u: 


u  —  Cq 


g2  tmt 

2fm  +  a 


(14) 


Fig.  2  shows  a  comparison  of  the  fluxon  trajectory  resulting  from  numerical 
solution  of  Eq.  (13),  analytical  estimate  (14),  and  full  numerical  simulation  of  the 
perturbed  SG  equation1  taken  as  a  reference. 


0  500  1000  1500 

t 

Fig.  2.  Comparison  of  the  fluxon  trajectory  resulting  from  numerical  solution  of  Eq.  (13)  (solid 
line),  analytical  expression  (14)  (dashed  line),  and  direct  numerical  simulation1  (dotted  line)  for 
a  =  0.2,  a  —  0.5.  The  initial  fluxon  position  is  (Cq  —  —10. 


One  can  see  that  u  resulting  from  the  approximate  expression  (14)  reproduces 
perfectly  the  numerical  solution  of  Eq.  (13).  On  the  other  hand,  the  agreement  with 
the  full  numerical  results  is  good  for  lower  frequencies  (to  =  2)  and  excellent  for 
higher. 

In  Fig.  3  we  show  similar  results  obtained  for  the  higher  rf  field  amplitude  at  the 
boundary  (a  =  1).  It  is  clear  that  the  influence  of  the  radiation  of  higher  amplitude 
is  much  stronger.  The  fluxon  driven  by  a  rf  radiation  of  lower  frequency  (u;  =  2  and 
3)  accelerates  and  eventually  hits  the  boundary. 
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Fig.  3.  The  same  as  Fig. 2  but  for  a  =  1. 

Again,  for  lower  frequencies  we  can  see  rather  good  agreement  with  the  numerical 
results,  although  for  rapidly  accelerating  fluxon  the  perturbation  approach  fails  at 
higher  velocities.  For  higher  frequencies,  the  agreement  is  again  excellent. 

4.  Conclusions 

The  results  of  this  paper  can  be  summarized  as  follows. 

(i)  We  present  here  a  new  version  of  the  perturbation  method  which  can  handle 
effectively  various  problems  arising  from  the  influence  of  the  external  rf  radiation  on 
the  junction  dynamics. 

(ii)  The  method  is  more  general  and  simultaneously  more  rigorous  than  various 
perturbative  procedures  reported  recently,  since  it  is  based  on  exact  analytical  solu¬ 
tions  of  the  SG  equation,  describing  the  interaction  of  nonlinear  localized  structures 
with  small- amplitude  plasma  waves. 

(iii)  An  example  of  a  fluxon  interacting  with  a  single  plasma  wave  shows  that  the 
fluxon  moves  towards  the  boundary  as  a  result  of  the  driving  rf  field.  Our  analytical 
predictions  agree  well  both  with  the  perturbation  results  of  Ref.  1  and  direct  numerical 
simulation  of  the  perturbed  SG  equation. 
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ABSTRACT 

Dynamic  processes  in  a  continuous  plane  Josephson  medium  are  discussed.  An 
approach  starting  from  the  Hamiltonian  coincides  on  the  static  level  with  those 
starting  from  the  discrete  Josephson  array.  Some  elementary  excitations  are  re¬ 
ported.  A  modified  density  of  2D  Hamiltonian  is  proposed  which  coincides  with 
known  results  in  ID  case,  but  it  is  also  invariant  with  respect  to  the  rotation  of  a 
coordinate  system.  For  the  axially  symmetric  problem  relevant  equations  reduce  to 
ode,  whose  solutions  can  have  a  vortex  character  with  the  same  asymptotics  as  it 
follows  from  the  spin-glass  models.  In  a  time  dependent  case,  the  vortex  solution 
of  the  solitary  wave  type  was  found. 


There  are  two  reasons  for  considering  the  continuous  limit  of  the  discrete  Joseph¬ 
son  structures,  such  as  2D  regular  or  hexagonal  arrays  of  Josephson  junctions.  The 
first  reason  is  that  the  plane  arrays  are  fabricated  containing  more  than  20000  junc¬ 
tions  and  then  the  collective  effects  can  have  an  essential  significance.  The  second 
one  is  related  to  the  models  of  HTcS  materials,  where  a  lot  of  properties  are  ascribed 
to  the  tunneling  effects  between  the  neighbor  grains.  For  the  man-made  artificial 
structures  one  can  accept  the  dependence  of  a  concrete  geometry  in  contrast  to  the 
case  of  the  granular  medium,  where  a  model  should  be  invariant  with  respect  to  the 
rotation  of  a  coordinate  system  in  the  plane  of  the  film.  The  consideration  of  the  con¬ 
tinuous  limit  has  also  another  positive  feature:  it  allows  one  to  clarify  some  details  of 
the  commonly  discussed  models  less  legible  as  the  discrete  ones  and  to  compare  the 
different  models  among  themselves. 

The  model  should  be  self-consistent  in  the  sense  that  starting  from  either  Lagrange 
or  Hamilton  formalism  one  obtains  the  same  system  of  field  equations  and  the  discrete 
model  pendant  to  the  continuous  one  should  exist. 

There  is  a  numerous  literature  of  the  problem.  Here,  we  mention  the  papers1-7. 

In  the  first  paper  the  field  equations  are  derived  starting  from  a  discrete  or  loop 
model1.  In  the  second  one,  authors  were  trying  to  determine  the  energy  of  a  structure, 
proposing  certain  form  of  the  Hamiltonian2,3. 

The  next  requirement  concerns  the  invariance  with  respect  to  a  rotation  of  the 
coordinate  system.  If  the  stochasticity  is  not  involved,  the  model  pretending  to  be 
useful  for  HTcS  granular  materials  must  be  invariant  with  respect  to  the  rotation  of 
coordinate  systems,  (S02-group).  In  order  to  elucidate  the  problem,  we  intend  to 
consider  and  to  compare  the  continuous  limits  of  the  two  most  popular  models. 

The  first  model  is  the  commonly  known  XY-model  used  recently  in  the  spin-glass 
theory2,3.  The  second  one  was  originally  starting  from  regular  array  of  Josephson 
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junctions,  but  can  be  also  derived  from  a  Hamiltonian4’5.  The  continuous  limit  of  the 
first  model  automatically  is  invariant  with  respect  to  S02-group  in  contrast  to  the 
second  one,  where  we  propose  some  modification.  Its  consequences  leading  to  a  new 
equation  describing  the  vortices  will  be  discussed  in  the  sequel. 

As  the  first  one,  let  us  consider  the  continuous  limit  of  the  XY-model  formed  by  a 
regular  array  of  superconductive  islands,  e.g.2,3.  To  each  island  the  order  parameter 
0;  is  ascribed  and  the  Josephson  junctions  are  formed  between  adjacent  islands.  Since 
the  whole  structure  can  be  embedded  in  the  external  magnetic  field,  whose  potential 
A  is  given,  for  each  pair  of  neighbor  islands  the  following  integrals  are  defined: 

Aij  =  J‘  Adi.  (1) 

Sometimes  the  quantity  /,  known  as  a  frustration,  is  introduced  too 

E  Aj  =  /».,  (2) 

plaquette 

where  4>0  is  the  flux  quantum  and  the  sum  is  taken  over  all  sites  of  plaquette. 

One  considers  Hamiltonian 


'H  =  J  Y  t1  “  cos(0*  -  Qj  +  Aij)),  (3) 

<i,3> 

where  J  is  the  coupling  constant  and  the  minimization  of  Hamiltonian  (3)  leads  to 

Y  sin (0*  -  ©i  +  Aij)  =  0,  (4) 

i 

which  obviously  represents  the  Kirchhoff  equations  for  j  —  th  node  that  the  sum  of 
all  currents  at  each  node  vanishes,  if  the  currents  between  i  —  th  and  j  —  th  nodes  are 
given  by 

Iij=  sin(0,  -  0j  +  Aij).  (5) 

It  is  worthwhile  to  point  out  that  in  this  model  the  magnetic  field  is  fixed  and 
considered  as  a  parameter  of  a  model. 

A  certain  purely  mathematical  statement  can  be  helpful.  For  any  regular  function 
g(x,y),  one  can  prove  that 

N  1 V  1  fL  rL 

Hm  13  il  -  cosfafcjh  ym)Az]}  =  -Z  /  g2(x,  y)dxdy,  (6) 

where  N  =  Lf  Ax,  Xk  =  {k  +  1/2) Az,  ym  =  (m  +  1/2) Ax.  Equation  (6)  was  used 
already  in  the  past,  but  as  an  approximative  one4. 

Applying  the  reported  theorem  (6)  to  (3)  we  obtain  the  continuous  limit  of  Hamil¬ 
tonian  density 


0 


'o 


2  J 

with  a  condition  of  minimalization 

div(V0  +  A)  =  O,  or  A0  =  — divA,  (8) 

which  can  be  derived  also  as  a  limit  of  the  Kirchhoff  relation.  This  means  that  in  the 
limit,  the  density  of  the  current  is  given  by 


j  =V0+A.  (9) 

Equation  (8)  is  essential  for  the  determination  of  the  vortices.  Let  us  observe  that 
it  is  linear  in  0  and  the  nonhomogeneous  term  is  equal  to  —  divA.  It  means  that  the 
solution  of  (8)  is  determined  up  to  the  solution  of  homogeneous  equation 


A0  =  0.  (10) 

A  particular  solution  of  (10)  is  known  as  a  single  vortex  in  the  XY-model  (see 

e.g.2)  and  when  centered  at  point  r  =  \Jx2  +  y2  =  0,  it  is  given  by 

0i  =  arctan(y/x)  =  (11) 

where  9?  represents  an  angular  coordinate  in  the  cylindrical  coordinate  system  (r,y>). 
Here  we  obtained  this  formula  as  an  exact  solution  of  the  limiting  equation  (8).  Since 
V0  =  evfr,  where  ev  is  an  “angular”  versor  in  the  cylindrical  coordinate  system, 
the  integral  over  a  closed  contour  surrounding  the  vortex  is 

f  VBdl  =  2n.  (12) 

Note,  however,  that  this  quantity  is  not  quantized  since  the  equation  is  linear 
and  hence  the  flux  (12)  is  determined  up  to  a  constant.  Thus  the  vortex  is  always 
represented  by  a  singular  solution  of  (10),  even  when  divA  vanishes. 

In  the  sequel  we  would  like  to  show  that  in  a  model  starting  from  the  loop  rep¬ 
resentation  the  situation  is  slightly  different,  i.e.  the  vortex  is  given  by  the  equation 
for  a  vector  quantity. 

In  the  paper1,  the  field  equation  was  derived  starting  from  the  regular  array 
containing  horizontal  and  vertical  short  Josephson  junctions.  The  “milestones”  were 
here: 

1.  the  Kirchhoff  equations  for  the  currents  at  each  node, 

2.  the  fluxoid  equations  for  each  closed  loop, 

3.  the  first  Maxwell  equation,  which  in  discretized  version  reduces  to  the  relation 
between  the  jump  of  the  magnetic  field  when  the  line  with  the  current  is  crossed. 

The  same  equations  can  be  derived  starting  either  from  the  Lagrangian  or  from 
the  Hamiltonian  with  densities4,5 
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C  =  i(Q?  -  rot2Q)  -  £(1  -  cos  Qi),  (13) 

1  .  =  1 

H  =  \Wt  +  rot2Q)  +  ^(l  ~cos(20>  (14) 

1  i= i 

respectively,  where  Q  —  (<ph,<Pv)  and  in  the  discretized  version  <ph,<pv  represent  the 
phase  differences  of  horizontal  and  vertical  junctions,  respectively.  In  the  continuum 
version  they  represent  simply  the  two  independent  quantities.  Using  a  standard  tech¬ 
nique  and  considering  phtPv  as  independent  ones,  we  obtain  the  system  of  equations 

Ph,yy  Pv,xy  =  sin  Ph  P h,tti  Pv ,xx  Ph,xy  —  sin  (pv  Pv,tti  (15) 

where  terms  on  the  right  hand  sides  represent  the  full  currents,  (a  dissipation  is 
neglected). 

Similar  relations,  but  in  a  form  of  a  system  of  three  equations  for  three  independent 
quantities  can  be  derived  in  case  of  hexagonal  array6. 

As  it  was  mentioned,  manipulating  with  solutions  of  sine  Gordon  equation  (sGe) 
one  can  find  particular  solutions  of  the  above  system7.  Firstly,  let  us  observe  that 
when  (^-functions  depend  on  one  space  coordinate  only,  the  system  is  splitted  into 
two  independent  sGe’s. 

Another  recipe  follows  from  the  statement:  if  #(<;,  r)  satisfies  sGe:  —  #jTT  = 

sin#,  then  the  functions  <pv  =  $(5x-{-t,—e5y +  t)  and  <ph  —  epv  +  n  (with  e  =  ±1  and 
6  =  ±\/2  independently)  satisfy  the  system  (15).  As  it  is  seen,  solutions  of  this  type 
have  a  dynamic  character,  but  as  a  starting  point  the  soliton,  quasi-periodic,  positon 
or  another  solution  of  sGe  can  be  chosen. 

One  can  look  for  the  traveling  wave  solutions  in  the  form  cph  =  <Ph(z)>  Pv  —  Pv{z) 
with  the  argument  z  =  kx  -\-vy  +  ut.  Then  the  system  (15)  reduces  to  the  system  of 
ode’s  with  dynamic  and  static  branches.  Reader  is  referred  to  the  paper7,  where  the 
problem  was  discussed  in  the  past. 

Comparing  (3)  with  (15),  one  can  suppose  that  when  the  vector  and  scalar  po¬ 
tentials  are  considered  as  independent  generalized  coordinates,  the  suitable  density 
of  Lagrangian  would  have  a  form  identical  as  (14),  where  in  place  of  Q  the  quantity 
V0  +  A  is  substituted 

C  =  \  f(ve  +  A)*  -  rot2A]  -  £  [1  -  cos(Vi0  +  A;)]  (16) 

We  assume  that  the  appearing  quantities  are  regular,  such  that  rot(V0)  =  0.  But 
now  there  is  a  question  about  the  choice  of  independent  quantities.  Previously,  in  the 
2+1  problem  we  had  two  quantities:  cpv  and  <ph .  Now,  according  to  any  textbook,  it 
seems  we  have  three  of  them:  Ai,  A2  and  0,  i.e.  a  vector  potential  and  a  scalar  poten¬ 
tial  (or  its  integral  vs.  time  0,  which  does  not  change  the  problem).  A  clarification 
of  this  problem  leads  to  a  correct  construction  of  Hamiltonian  and  next  to  the  com¬ 
patibility  of  the  equations  which  follow  either  from  Lagrangian  or  Hamiltonian.  We 
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intend  to  discuss  these  apparent  discrepancies,  being  aware,  however,  of  an  important 
attempt  of  a  choice  of  a  suitable  form  of  Hamiltonian  made  in2. 

The  standard  procedure  requires  a  calculation  of  functional  derivatives 


,  SL  A 
and  M  =  0’ 


(17) 


where  by  L  we  understand  a  full  Lagrangian  and  the  first  equation  represents  in 
fact  two  equations  with  derivatives  with  respect  to  Ai,A2  (in  the  2+1  problem).  An 
elementary  calculation  gives  the  equations 


rotrotA  +  (A+V@)t«  +  sin  (A+V0)  =  0,  (18) 

and  div[(A+V0),t*  +  sin(A+V0)]  =  0,  (19) 

respectively.  Note  that  the  first  equation  is  isomorphic  with  the  system  (15)  and,  if 
the  functions  are  regular,  the  second  equation  follows  from  the  first  one.  A  standard 
definition  of  canonical  momenta  leads  to  relations 

8L 

p  :  =  +7 —  =  (A+V0),f  and  p0  =  =  -divp.  (20) 

oA;t  ot/,t 

Now  the  Hamiltonian  can  be  defined  and  for  its  density  we  have 

H  =  \  [(Vtf  +  A)2  +  rot2A]  +  7  [1  -  cos(V;#  +  A;)] .  (21) 

1  t  =  l 

The  field  equations  calculated  from  the  Hamiltonian  should  coincide  with  those 
calculated  from  Lagrangian.  Indeed,  the  “first”  Hamilton  equations  lead  to 


5H  <£H 

P,t ■  -  -  and  p0,t  =  -Jq  =>  (18)  and  (19), 

respectively,  as  should  be,  but  the  “second”  ones,  to 

SH 


A,* :  =  and  Q  t  _  — 

op  dpo 


=+  V0,t  =  0  and  0,*  =  0, 


(22) 


(23) 


respectively.  The  last  result  is  of  course  unacceptable  confining  the  processes  to  those 
for  which  0it  =  0. 

The  reason  of  a  discrepancy  between  the  Lagrangian  and  Hamiltonian  formalism  is 
the  presence  of  the  term  V0)t,  which  can  be  considered  as  a  gradient  of  a  generalized 
velocity,  and  its  presence  in  Lagrangian  usually  is  not  permitted.  One  can  show,  that 
if  this  term  appears  in  Lagrangian,  “second”  Hamilton  equations  (22)  cease  to  be 
valid4,5. 

Since  the  consideration  of  0  as  an  independent  quantity  leads  to  the  dependent 
equation  (19)  or  quantities  as  po  in  (20),  the  simplest  remedy  lies  in  a  choice  of 
generalized  coordinates.  Instead  of  A  and  0,  as  the  generalized  coordinates  one  can 
choose  components  of  the  vector  V0  +  A,  which  leads  to  the  previously  considered 
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situation  if  Q  in  (13)  and  (14)  will  be  interpreted  as  Q  =V0  +  A.  Then  0  will  be 
only  a  gauge  parameter. 

Thus  we  have  a  new  interpretation  of  Q:  either  Q  =  {<Ph-l{pv)i  or  Q  =V0  +  A, 
which  means  that  the  functions  -iph  and  —<pv  in  a  continuous  model  can  be  inter¬ 
preted  as  components  of  a  vector  potential  in  case  of  trivial  gauge  0  =  0.  The  Hamil¬ 
tonian  has  of  course  the  form  (14)  and  the  field  equation  -  the  form  (18).  Instead  of 
(22),  we  get  the  identity  Q)t  =  —  5H/5p  =  —8H/SQtt  =  Q,t- 

The  following  question  arises:  if  in  the  XY  approach  a  vortex  is  related  to  the 
singular  solution  0,  according  to  (10),  where  now,  in  case  of  a  zero  gauge  are  the 
vortices  hidden?  The  answer  is  straightforward:  the  vortices  are  determined  by  a 
singular  solution  A  of  (18).  Indeed,  looking  for  the  axially  symmetric  solution  in  the 
form  of  A  =/(r)  e^,  (in  the  cylindrical  coordinate  system  r,  0,  where  represent  a 
versor  in  0  direction)  and  adopting  a  simplification  sin(A)  ~  sin[/(r)]e^,  the  function 
f(r)  should  satisfy  the  equation  which  has  singular  solutions 

nr)  +  f(r)/r  ~  l /«/r 2  +  sin  /(r)J  -  0.  (24) 

Note,  that  equation  (24)  appears  as  a  result  of  a  simplified  approach  here,  where 
the  simplification  is  rather  hard  to  justify,  since  we  deal  with  singular  solutions.  We 
shall  show  below  that  there  exists  a  model  from  which  equation  (24)  follows  as  a 
natural  and  exact  consequence. 

Equations  (18)  are  of  course  not  invariant  with  respect  to  a  rotation  of  the  coor¬ 
dinate  system  in  the  plane  x,y,  as  well  a  starting  model  in  form  of  a  regular  array. 
If  the  continuous  Josephson  medium  has  to  pretend  to  be  a  model  of  a  granular  film 
structure  (2D)  with  small  grains  and  junctions  formed  between  them,  the  equations 
should  be  invariant  with  respect  to  rotations  in  the  plane  of  structure.  It  can  be 
done  either  introducing  an  average  procedure  over  all  possible  oriented  realizations 
or  by  a  suitable  modification  of  starting  quantities,  first  of  all  -  the  Lagrangian.  We 
shall  discuss  just  this  last  eventuality.  Our  idea  is  to  modify  the  Lagrangian  in  such 
a  way  that  it  will  be  invariant  with  respect  to  the  S02  group  and  it  would  be  re¬ 
duced  to  (13)  when  ID  structure  is  considered.  Observe  that  in  expression  (13)  the 
term  which  violates  invariance  is  related  to  the  sum  with  cosine  functions  and  the 
Lagrangian  will  be  invariant  if  the  invariant  quantity  is  chosen  as  an  argument  of 
cosine  function. The  simplest  operation  on  a  vector  giving  the  invariant  quantity  is 
the  calculation  of  its  length.  This  is  the  reason  that  we  devote  the  last  part  of  this 
paper  to  the  consequences  of  the  rotationally  invariant  Lagrangian  in  the  form 

C  =  i  [(Q,02  -  rot2Q]  -  [1  -  cos  |Q|] ,  where  Q=V0  +  A,  (25) 

with  components  of  the  vector  Q  being  a  generalized  coordinate.  Then  the  Hamilto¬ 
nian  takes  a  form 

H  =  i  [(Q,|)2  +  rot2Q]  +  [1  -  cos  |Q |] ,  (26) 

and  field  equations  following  either  from  the  Lagrangian  or  Hamiltonian4,5 
rotrotQ  +  Q  Qsin  |Q|/|Q|, 


(27) 
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and  it  also  has  a  rotationally  invariant  form.  It  is  clear  that  when  Q  is  considered  as 
one  dimensional  vector  then  (27)  reduces  to  sGe.  Let  us  consider  the  static  and  axially 
symmetric  solution  of  the  above  equation.  Substituting,  as  previously  Q  =/(r)  e^,  in 
the  static  case,  equation  (27)  reduces  to  (24),  but  now  it  does  exactly.  Neglecting  the 
sinus  operation  in  (24),  we  have  the  Bessel  equation  f'  +  f'/r  —  (//V2  +  /)  =  0,  whose 
singular  solution  is  given  by  the  Mac  Donald  function  K\(r).  Close  to  the  point  r  =  0, 
the  function  K\(r)  has  an  asymptotic  evaluation  ~  1  fr.  Hence  one  obtains  a  known 
relation  of  the  flux  ’’quantum”  as  lim^of  Ki{r)dl  =  27r,  where  the  integration  is 
over  a  circle  of  radius  R ,  surrounding  the  point  r  =  0.  Because  of  a  relation  with  the 
Bessel  equation,  it  is  natural  to  name  equation  (24)  -  the  sinus-Bessel  equation  (sBe), 
in  analogy  to  sGe. 


O  5  lO  15  20  25 


Fig.l.  Sine-Bessel  equation  singular  solutions  with  the  different  asymtotic  behaviour  at  infinity. 

It  is  easy  to  deduce  that  the  solutions  of  sBe  bounded  at  infinity  asymptotically 
tend  to  n7r,  where  n  -  integer.  There  are  two  classes  of  solutions:  the  regular  ones  at 
r  =  0,  (/(r)  ~  C\r  +  C2r2  +  -  const)  and  the  singular  ones  (/(r)  ~  G-\/r  + 
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Gq  +  G\r  -f  ...,G{  —  const).  For  singular  solutions,  as  for  the  Mac  Donald  function 
mentioned  before,  we  have  a  similar  evaluation 

lim  <f  f{r)dl  =  2nG-U  (28) 

•R  >0  JCr 

and  G-i  can  be  considered  as  a  flux  associated  with  the  axially  symmetric  vortex 
determined  by  the  singular  solution  f(x )  of  sBe.  Some  singular  solutions  of  sBe  with 
asymptotics  at  infinity  mr,  with  n  odd  and  even  are  presented  in  Fig.  1. 

Thus,  the  vortex,  which  in  the  XY  approach  is  described  by  a  singular  0— solution, 
now,  in  a  case  of  a  trivial  gauge,  is  described  by  a  singular  solution  of  A,  which  has 
quite  the  same  asymptotic  behavior.  We  would  like  to  stress  that  as  in  case  of  the  XY 
approach  and  also  now,  there  is  no  single  solution  having  close  to  zero  1/r  asymptotics, 
but  there  is  a  family  of  them.  In  the  XY  approach  it  is  a  consequence  of  the  fact  that 
equation  (10)  is  linear  and  thus  its  solution  is  determined  up  to  an  arbitrary  constant 
and  hence  the  flux,  too.  In  the  frame  of  the  approach  presented  here,  there  is  another 
reason  since  the  equation  we  deal  with  is  nonlinear.  The  details  are  explained  in  the 
paper4,  where  it  is  shown  that  for  fixed  point  r0  there  exist  the  curves  f'{ro)+f(ro)/ro 
vs.  r0/(r0 )  that  solutions  exist.  This  means  that  the  flux  related  to  a  vortex  is  also 
here  not  quantized. 

One  can  also  construct  here  a  single  vortex  traveling  solution  (which  in  the  soliton 
theory  would  be  a  solitary  wave).  If  f(r)  is  the  solution  of  sBe  (24),  then 

q(z,  y)  =  [-yex-f/?(z  -  vt)ey\f(P)/P  (29) 

where  P  =  \(32(x  —  xt )2  +  y 2]1/2  ,  (3  —  (1  —  u2)1/2,  and  ex,  ey— versors,  represents  the 
solution  of  (27)  i.e.  the  vortex  traveling  in  ^-direction  with  a  velocity  v.  Note  that 
the  circular  cross  section  of  static  vortex  becomes  elliptic  one  when  it  moves. 
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ABSTRACT 

We  observed  a  Zero  Field  current  Step  (ZFS)  in  several  square  Josephson  tunnel 
junctions  of  intermediate  size  (i.e.  size  ~  Ay).  Using  simple  physical  arguments 
we  explain  this  step  as  the  signature  of  a  particular  dynamical  pattern  in  a  two- 
dimensional  sine-Gordon  system.  This  pattern  looks  like  a  solitary  wave  moving 
along  the  two  diagonals  of  the  junction.  A  raisonable  idea  of  the  stability  of  such 
modes  is  numerically  showed.  The  invariance  of  the  total  length  of  the  ±27T— wave- 
fronts  constituting  the  pattern  plays  an  important  role  to  ensure  this  stability.  For 
that  reason  we  call  that  Isoperimeter  Pattern  Dynamics  (IPD).  This  invariance 
is  consistent  with  energy  conservation  considerations.  The  dynamical  behavior  is 
also  investigated  using  Low  Temperature  Scanning  Electron  Microscopy  (LTSEM). 
Finally  numerical  simulations  are  performed  to  simulate  the  effect  of  the  LTSEM 
’’hot  spot”  on  the  IPD.  The  comparison  between  experimental  LTSEM  data  and 
numerical  simulations,  pleads  for  the  validity  of  the  IPD  model  in  order  to  explain 
the  observed  ZFS. 


1.  Introduction 

Long  Josephson  tunnel  junctions  are  good  candidates  for  studying  the  dynamics 
of  perturbed  sine-Gordon  solitons  1,2 .  In  theese  Josephson  junctions  the  vortex  (also 
called  fluxons)  are  ”  bounded”  by  a  current  loop  connecting  surface  currents  in  the 
superconductors  and  Josephson  current  (due  to  electrons  pair  tunneling)  crossing  the 
insulator,  through  which  flows  a  magnetic  flux  quanta  oriented  parallel  to  the  barrier 
surface. 

Up  to  now,  most  of  the  experimental,  theoretical,  and  numerical  studies  deal  with 
one-dimensional  junctions.  A  question  arise  to  know  if  we  can  recover  a  kind  of  such 
vortex  3,4  or  solitary  wave  in  two  dimensions  (2-D)  square  junctions  of  cross  type 
geometry  1.  Following  the  mathematics  developpments,  the  answer  to  the  question 
—  does  exist  a  2-D  soliton  solution  for  the  2-D  sine-Gordon  equation  ?  —  ,  is 

‘Permanent  Adress:  CNRS  -  URA  1279,  Rue  A.  Einstein,  Sophia  Antipolis,  F-06560  Valbonne 
Cedex,  France. 
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definitely  no.  Nevertheless  the  stability  of  soliton  type  solutions  is  so  strong,  mainly 
due  to  topological  properties,  that  one  may  expect,  most  of  the  cases  in  very  special 
configurations  (i.e.  a  given  set  of  the  involved  parameters),  to  get  such  type  of  rather 
stable  solitary  wave  oscillating  in  a  finite  2-D  ’’box”. 

2.  The  Mathematical  Description 

A  first  approximation  description  of  the  dynamics  of  the  phase  for  a  2-D  square 
Josephson  junction  of  length  l  is  given  by  the  following  perturbed  sine-Gordon  equa¬ 
tion  (PSGE)  where  $  describes  the  phase  difference  between  the  two  electrodes  of 
the  tunnel  junction. 

A$-4«-o$t  +  «$„t  +  ^)  =  Mn$  •  (!) 

In  the  following  numerical  simulations,  for  simplicity,  and  without  significantly 
perturbing  the  quantitative  results  we  obtain,  we  will  qualitatively  neglect  the  surface 
loss  j3- term,  but  take  it  into  account  quantitatively,  by  a  renormalisation  of  the  quasi¬ 
particle  tunneling  losses  term  a.  Such  a  choice  also  speed-up  the  time  consumed  by 

the  code.  _ 

Depending  on  the  experimental  conditions,  additional  terms  must  be  included  m 
this  PSGE,  such  as  a  dc  or  rf  bias  current.  For  a  dc  bias  feeding  corresponding  to  a 
cross  type  geometry  the  boundary  conditions  are  1  (see  Fig.l): 


Fig.  1.  Sketch  of  a  2-D  Josephson  tunnel  junction  of  cross  type  geometry  showing  the  dc  bias 
current.  In  this  paper  we  always  consider  square  junctions  (w  =  l). 


$x(z  =  o)  =  r\(y) 

(2) 

®y{y  =  0)  =  v(x) 

(3) 

*x(x  =  1)  =  $y(y  =  0  =  0  • 

(4) 

In  Eqs.  (1-4)  the  spatial  coordinates  x  and  y  are  normalized  to  the  Josephson 
penetration  depth  A j  =  {h  /  Airedfioji)1^  (where  h  is  Planck’s  constant,  e  the  electron 
charge  and  d  ~  ALi  +  AL2+*',  where  \Li,i  denotes  the  London  penetration  depth  of  the 
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two  superconducting  electrodes  and  t'  the  thickness  of  the  dielectric  barrier;  fio  and 
ji  are  respectively  the  permeability  and  the  critical  current  density  of  the  junction). 
The  time  t  is  normalized  to  the  inverse  of  the  plasma  frequency  u?p  =  (AirejilhCs)1!2 
with  Cs  denoting  the  specific  capacitance  of  the  junction.  As  usually,  the  subscripts  of 
$  denote  partial  derivatives.  As  often,  boundary  conditions  are  of  major  importance. 
The  energy  input  which  balances  the  damping  a  is  obtained  through  the  boundary 
conditions  (2-4).  Theese  boundary  conditions  account  for  the  effect  of  the  induced 
magnetic  field  generated  by  the  bias  current  feeding  the  square  Josephson  junction 
through  the  x  =  — 1/2  boundary  and  leaving  it  through  the  y  —  — 1/2  boundary. 
Theese  boundary  conditions  are  one  of  the  conditions  influencing  deeply  the  results 
obtained.  The  symmetry  axis  lying  along  one  diagonal  might  not  lead  to  any  known 
quasi  one-dimensional  fluxon  dynamics,  as  it  is  expected  when  the  axis  of  symmetry 
is  parallel  to  the  x  or  y  axis  6.  We  insert  a  more  realistic  spatial  dependent  shape  of 
the  dc  bias,  as  is  expected  from  experiments  x,  namely: 


rj  I"  cosh  (f)  +  cosh 
~  4  _  sinh(i) 


(5) 


cosh(|)  +cosh(^) 
sinh  (2) 


(6) 


3.  The  Numerical  Approach 

The  problem  is  of  Cauchy  type.  We  assume  the  following  initial  condition,  taken 
at  t  —  0: 


This  means  that  we  take  two  bions  located  along  the  two  diagonals  of  the  square 
junction,  with  an  initial  velocity  v  very  close  to  the  limit  velocity  equal  to  1,  in 
dimensionless  units.  Typical  values  taken  for  the  numerical  simulations  are: 

l  ~  4  ;  v  =  0.99  .  (8) 

Fig.  (2)  shows  the  dynamics  of  the  closed  wave-front  pattern.  Note  the  surprising 
(— 87t)  jump  of  the  field  amplitude,  which  occurs  at  the  corners  when  the  two  diagonal 
fronts  collide  in  figure  (2c)  and  (2g).  Looking  at  figures  (2a)  and  (2h),  it  becomes 
clear  that  the  2-D  cycle  has  a  periodic  uniform  decrease  of  the  field  amplitude  $  equal 
to  (— 87r). 


Fig.  2.  Sketch  of  the  Isoperimeter  Pattern  Dynamics  displayed  over  one  period  in  the  (x,y)  plane; 
each  figure  of  the  series  diplays  the  kink  like  wave  front  lines  (27T  ±  2n7r). 

For  such  a  cycle,  there  is  obviously  an  equivalent  +87T  field  jump  time  series 
obtained  by  reversing  the  direction  of  the  velocity  of  each  diagonal  wave  front. 

In  this  simulation  the  numerical  scheme  is  a  modification  of  the  one  used  by 
Eilbeck  et.  al  6.  It  is  a  Lax  stabilized  leapfrog  method  discretized  at  second  order 
both  in  space  and  time. 

Using  the  discretization 


$(ih,jh,nAt)  =  ,  1  <  i,j  <  N 


(9) 
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where  h  represents  the  square  mesh  and  At  the  time  step,  the  numerical  scheme  reads 

+  !)•«  *  =  icT  -  +  [2  -  *(¥ )>y 

+(f  Y  [*?+u + + *?J+i + nj-i] 

-(Aty  sin  [J(*?+W  +  #r-w  +  *ij+i  +  •  (10) 

The  boundary  conditions  are  introduced  by  using  an  extra  set  of  points  outside 
the  mesh 


*Sj  “  ^2j  “  $N+1  ,j  —  ®N-lj 

$lo  =^2  +  2»7  h  nN+l=*ZN-l  ■  (11) 

The  linear  stability  analysis  gives  the  so  called  Courant-Friedrichs-Lewy  (CFL) 
condition:  c  =  \f2Atjh  <  1.  Due  to  the  fact  that  this  is  a  linear  condition,  for 
stability  we  use  a  constant  c  lower  than  1.  The  highest  the  c  value,  the  lowest  the 
numerical  viscosity.  Fig. (3)  displays,  as  a  sample,  the  2-D  result  at  a  given  time  taken 
during  the  stationnary  regime.  This  result  comes  from  the  numerical  simulation  of  the 
2-D  problem  defined  by  the  system  of  Eqs.  (7-11).  Actually,  and  to  be  more  precise, 
a  small  structural  perturbation  simulating  the  elctron  beam  heating  (see  section  6)  is 
added  to  Eq.  (10).  An  illustrating  sequence  representing  the  2-D  behaviour  over  a  full 
period  is  shown  by  Fig.  (2)  of  Ref.  (12).  During  such  a  period,  in  a  well-established 
asymptotic  dynamical  regime,  the  field  amplitude  $  decreases  uniformly  over  —  8n. 

The  period  of  the  cycle  is  : 

T  =  ly/2  =  4\/2  ,  (12) 

with  an  accuracy  of  1%,  and  with  the  choice  of  the  parameters  given  by  formulae  (8) 
for  this  numerical  experiment. 

As  one  can  see  trough  Figs.  (2,3)  the  pattern,  consisting  mainly  of  kink  like  (±27t) 
wave  front  lines  connected  in  order  to  build  up  a  rectangular  wave  front,  evolves, 
preserving  a  constant  length  of  the  wave  front  perimeter  (so  called  IPD)  due  to  both 
energy  conservation  and  symmetry  considerations. 

It  is  not  too  much  surprising,  that,  despite  the  presence  of  damping  and  energy 
input,  a  non  linear  solitary  wave  looks  like  stationnary,  if  we  remind  the  behaviour  of 
one-dimensional  (1-D)  sine-Gordon  systems  under  the  influence  of  both  perturbing 
term(with  respect  to  an  integrable  equation)  damping  and  driving  ones.  But  we  must 
emphasize,  that  in  our  case  it  was  never  demonstrated  that  the  2-D  sine-Gordon 
equation  (without  perturbation  terms)  is  an  integrable  one.  Consequently,  and  from 
a  mathematical  point  of  view,  one  can  say,  that  the  analogy  with  the  1-D  situation 
could  be  wrong.  But  still  remains  possibilities  of  resonnances  giving  quasi  stationnary 
patterns  like  the  one  showed  in  Fig. 3.  Moreover,  the  time  until  which  the  integration 
of  the  2-D  equation  was  performed  (around  15000  in  reduced  unit  time)  is  by  far 
lower  than  the  characteristic  time  involved  in  the  physical  situation  in  order  to  get  a 
measurement  (either  I-V  type  or  LTSEM  one). 
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Fig.  3.  The  simulated  IPD  pattern  displayed  as  y),  plotted  over  the  whole  junction  area.  The 
central  projection  has  its  focal  point  on  the  right  hand  side  of  the  figure.  The  dots  mark  the  four 
corners  of  the  junction  on  the  x  —  y  plane.  Parameters  of  the  simulations  are:  =  0.6,  £  =  0.17 

(see  section  6),  do  —  0.01,  /  =  4,  r)  =  0.2.  The  beam  spot  is  placed  in  the  center  of  the  junction 
area. 


4.  Phenomenology  and  Macroscopic  Quantities 

The  two  macroscopic  quantities  which  determine  the  dynamics  of  a  Josephson 
junction  and  which  can  easily  be  measured,  are  the  bias  current,  basically  determined 
by  the  value  of  77  ,  and  the  voltage  across  the  junction,  which  is  given,  in  units  of  the 
flux  quantum  %/ 2e,  by  x: 

y  =  «,  =  f  .  03) 

In  the  steady-state  regime  sketched  by  Figs.  2  and  3,  the  voltage  V  can  be  estimated 
as  the  ratio  of  the  =  87t  uniform  jump  of  the  junction  phase  over  the  period 
At  =  T  given  by  Eq.  (12), 

'to-m-*  •  (14) 

This  voltage  has  to  be  compared  to  the  Zero-Field-Step  (ZFS)  voltage  of  the  trivial 
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y-degenerated  shuttling  kink  front,  which  is: 

4ttv  7 r 

Vw  =  ~2 F  =  2 


(15) 


since  the  shuttling  period  of  a  relativistic  kink  is  close  to  21  —  8  (see  Eq.  (8)),  while 
the  net  phase  change  over  this  period  is  47r.  Therefore  : 


(16) 


This  quasi  1-D  soliton  motion  might  be  observed  with  a  different  current  feeding 
geometry,  namely  from  a  sy metrical  configuration  described  by  6: 


Ms 


*S>-. 


$»(s'  =  ±^)  =  ±1 


(17) 


5.  Experimental  Results 

We  studied  five  Nb/  AlOx/ Nb-tmme\  junctions  of  square  cross-type  geometry  (see 
Fig.l).  Details  on  the  junction  geometry  can  be  found  in  Hebrank  et  al.  7 .  Sizes 
and  main  experimental  results  are  listed  in  Table  1.  We  studied  the  current-voltage 
characteristic  (IVC)  of  the  samples  with  and  without  an  externally  applied  magnetic 
field.  In  addition,  with  the  technique  of  LTSEM  we  obtained  detailed  information 
on  the  dynamics  inside  the  junctions  giving  rise  to  the  current  steps  in  the  IVC  8’9. 
Basically,  with  the  LTSEM  technique  the  sample  surface  is  scanned  by  an  electron 
beam.  A  junction  response  signal  is  recorded  as  a  function  of  the  coordinate  point 
(x0,  yo )  of  the  electron  beam  focus.  The  dominant  physical  effect  with  this  imaging 
technique  is  the  beam-induced  local  heating  of  the  sample.  With  the  beam  parameters 
used  for  the  present  studies  (27.5  kV ,  100  pA)  we  estimate  the  local  temperature 
increase  to  be  less  than  IK.  During  the  scanning  process,  the  superconducting  tunnel 
junction  was  kept  near  4K,  i.e.,  well  below  the  transition  temperature  of  the  Nb 
electrodes  of  the  junction.  The  main  influence  of  the  irradiation  is  a  local  enhancement 
of  the  quasi-particle  tunneling  and  the  surface  losses  near  the  beam  focus  point.  The 
spatial  extension  of  the  heated  area  is  given  by  the  thermal  healing  length  8  10,11  of 
the  sample  configuration,  and  is  typically  in  the  order  of  a  few  pm. 

For  an  IPD  mode,  the  local  increase  of  the  losses  results  in  a  local  breaking  down 
of  the  wavefront  speed  when  crossing  the  electron  beam  focus. 

Since  the  scanning  time  for  one  line  across  the  sample  is  about  one  second,  and 
since  the  frequency  of  the  IPD  motion  is  in  the  100  GHz-range,  we  can  consider 
the  perturbation  induced  by  the  electron  beam  as  a  quasi  static  one.  Due  to  the 
electron  beam  induced  reduction  of  the  average  IPD  mode  velocity  and  because  of 
the  Josephson  frequency- volt  age  relation,  a  decrease  AV  of  the  corresponding  step 
voltage  V2d  is  expected  9,  leading  to  a  shift  of  the  IVC. 
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# 

in  units  of  Xj 

in  units  of  fim 

remarks  to  ZFS  at  V2d 

1 

2.0 

50 

not  found 

2 

3.2 

124 

single-mode  cavity  excitation 

3 

4.0 

100 

IPD 

4 

4.3 

50  ! 

IPD 

5 

8.6 

100 

not  found 

Table  1.  Length  (width)  of  the  square  cross  type  junctions  and  main  experimental  results. 


We  expect  12,13,  that  the  IPD  only  exists  in  junctions  of  intermediate  size.  For 
small  junctions,  there  is  not  enough  space  for  the  nonlinear  pattern  and  for  large  area 
junctions,  there  is  an  unfavorable  balance  between  driving  and  damping.  Furthermore 
it  was  found  12,13  ,  that  the  IPD  mode  is  only  stable  for  high  wave  front  velocities 
which  means  in  the  language  of  the  IVC,  that  the  corresponding  ZFS  should  have  a 
very  low  differential  resistance.  The  last  property  is  also  interesting  for  applications, 
because  the  linewidth  of  the  rf-radiation  emitted  from  the  junction  is  expected  to  be 
small  if  the  junction  is  biased  on  a  low-resistance  step  u.  The  existance  of  a  ZFS 
at  V2 d  with  junctions  of  intermediate  size  as  well  as  the  low  differential  resistance  of 
that  step  was  found  experimentally.  The  typical  sample  on  which  we  will  focuse  is 
the  sample  #4  of  Table  I.  We  observed  a  ZFS  at  V2d  within  an  accuracy  of  2%  15 . 
This  was  confirmed  by  calculating  2\/2  of  the  second  1-D  Fiske  step  voltage  which 
was  measured  by  applying  a  magnetic  field  oriented  parallel  to  one  junction  edge. 
The  lowest  voltage  ZFS  of  these  junctions  is  at  V2 d- 

Furthermore,  two  additionnal  ZFS’s  were  observed,  the  larger  one  (X  step)  at  a 
voltage  Vx  =  V2d+Vid.  The  origins  of  this  X  step  and  of  the  tiny  one  between  V2d  and 
Vx  still  remain  unexplained.  We  found  Vx  =  1.445mV  (Fig.4),  with  a  corresponding 
Josephson  frequency  of  700  GHz.  Applying  an  external  dc  magnetic  field  in  the  plane 
of  the  junction  parallel  to  one  of  the  diagonals,  both  ZFS  at  V2 d  and  at  Vx  disappear 
and  one-  and  two-dimensional  Fiske  steps  appear  instead.  In  particular,  with  a  field 
of  l.lmT  the  two  dimensional  {4,4}-Fiske  resonance  appears  at  a  voltage  V4,4  close 
to  V2D.  The  voltage  I/4)4  of  the  {4,4}  Fiske  step  is  30 fiV  smaller  than  the  voltage  of 
the  IPD  step.  This  difference  can  be  explained  with  the  frequency  dependence  of  the 
Swihart  velocity  16.  The  observed  {4,4}-Fiske  step  is  not  as  steep  as  the  ZFS  at  V2d 
shown  in  Fig.4. 

Both,  the  difference  of  the  step  voltage  as  well  as  the  different  resistance  of  the 
{4,4}-Fiske  steps  and  the  ZFS  at  V2 d  indicate,  that  the  two  steps  are  most  probably 
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Fig.  4.  Current- voltage  characteristic  of  sample  $4  without  external  magnetic  field  and  without 
electron  beam  irradiation  at  T  ~  AK .  V2 d>  14  >  and  Vg  denote  the  voltage  corresponding  to  the 
ZFS  of  IPD,  the  ZFS  of  unknown  origin,  and  the  energy  gap,  respectively. 


due  to  different  dynamical  states  of  the  junction. 

To  obtain  further  information  on  the  dynamical  states  of  the  steps  we  performed 
LTSEM  measurements.  The  voltage  imaging  by  LTSEM  of  the  {4,4}-Fiske  resonance 
clearly  showed  2-D  single-mode  standing- wave  excitation  8’9.  On  the  other  hand,  the 
voltage  image  of  the  ZFS  at  V2d  looked  very  different  (Fig.4).  The  maximum  electron 
beam  induced  decrease  of  the  step  voltage  is  about  lOOnV,  whereas  the  step  voltage 
V2 d  is  1.080m V.  Therefore,  the  LTSEM  technique  is  a  measurement  tool  only  slightly 
perturbing  the  IPD  mode  and  not  destroying  the  dynamical  behavior.  Whether  the 
signature  of  this  image  is  related  to  the  IPD  in  the  junction  is  not  clear  from  the 
LTSEM  studies  alone.  Therefore,  we  performed  extensive  numerical  simulations  of 
the  LTSEM  imaging  procedure.  The  results  will  be  shown  in  the  following  section. 

Qualitatively,  it  is  expected,  that  the  e-beam  is  more  effective  in  slowing  down  the 
soliton  motion  (i.e.,  it  gives  rise  to  larger  signal  response)  when  its  position  coincides 
with  a  point  of  collision  of  two  parallel  soliton-like  wave  fronts  9,  i.e.,  -AV(xo,  yo) 
peaks  are  expected  along  the  two  diagonals.  At  the  center,  within  each  period  two 
collisions  occur.  At  each  of  the  four  junction  corners,  there  is  an  additional  collision 
with  a  virtual  antisoliton  due  to  the  boundary  conditions.  In  these  five  points  one 
might  expect  an  enhancement  of  the  signal  peaks  since  double  collisions  take  place 
during  one  period.  Actually  such  peaks  have  been  detected  as  shown  in  Fig. 5.  It 
displays  the  voltage-image  -AV'(rc0,yo)  of  the  ZFS  at  V2 d  of  sample  #4  with  the 
length  and  width  of  4.3 Aj,  supposed  to  result  from  the  IPD  mode  propagating  along 
the  two  diagonals.  In  addition  to  these  five  signal  peaks,  we  observed  four  peaks  to 
the  middle  of  the  junction  edges  (Fig.5(a)).  Note  that  along  the  boundaries  a  kind  of 
collision  between  two  perpendicular  wave-fronts  occurs.  Since  only  collisions  between 
parallel  wave-fronts  have  been  investigated  9,  nothing  can  be  said  a  priori  about  the 
e-beam  induced  voltage  signal  in  this  case.  We  conclude  that  these  four  peaks  have 
no  qualitative  explanation  but  they  are  well  reproduced  by  the  numerical  simulations 
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0  4.3 

xq  (units  of  Xj) 


Fie.  5.  (a)  Contour  plot  representation  of  the  voltage-image  —  A.V(xo,yo)  of  the  ZFS  at  V2 d 

(sample  #4)  at  T  ~  4 K.  The  dc  bias  current  enters  the  junction  at  the  left  side  and  emerges  at 
the  bottom  one.  The  large  signal  at  the  left  of  the  image  is  due  to  the  larger  total  film  thickness 
in  that  region,  where  a  wiring  layer  is  on  top  of  the  counterelectrode  (see.  Ref.  7  ).  The  junction 
boundaries  lie  between  0  and  4.3  in  both  directions.  The  darker  the  image,  the  larger  the  -av 

(^Voltage  signal  profile -AV(xm,y0)  (in  arbitrary  units)  along  a  linear  vertical  scan  across  the 
middle  of  the  junction  ( x0  =  Xm  =  1/2)  shown  in  (a). 
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as  shown  hereafter. 


6.  Numerical  Results  Including  Electron  Beam  Heating 

We  performed  numerical  simulations  of  the  system  described  by  Eqs.  (1-4).  In 
order  to  simulate  the  effect  of  the  e-beam  we  assume  a  local  increase  of  the  tempera¬ 
ture.  For  a  small  change  of  temperature  (AT  <  IK)  the  dominant  effect  will  result 
in  an  increase  of  the  dissipation  term  a.  For  that  Eq.  (1)  has  to  be  modified  by 
introducing  a  spatial  dependence  for  the  quasi-particle  loss  term  a  (here  a0  denotes 
the  uniform  value  of  the  unperturbed  junction) 


a(x,  y ;  x0,  yo)  =  a0  +  a  i  exp 


(x0  -  x)2 

’(yo  -  y)r 

S 2 

exp 

S 2 

(18) 


where  the  coordinates  (xo5  yo)  identify  the  position  of  the  beam  center,  ai  is  related 
to  the  intensity  of  the  beam,  S  to  the  radius  of  the  area  perturbed  by  the  beam.  For 
each  couple  of  values  ( Xo,yo )  we  get  a  new  partial  differential  equation.  The  asymp¬ 
totic  regime  for  the  IPD  mode  in  such  an  equation  will  differ  from  the  asymptotic 
regime  of  another  one.  Each  regime  will  show  an  average  velocity,  proportional  to  the 
average  voltage  (through  the  Josephson  relation),  that  is  exactly  the  signal  available 
from  the  LTSEM  technique.  By  comparing  the  spatial  distribution  of  AV(xo5yo)  in 
the  asymptotic  regimes  we  will  try  to  recover  the  experimental  signature  of  the  IPD 
pattern.  Consequently,  it  is  therefore  necessary  to  reach  the  asymptotic  regime  avoid¬ 
ing  transients  (we  recall  that  in  the  experiments  the  typical  times  are  much  longer 
than  the  characteristic  times  of  the  fluxons).  This  has  been  done  in  several  steps: 


1)  Determine  the  typical  times  to  reach  a  stationary  state  for  the  beam  perturbed 
system.  It  was  found  that  the  system  stabilizes  in  less  than  500  normalized 
units  with  the  chosen  initial  conditions  12,13; 

2)  Find  the  minimal  time  step  to  stabilize  the  average  voltage  in  order  to  get 
numerical  fluctuations  smaller  than  the  expected  change  AV  (see  also  next 
section  for  a  discussion  on  this  point).  We  have  found  a  value  At  =  0.02  in 
normalized  units; 

3)  Find  the  minimal  step  size  of  the  spatial  grid  for  a  given  radius  5  of  the  hot 
spot,  avoiding  numerical  instabilities  due  to  high  gradients.  It  was  found  that 
the  hot  spot  has  to  contain  3  —  4  grid  points  to  fulfill  this  condition. 


All  the  conditions  were  verified  for  several  sample  cases  with  the  method  of  doubling 
(halving)  the  above  quantities.  In  any  case  the  CFL  coefficient  should  be  high  enough 
to  avoid  numerical  instabilities  12’13.  In  our  case  we  have  found  that  a  value  0.44  of 
this  parameter  is  high  enough  for  our  purpose.  Fig.3  shows  the  2-D  sine-Gordon  field 
$(x,  t )  for  a  typical  set  of  parameters,  including  the  electron  beam  perturbation.  Note 
that  the  presence  of  the  hot  spot  does  not  induce  any  significant  field  deformation. 
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7.  The  Physical  Parameters 

In  addition  to  the  numerical  parameters,  that  were  fixed  with  the  procedure  de¬ 
scribed  here  above,  in  Eqs.  (7-11,18)  some  other  physical  parameters  appear,  namely, 
a0,  «i,  <$,  f?,  and  l.  In  principle  we  can  get  these  parameters  from  the  experimental 
tests  except  <*i,  that  could  be  calibrated  for  instance  from  the  maximum  electron 
beam  induced  voltage  change.  In  practice  the  accuracy  of  an  estimate  of  some  of  the 
parameters  is  rather  poor;  in  particular  the  dissipation  terms  (a0  and  ai)  and  the 
radius  of  the  hot  spot  (<5)  can  be  determined  only  with  an  accuracy  that  is  of  the  same 
order  of  magnitude  than  the  measured  signal,  while  the  current  and  the  normalized 
length  can  be  measured  within  an  accuracy  of  about  5%.  Therefore,  to  be  sure  that 
the  results  of  the  numerical  simulations  have  a  physical  meaning  one  should  explore 
the  parameter  range  widely  enough  to  cover  the  experimental  values.  This  was  done 
in  different  steps: 

1)  The  homogeneous  dissipation  ap.  For  real  junctions  the  determination  of  the 
dissipation  is  very  difficult;  the  expected  value  lies  between  a0  ~  0.001  and 
<*o  —  0.01.  Since  small  values  of  dissipation  increase  the  CPU  time  we  choose 
the  highest  estimates  :  a0  =  0.01  and  a0  =  0.02.  For  several  sample  runs  we 
have  not  found  any  significant  difference  in  the  results  for  these  two  a0  values. 

2)  The  localized  dissipation  cc\.  This  value  is  not  directly  accessible,  but  it  can 
be  roughly  estimated  in  the  following  way:  Measuring  the  maximum  signal  of 
the  LTSEM  and  then  increasing  a i  until  the  same  signal  is  recovered  through 
the  numerical  simulations.  For  instance,  in  our  case,  where  the  LTSEM  signal 
gives  rise  to  a  change  of  0.1  -4  0.01%  of  the  voltage,  one  should  increase  ai  until 
the  asymptotic  voltage  in  the  most  ” sensitive  point”  is  decreased  by  the  same 
amount  in  the  simulations.  In  practice,  to  recover  such  a  small  relative  voltage 
change  (10-3  4- 10“ 4),  we  need  to  measure  the  voltage  numerically  with  a  higher 
precision  (i.e.,  10-5  4- 10-6).  However,  with  increasing  precision  the  simulation 
takes  longer.  Then  by  increasing  ai  we  have  increased  the  maximum  signal 
up  to  1%  of  the  maximum  voltage,  i.e.  to  a  value  that  is  still  small  enough 
to  assume  that  we  are  in  the  limit  of  small  perturbations  (note  that  in  Fig. 3 
the  perturbation  due  to  the  beam  is  not  visible).  This  allows  us  to  work  with  a 
smaller  precision  and  to  keep  the  computational  time  within  a  reasonable  range. 
Again  for  some  cases  the  value  has  been  halved  to  check  that  no  significant 
changes  occur. 

3)  The  actual  value  of  the  radius  of  the  area  perturbed  by  the  beam  5.  It  was  found 
by  changing  6  in  the  range  that  is  expected  from  the  experiments  (Aj/6  <  S  < 
Aj/2),  namely  that  the  characteristic  length  scales  of  the  LTSEM-like  pattern 
are  larger  or  comparable  to  S.  We  extract  from  those  measurements  an  average 
value  of  S  of  about  0.15Aj.  The  qualitative  features  of  the  LTSEM-like  pattern 
are  conserved  in  the  above  S  range. 
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4)  The  bias  current  77.  We  have  checked  that  the  IPD  is  stable  and  that  the 
simulated  LTSEM  signal  does  not  change  significantly  in  the  current  range  of 
0.15  <  77  <  0.6.  Below  the  minimal  threshold  the  simulated  beam  destroys 
the  fluxons  and  a  switch  to  the  zero  voltage  state  occurs,  as  it  has  been  also 
observed  in  the  experiments.  Above  this  range  the  switch  occurs  towards  higher 
voltage  (McCumber-like  solutions). 

5)  The  normalized  length.  We  keep  l  around  4A j  in  order  to  be  consistent  with  the 
previous  numerical  observations  12  and  the  experiments  showing  that  the  IPD 
mode  disappears  for  longer  junctions. 

The  IPD  mode  signature  extracted  from  numerical  simulations  is  the  presence  of 
a  large  signal  at  the  junction  center,  at  the  four  corners,  and  in  the  middle  of  the 
boundaries  (see  Fig.6).  All  such  peaks  are  clearly  observed  in  the  experiment  but  the 
relative  height  of  the  peaks  differs  between  experiment  and  simulation  (see  Figs. 5(b) 
and  6(b)).  As  already  mentionned,  the  absolute  voltage  change  cannot  be  compared. 
The  qualitative  similarity  between  the  simulated  signal  and  the  experimental  one  is 
systematically  found  in  a  large  range  of  parameters. 

8.  Conclusion 

The  IPD  mode  seems  to  be  stable  only  for  suitable  values  of  the  junction  parame¬ 
ters  (l,  a ,  77)  12,13.  In  addition,  an  instability  can  also  occur  due  to  the  e-beam  which 
induces  a  transition  to  another  state.  As  already  mentioned  in  the  introduction,  the 
existence  of  a  2-D  solitary  wave  type  solution  for  such  a  system  seems  less  realistic 
than  the  signature  of  a  resonance  phenonemon.  This  is  mainly  deduced  from  the 
mathematical  state  of  the  art  17,18’19  and  is  still  an  open  problem.  Experimentally 
we  also  recall  that  the  junction  length  should  lie  in  the  intermediate  range  rather 
than  in  the  extreme  case  l  »  1.  If  one  interprets  the  IV C  branch  at  a  voltage 
V  =  2y/2Vi d  as  an  IPD  mode  branch,  the  experiments  give  also  the  bias  range  of  sta¬ 
bility  of  such  a  mode.  A  comparison  with  numerical  data  is  less  reliable  because  close 
to  the  switch  point  the  dissipation  terms,  in  particular  the  /9-term,  become  important 
20 .  In  our  simulations  for  sake  of  simplicity  we  have  renormalized  the  a-term  to  take 
into  account  the  /9-term.  Moreover  the  fact  that  we  neglect  noise  effects  leads  us  to 
conclude  that  only  a  qualitative  agreement  might  be  expected.  In  fact  simulations 
show  the  instability  at  the  top  of  the  step  to  occur  at  a  value  77  ~  0.7,  which  is  much 
higher  than  the  experimentally  observed  value  (77  ~  0.32).  But  under  the  light  of  our 
previous  discussion,  such  discrepancy  is  expected. 

A  different  case  is  the  instability  due  to  the  presence  of  the  e-beam.  There  exists  a 
maximum  threshold  for  both  the  intensity  of  the  beam  spot  and  its  size,  above  which 
the  IPD  mode  is  destroyed.  When  the  IPD  mode  is  destroyed,  new  dynamical  states 
occur.  We  have  numerically  observed  a  quasi  1-D  mode,  the  V  =  0  state  (fluxons 
annihilation),  or  the  McCumber  state.  The  1-D  dynamics  can  be  induced  by  the 
spot  probably  because  the  spot,  except  for  very  special  points,  destroys  the  specific 
symmetry  of  the  square  cross  type  biased  junctions  and  the  propagation  along  only 
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Fig.  6.  (a)  The  numerically  simulated  two-dimensional  LTSEM  signal.  Parameters  of  the  simula¬ 

tions  are:  <*i  =  0.4,  6  =  0.17,  a0  =  0.02,  l  =  4,  r)  =  0.2.  The  bias  current  orientation  is  the 
same  as  in  Fig. (5) 

(b)  The  simulated  LTSEM  signal  —  AV(xm,  yo )  in  normalized  units  (n.u.)  across  the  Xm  —  // 2  — 
2  section  of  the  junction.  Parameters  of  the  simulations  are:  <*1  =  0.4,  S  —  0.17,  a0  =  0.02, 
4,  r?  =  0.2,  xm  =  2. 
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one  direction  seems  to  be  favored.  In  fact  the  IPD  mode  is  possible  only  if  a  diagonal 
is  an  axis  of  symmetry  for  the  junction.  However,  this  is  in  general  not  any  more  the 
case  when  the  beam  spot  is  present.  For  a  given  set  of  parameters,  the  energy  of  the 
beam  will  determine  the  threshold  value  for  the  disapperance  of  the  IPD  mode.  The 
efficiency  of  the  beam  Eb  can  be  estimated  from  Eq.  (18)  to  be 

Eb  oc  axS2  .  (19) 


In  Table  2  the  threshold  value  for  two  different  values  of  a0  are  reported,  indicating 
that  Eq.  (19)  gives  a  good  preliminary  estimation  for  the  transition  region  between 
the  IPD  and  other  types  of  dynamics.  The  other  parameters  of  the  simulations  are 


1  =  4  and  rj  =  0.2. 


<*0 

5 

a  i 

otxP 

0.01 

0.32 

0.7  ±0.1 

0.072  ±0.010 

0.01 

0.40 

0.42  ±0.06 

0.067  ±  0.010 

0.01 

0.48 

0.42  ±  0.06 

0.097  ±  0.014 

0.02 

0.32 

0.36  ±  0.04 

0.037  ±  0.004 

0.02 

0.40 

0.22  ±  0.02 

0.035  ±  0.003 

0.02 

0.48 

0.15  ±  0.05 

0.035  ±  0.012 

Table  2. 
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ABSTRACT 

The  rising  interest  in  the  test  of  quantum  physics  at  the  macroscopic  level  has 
focused  attention  toward  Josephson  devices  as  the  natural  candidates  for  crucial 
experiments,  mainly  for  their  property  of  having  some  macroscopic  degree  of  free¬ 
dom,  e.g.,  the  flux  in  a  SQUID,  whose  behavior  is  directly  subject  to  the  laws 
of  quantum  mechanics.  The  new  proposed  experiments  include  a  test  of  the  so- 
called  Macroscopic  Quantum  Coherency  (MQC)  which  would  exist  in  a  two-state 
(macroscopic)  system  if  the  laws  of  quantum  mechanics  have  to  be  obeyed.  The 
essential  parameter  in  any  MQC  experiment  is  the  tunnel  frequency  between  the 
two  states  that  fixes  the  timescale  of  the  coherent  quantum  oscillations.  Typically 
the  tunnel  frequency  depends  critically  on  the  barrier  height  between  the  two  states 
in  the  form  of  an  exponential  times  a  (less  critical)  term  known  as  the  ‘pre-factor’ 
(Arrhenius  law).  The  tunnel  frequency  for  a  SQUID  with  double- well  potential 
is  evaluated  numerically  and  compared  with  the  standard  perturbative  approach 
(WKB),  for  a  quadratic-plus-quartic  and  a  SQUID  potential,  in  order  to  predict 
the  dependence  in  the  quantum  limit  of  both  the  pre-factor  and  the  exponential  on 
the  barrier  height.  The  relation  between  these  and  the  SQUID  parameters  is  an 
important  result  to  predict  the  feasibility  of  the  whole  procedure,  so  an  investiga¬ 
tion  of  a  real-life  MQC  experiment  is  carried  out  for  both  a  simple  rf-SQUID  and  a 
configuration  developed  by  Lukens  et  al.  to  study  the  thermal  branch  of  the  Ar¬ 
rhenius  law.  We  conclude  with  some  hints  to  the  problem  of  controlling  dissipation 
and/or  coupling  of  the  system  with  the  external  world,  which  typically  destroy  the 
quantum  coherency  properties. 


1.  MQC  Experiment  with  an  RF-SQUID 

It  is  a  well  known  result  of  elementary  Quantum  Mechanics  that  a  system  with 
two  equivalent  states  may  undergo  coherent  oscillations  between  these.  The  two-state 
systems  are  typically  characterized  by  an  observable,  for  example,  the  position  in  a 
double  well  potential.  The  coherent  oscillation  signals  nothing  more  than  the  tun¬ 
nelling  through  the  barrier.  An  MQC  experiment  is  mainly  devoted  to  demonstrate 
the  existence  of  quantum  coherent  oscillations  for  a  variable  describing  a  macroscopic 
number  of  particles  (~  1010).  From  this  experiment  it  is  possible  extract  interesting 
consequences  for  both  the  Macro  Realistic  theories  equivalent  to  QM  and  the  so-called 
Non-Invasive  Measurement  property  (NIM)2,3. 

The  RF-SQUID  appears  as  a  natural  device  for  an  MQC  experiment1.  The  RF- 
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SQUID  potential  is: 

v(*)  =  ^(* -*-)*-! (1) 

where  (f>ext  is  an  external  magnetic  flux,  <f>0  is  the  flux  quantum,  L  is  the  self-inductance 
of  the  ring.  If  we  take  (j>ext  =  <f> 0/2  the  potential  is  of  double  well  type  with  two  equal 
minima  (symmetric  potential).  The  variable  that  is  involved  in  the  tunnelling  in 
the  double  well  is  just  the  magnetic  flux  in  the  ring;  this  variable  can  be  considered 
‘macroscopic’  because  the  associated  current  involves  a  very  large  number  of  particles 
(see  ref.2  for  a  critical  comment  about  this). 

An  MQC  experiment  with  an  RF-SQUID  can  be  outlined  as  follows:  suppose  we 
start  the  RF-SQUID  at  time  zero  in  the  left  well;  then  the  system  oscillates  between 
the  two  wells,  and  according  to  QM  the  difference  P(t )  between  the  probabilities  Pl 
and  Pr ,  to  find  the  system  in  the  left  or  in  the  right  well,  will  be  given  by  P{t)  = 
cos  ujt  where  uoT  is  the  tunnelling  frequency.  Therefore,  performing  a  measurement4 
at  t  =  k/2(jOT,  one  has  to  find  P(t)  -  0,  so  Pr  =  0  and  PL  -  Pr  -  50%.  By  repeating 
the  measurement  many  times,  exactly  with  the  same  procedure,  these  values  can  be 
checked.  By  performing  a  set  of  measuring  at  t  —  one  gets:  P(t)  =  —1,  and 

so  PL  =  0%  and  PR  -  100%,  i.e.,  the  flux  will  be  found  always  in  the  right  state.  Of 
course,  with  no  quantum  interference,  but  with  a  mixture  of  states,  we  always  should 
found  PL  =  50%,  Pr  =  50%  5. 

One  of  the  main  problems  in  this  experiment  arises  from  the  tunnelling  frequency, 
whose  values,  at  least  in  order  of  magnitude,  will  be  known  in  advance.  Unfortu¬ 
nately,  the  nature  of  the  tunnelling  phenomena  is  such  that  the  tunnelling  frequency 
depends  exponentially  on  the  barrier  height,  so  a  small  difference  in  the  parameters 
which  determine  the  barrier  height  can  reflect  fatally  on  the  tunnelling  frequency, 
shifting  it  by  many  orders  of  magnitude.  Another  limitation  which  influences  the 
tunnelling  frequency  comes  from  the  effects  of  the  dissipation1’6  in  the  system,  which 
produces  a  decrease  of  the  tunnelling  frequency  and  a  damping  of  the  quantum  co¬ 
herent  oscillations.  For  this  reason  the  experiment  must  be  performed  at  very  low 
temperature,  typically  T  ~  10  mK. 

2.  Schrodinger  Equation  for  the  SQUID  Quantum  Behavior 

The  conjugate  variable  to  the  flux  is  the  charge  Q,  so  we  can  introduce  the  mo¬ 
mentum  operator  as  Q  =  On  the  other  hand  the  Hamiltonian  of  the  RF-SQUID 
is  written  as  the  sum  of  the  potential  plus  the  kinetic  term  due  to  the  charge: 

n  =  ^  +  vW  (2) 

where  C  is  the  capacitance  of  the  SQUID.  Both  the  momentum  and  the  potential  can 
be  written  in  terms  of  a  scaled  angular  variable  in  order  to  scale  the  energy 
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levels  to  the  SQUID  typical  energies.  So  we  obtain: 


Q  hZn  d 
i  (j)Q  da 

(3) 

V(4)  =  *£f(a) 

with  i 

/(a)  =  2fca2  +  cosa 

(4) 

(5) 

where  /?L  =  2tcLI0/<I>o-  We  note  that  in  writing  the  potential  we  assume  that  the 
SQUID  is  biased  by  o/2,  i.e.,  a  — >  a  —  7r,  so  the  potential  is  in  the  form  of  a  double 
well  with  two  symmetric  minima. 

A  Schrodinger  equation  can  be  written  following  the  standard  procedure  of  substi¬ 
tuting  momentum  with  the  momentum  operator  in  the  Hamiltonian  and  then  writing 
the  eigenvalue  problem  for  the  Hamilton  operator: 

Now  set: 

4e2 

Ec=  2C  charSinS  energy 

(6) 

(7) 

Ej  =  Josephson  energy 

(8) 

Ep  —  %u)p  plasma  energy 

(9) 

where  up  is  the  Josephson  plasma  frequency.  Then  introduce  Ejp  =  Ej / Ep  and 
Epc  =  EpjEc\  moreover,  it  can  be  shown  that  Epc  =  2 Ejp.  Finally  the  Schrodinger 
equation  can  be  written  as: 

£*  =  2  Ejp[Eipf(a)-E'} 

(10) 

where  E'  =  E/Ep,  i.e .,  energies  are  scaled  with  respect  to  the  plasma  energy. 


3.  Solutions  of  Schrodinger  Equation 

The  above  Schrodinger  equation  was  solved  numerically  in  order  to  find  the  first 
two  energy  levels  corresponding  to  a  symmetric  or  antisymmetric  wavefunction.  These 
can  be  obtained  with  repeated  integrations  of  the  first  order  system  of  differential 
equations  equivalent  to  the  Schrodinger  equation  from  the  origin  with  two  different 
initial  data  on  the  wavefunction  and  its  derivative.  The  value  of  the  energy  is  adapted 
until  the  correct  behavior  of  the  wavefunction  at  the  infinity  is  found.  Though  very 
simple  the  method  is  very  precise  as  we  see  below  at  least  to  a  difference  in  the  energy 
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Fig.  1.  Normalized  wavefunctions  for  Ejp  —  5  (O  and  X).  and  Ejp  —  15  (A  and  *).  The  plot 
shows  only  the  wavefunctions  on  the  left  well  of  the  potential. 


levels  of  about  10“10.  Results  for  the  wavefuction  are  shown  in  Fig.  1.  where  we  can 
see  the  symmetric  and  the  antisymmetric  wavefunctions  for  two  values  of  Ejp. 

4.  The  WKB  Regime:  Quantum  Arrhenius  Law 

The  tunnelling  frequency  is  defined  as  the  difference  of  two  energy  levels  divided 
by  h.  In  our  units  this  difference  gives  directly  the  order  of  magnitude  of  the  tunnel 
frequency  with  respect  to  the  plasma  frequency  of  the  two  junctions  making  the 
SQUID.  The  dependence  of  the  tunnelling  frequency  on  barrier  height,  which  is  a 
function  of  (3L  and  Ejp,  is  reported  in  the  log-lin  plot  of  Fig.  2  for  different  values  of 
the  parameters. 

We  note  that,  except  for  very  small  values  of  the  barrier,  the  dependences  shown 
in  Fig.  2  are,  as  a  function  of  Ejp  alone,  essentially  linear  when  on  the  ordinate 
is  plotted  the  log  of  the  tunnelling  frequency.  This  means  that  tunnelling  obeys  a 
(Quantum)-Arrhenius  law  of  the  type: 

(11) 

where  A U  is  the  normalized  barrier  height  (note  that  A U  is  given  by  Ejp  times  a  /?l 
dependent  function).  A.  and  R,  known  as  the  prefactor  and  the  exponential  can 
be  fitted  directly  from  our  data.  The  results  are  collected  in  Fig.  3  as  a  function  of 
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Fig.  2.  Arrhenius  plots  for  the  following  values  of  fa  starting  from  the  left  1.2,  1.5,  1.8,  2.0,  2.5 
and  3.0.  For  a  fixed  fa  the  plots  are  obtained  varying  the  parameter  Ejp. 

the  parameter  fa.  We  note  that  the  prefactor  variation  is  small,  as  can  be  predicted 
by  the  WKB  approach,  and  it  does  not  influence  the  order  of  magnitude  of  lot-  On 
the  other  hand  the  exponential  is  very  sensitive  to  the  variation  in  fa  for  fa  1; 
moreover,  its  variation  can  change  drastically  the  tunnel  frequency. 

Another  prediction  about  the  tunnelling  frequencies  can  be  made  by  the  WKB 
method  if  the  height  of  the  barrier  is  sufficiently  large.  For  example,  for  a  quartic 
plus  quadratic  potential7  the  exponential  is  also  shown  in  Fig.  3;  we  see  that  for  large 
values  of  fa  the  values  tend  toward  the  same  limit.  On  the  same  plot  is  shown  also 
a  WKB  result  for  small  values  of  fa  obtained  with  the  SQUID  potential8;  the  result 
appears  to  be  between  the  numerical  and  the  quartic  plus  quadratic  WKB  result,  but 
somewhat  nearer  the  perturbative  one. 

We  note  that  in  order  to  make  an  MQC  experiment  feasible  the  tunnel  frequencies 
have  to  be  of  the  order  105  — 106  Hz5.  This  means  that  the  SQUID  must  be  fabricated 
with  a  precision  less  than  1%  in  view  of  the  critical  exponential  dependence  of  the 
tunnelling  frequency  on  the  barrier  height.  Alternatively,  a  different  configuration 
can  be  studied. 
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Fig.  3.  Prefactor  A  and  exponential  B  as  function  of  /3l-  The  dotted  line  present  the  WKB 
results  for  the  quadratic  plus  quartic  potential  with  a  SQUID-like  barrier  height  of  the  type  ~ 
J0^0(  1  -  f(pmin)).  The  bold  line  are  the  WKB  results  obtained  for  the  SQUID  potential. 


5.  Tunability  of  Tunnel  lYequencies:  Double  RF-SQUID  Configuration 

A  valid  alternative  to  the  simple  RF-SQUID  is  the  double  RF-SQUID  shown  in 
Fig.  4. 

This  configuration  was  introduced  by  Han  it  et  al.9  to  study  the  thermal  branch  of 
the  (Classical)  Arrhenius  law,  i.e.,  the  thermal  hopping  of  the  flux  above  the  double 
well  barrier.  The  analysis  of  the  double  DC-SQUID  leads  to  the  following  Schrodinger 
equation  for  its  quantum  behavior  (refer  to  Fig.  4  for  the  various  parameters): 

-  Ec„ ^  -  Ecr^V  +  Bif  la, ff)9  =  E 4  (12) 

with:  .  . 

f(a,  ft)  =  ±-c?  +  +  cos  (^f~)  cos  a  (13) 

where  a:  and  (3  are,  respectively,  the  scaled  fluxes  in  the  large  and  small  rings;  (30  is 
the  static  flux  in  the  small  ring.  We  note  that  the  main  difference  is  that  now  we 
have  two  degrees  of  freedom. 

For  /?p  <<  1  <  fio  the  potential  is  again  a  double  well,  but  two-dimensional.  In 
this  limit  the  Schrodinger  equation  can  be  separated  and  the  perturbation  introduced 
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Fig.  4.  Double  RF-SQUID  configuration.  Junctions  are  assumed  have  the  same  Josephson  current 
I0  and  capacitance  C ;  represent  the  phase  across  the  junction. 


by  the  other  degree  of  freedom  can  be  treated  perturbatively.  To  the  first  order  in 
(3p  the  potential  reads: 

/(cr,  0)  ~  +  cos  y  cos  a  -  ^  sin  y  cos  a  (14) 

We  note  that  the  coefficient  of  the  cosine  term,  i.e.,  the  effective  Josephson  current, 
is  now  controlled  by  the  static  flux  /30  biased  in  the  small  ring.  So  the  main  difference 
with  respect  to  the  previous  case  is  that  the  barrier  can  be  lowered  by  putting  mag¬ 
netic  flux  into  the  small  ring.  The  above  potential  can  be  considered  as  a  first  step 
toward  an  ‘effective’  potential  for  the  large  ring  flux  variable  by  setting  the  values  of 
the  small  flux  ring  to  its  ‘most  probable’  value  using  an  ‘effective’  action  calculation10 
similar  to  that  performed  by  Chen11.  However,  here  we  limit  ourselves  to  study  only 
the  effect  on  the  tunnelling  of  the  flux  controlled  barrier,  i.e.,  we  study  only  the  first 
two  terms  of  the  potential,  which  are  independent  of  ft.  The  results  are  reported  in 
Fig.  5  for  some  values  of  /3q-  We  see  that  the  tunnelling  frequency  is  tunable  over 
many  orders  of  magnitude  just  by  putting  a  small  fraction  of  a  flux  quantum  into  the 
small  ring. 


6.  Real  Life  Parameters  and  the  Problem  of  Dissipation  Effects 

From  the  above  data  we  note  that  the  values  of  Ejp  have  to  be  the  smallest  possible. 
However,  this  is  severely  limited  by  the  fabrication  standards  of  the  junctions  in  the 
SQUID,  in  fact: 

Ejp  ~  56.73  • 


h 

1 

2 

c 

10/M 

.100  fF 

(15) 
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Fig.  5.  Arrhenius  plots  by  tuning  procedure,  from  the  top  fio  —  1-2,  1.3,  1.4.  Values  of  Ejp 
respectively  50,  40  and  30. 


are 


The  data  reported  in  the  square  parentheses  are  typical  for  1  fim  X  1  fim  junctions, 
so  a  further  improvement  can  be  obtained  only  with  submicron  junctions  or  with 
very  small  critical  currents  that  are  not  simple  to  obtain.  On  the  other  hand,  the 
alternative  is  use  small  values  of  /?£,  (/ So ),  typically  less  than  1.5. 

Until  now  we  have  ignored  the  effect  of  the  dissipation  that  in  general  reduce  the 
tunnelling  effects1.  More  precisely  it  can  be  shown  that  the  (Quantum)  branch  of  the 
Arrhenius  law  can  be  written  as6  (to  the  first  order  of  the  perturbation  theory  in  Q , 
where  Q  is  the  quality  factor  of  the  system): 

uT  =  A'exp-BAU-C'Q  (16) 

where  A!  is  a  prefactor  different  from  A  and  slightly  dependent  on  Q.  Both  A’  and  C 
can  be  predicted  for  any  two-level  (double  well)  system  using  the  theory  of  Caldeira 
and  Leggett.  The  same  predictions  can  be  obtained  also  by  adding  a  dissipative  term 
in  the  standard  quantum  mechanics12. 

From  a  theoretical  point  of  view  the  knowledge  of  the  Q  =  UjRC ,  in  which  R 
is  the  equivalent  noise  resistor  of  the  Josephson  junction  in  the  SQUID,  would  seem 
to  solve  completely  the  problem  of  knowing  the  damping  effects.  However,  the  main 
difficulties  in  the  treatment  of  the  damping  mechanism  can  be  stated  as  follows:  i) 
Is  the  damping  mechanism  in  the  SQUID  ohmic?  ii)  If  the  damping  mechanism  can 
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be  assumed  ohmic,  what  is  the  relevant  resistance  that  models  the  damping  in  the 
SQUID? 

Regarding  point  i)  we  note  that  a  Josephson  junction  can  hardly  be  considered  as 
an  ohmic  component  due  to  the  complex  structure  below  the  gap  in  its  I-V  charac¬ 
teristic.  We  note  that  for  some  data  reported  by  Han  et  al.9  in  the  thermal  hopping 
regime,  in  which  the  order  of  magnitude  of  resistance  used  to  fit  the  experimental 
data  is  just  that  of  Rn ,  the  values  found  can  be  explained  as  follows:  if  we  think 
of  the  oscillation  as  a  classical  trajectory  above  the  barrier,  as  is  surely  verified  for 
the  thermal  hopping,  the  nonlinearity  in  the  I-V  characteristic  involves  an  infinite 
number  of  frequencies.  So,  since  the  frequencies  above  the  gap  are  the  dominating 
ones  in  the  variance  of  the  process,  the  results  will  be  that  the  dissipation  occurs  with 
the  normal  resistance  Rn.  However,  the  large  indetermination  in  the  values  of  the 
resistance  found  by  Han  et  al  cannot  permit  drawing  definite  conclusions.  We  note 
that:  1)  especially  in  the  so-called  intermediate  damping  regime  the  deduction  of  the 
values  of  the  resistance  from  the  escape  rate  can  be  affected  by  a  relatively  large  error 
due  to  the  poor  dependence  of  the  prefactor  on  the  loss;  2)  it  will  be  reasonable  that 
at  very  low  temperature  the  gap  structure  will  play  a  role  in  the  sense  that  the  losses 
decrease  due  to  the  shortage  of  the  quasiparticle  carriers  below  the  gap;  anyway  the 
resistance  will  not  attain  the  values  of  the  subgap  resistance  if  we  assume  that  the 
data  for  the  single  junction13  are  comparable  with  those  for  the  SQUID.  The  combi¬ 
nation  of  these  two  facts  probably  explains  both  the  large  indetermination  and  the 
resistance  values  found  by  Han  et  al  in  their  work. 
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ABSTRACT 

The  existence  and  stability  of  phase  locking  in  arrays  of  Josephson  junctions  closed 
in  a  superconducting  loop  (ACISL)  is  analyzed.  The  existence  of  multiple  dynamical 
states  is  shown  using  a  transformation  of  the  dynamical  equations  of  ACISL  to  the 
dynamical  equations  of  dc  SQUID.  The  voltage  -  flux  dependencies  of  ACISL  for 
different  numbers  of  junctions  is  calculated  and  the  stability  is  determined  using 
the  method  of  Floquet  exponents.  It  is  shown  that  disorder  influences  significantly 
the  stability. 


1.  Introduction 

The  circuit  consisting  of  two  series  arrays  of  Josephson  junctions  closed  in  a  super¬ 
conducting  loop  (ACISL)  can  be  considered  as  an  extension  of  a  dc  SQUID.  Because 
of  the  presence  of  arrays  of  Josephson  junctions  instead  of  single  junctions  in  the 
SQUID  loop,  coherence  effects  (mutual  phase  locking  between  junctions)  play  im¬ 
portant  role  and  influence  the  total  dynamical  behaviour  of  the  ACISL.  Unlike  for 
the  dc  SQUID,  where  the  static  and  dynamic  properties  are  rather  well  understood, 
the  properties  of  ACISL  still  have  to  be  investigated. 

Some  static  properties  of  this  kind  of  circuit  have  been  studied1,2,  and  it  has  been 
shown  that,  in  the  loop,  multiple  quantum  states  can  exists  even  for  a  negligible 
loop  inductance  providing  that  the  total  number  of  junctions  is  larger  than  four3,4. 
ACSIL  have  also  been  studied  in  the  context  of  some  particular  applications.  The 
response  to  external  radiation  and  its  possible  application  as  voltage  standard  has 
been  discussed  by  Kobayashi  et  al.5.  A  modified  circuit  used  as  an  amplifier  has  been 
described  by  McDonald6  and  the  possible  application  as  a  magnetic  field  sensor  has 
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also  been  analysed7.  However,  a  systematical  study  of  synchronisation  of  junctions 
(phase  locking)  which  plays  a  crucial  role  in  the  dynamical  behaviour  of  ACISL  has 
not  been  done  yet  (some  preliminary  studies  based  on  computer  simulation  were 
reported  by  Darula  et  aL8).  Moreover,  understanding  of  phase  locking  in  this  circuit 
will  give  the  possibility  of  application  of  ACISL  as  microwave  oscillators,  mixers  and 
parametric  amplifiers9. 

Recently,  ACISL  consisting  of  four  high  T c  superconductor  bicrystal  Josephson 
junctions  have  been  fabricated10.  In  spite  of  a  relatively  large  spread  in  junction  pa¬ 
rameters  the  phase  locking  of  all  junction  has  been  observed.  Experiments  supported 
by  computer  simulations  showed  the  enhancement  of  stability  of  phase  locking  due 
to  an  internal  circuit  resonance11. 

In  the  present  paper  we  concentrate  on  the  description  of  basic  dynamical  proper¬ 
ties  of  ACISL.  Using  a  transformation  of  the  equations  of  ACISL  to  the  equations  of 
a  dc  SQUID  we  dramatically  simplify  the  analysis.  We  calculate  voltage  -  flux  depen¬ 
dencies  of  ACISL  and  show  the  existence  of  multiple  dynamical  states  depending  on 
the  number  of  junctions  in  the  arrays.  Applying  the  Floquet  exponent  method,  the 
stability  of  these  state  is  analysed.  The  influence  of  disorder  in  the  form  of  spread  in 
critical  current  is  taken  into  account. 

2.  Model  Description 

The  circuit  under  consideration  (Fig.l)  consists  of  two  series  arrays  of  Josephson 
junctions  where  each  of  them  contains  M  junctions. 


Fig.  1.  Equivalent  circuit  of  two  arrays  of  Josephson  junctions  closed  in  a  superconducting  loop. 

The  j-th  junction  in  the  k- th  array  have  critical  current  Ick,j-  This  can  be  ex¬ 
pressed  using  spread  parameters  as  Ickj  =  (1  +  where  Ic  is  the  average 

value  of  all  critical  currents.  We  define  the  maximum  spread  as  crIc  =  max|£j[*-|.  We 
will  assume  that  the  junctions  have  identical  McCumber  parameter  fie-  Recently, 
it  was  shown  that  the  spread  in  McCumber  parameters  has  a  weaker  influence  on 
the  phase  locking  in  arrays  than  the  spread  in  critical  currents12.  Considering  the 
current  conservation  and  flux  quantization  condition  in  the  superconducting  loop  and 
expressing  currents  through  each  junction  by  applying  the  RCSJ  model  we  obtain  the 
dynamic  equations  of  the  circuit  as 
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(1  +  +  sin(^i,i)]  =  +  &  —  1>2;  j  -  1, ...,M  ,  (1) 

where  <f>s  =  E/U  E^i(“l)VfcJ  +  2^erf,  ¥>ifc,j  are  the  junction  phases,  <j>ext  = 
$ext/®0,  $ext  is  the  external  magnetic  flux  penetrating  the  loop,  /?l  =  2xLJc/$o 
and  4  =  4/.fc.  The  normalized  voltage  across  the  ACISL  can  be  expressed  as 
v  =  (EiLi  E^ii  ^,i)/2-  Its  time  averaged  value  is  denoted  as  v ,  where  averaging 
over  a  time  interval  much  larger  than  all  time  constants  of  the  circuit  is  assumed. 
In  the  same  way  we  define  the  voltage  between  points  A  and  B  in  Fig.l  by  va-b  — 
EL i(-1)* E-ii <j>kj  and  its  average  value  by  va-b- 

3.  Voltage  -  Flux  Dependencies  in  the  Case  of  aIc  =  0 

3.1.  Possible  Dynamical  States 

We  start  to  discuss  the  dynamical  states  of  the  ACISL  for  the  case  of  identical 
junctions:  alc  =  0.  The  ACISL  circuit  is  similar  to  the  dc  SQUID  (which  is  in  fact 
the  ACISL  with  M  =  1)  but  instead  of  one  junction  there  is  an  array  of  junctions 
in  each  branch.  To  examine  the  possibility  of  existence  of  phase  locking  in  this 
circuit  we  suppose  that  the  phases  of  the  junctions  in  each  branch  are  locked,  i.e. 
ipk>j  -  (pk  l  -  ckjh  where  c*,  are  constants.  In  Eqs.(l)  we  extract  from  each  equation 
with  k  =  1  (equations  of  left  branch)  the  equation  with  k  —  1,  j  =  1  and  from  each 
equation  with  k  =  2  (right  branch)  the  equation  with  k  =  2,j  =  1.  Then,  because 
time  derivatives  of  phase  differences  are  zero  due  to  phase  locking,  we  obtain 

coS(^  +^)sm(^^)  =  0,  k  =  l,2;j  =  l,...,M  .  (2) 

2  ^ 

From  (2)  we  see  immediately  that,  in  the  case  of  phase  locking  of  junctions,  the 
phases  of  all  junctions  can  be  expressed  through  phases  and  <p2, 1  as 

(pkj  =  ¥>fc,i  +  2nfcijx,  k  =  1,2;  j  »  1,...,M,  (3) 

where  nkj  =  0,  dhl,±2...(nM  =  0).  Expression  (3)  means  that  the  junctions  in 
each  array  oscillate  in-phase  and  the  voltage  across  each  array  has  an  amplitude  of 
oscillation  which  is  M  times  the  amplitude  of  oscillation  of  an  individual  junction. 
Substituting  (3)  into  eqs.(l),  we  obtain  two  differential  equations: 

PcVkj  +  <Pkj  +  sin(<p*j)  =  — -  ¥>i,i  +  2x«^e/)  +  -,  k  =  1,2  (4) 

where 

M 

<Ff  =n  +  <frtx‘/M,  n  =  £(n2j-  -  «i  j  )/M  and  ffi  =  Pl/M. 
i=i 


(5) 
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The  eqs.(4)  are  formally  identical  to  the  differential  equations  describing  the  dy¬ 
namical  behavior  of  a  dc  SQUID  with  external  flux  (f)e*  and  inductance  parameter  ^ . 
Therefore,  the  dynamical  properties  of  an  ACISL  (in-phase  locking)  can  be  derived 
from  the  well  known  dynamics  of  a  dc  SQUID  and  discussion  of  effective  terms  (5). 
To  analyse  the  possible  dynamical  states,  we  first  assume  no  external  magnetic  flux 
in  the  ACISL,  i.e.,  <f>ext  —  0.  As  known  from  the  theory  of  the  dc  SQUID,  a  shift  of 
external  flux  in  the  dc  SQUID  by  one  flux  quantum  leads  to  the  same  dynamical  state 
(the  state  with  the  same  u),  therefore  the  shift  <j)ef  —  0  — *■  <f>ef  —  1  results  also  in  the 
same  dynamical  state.  Moreover,  because  of  symmetry,  a  change  of  direction  of  the 
magnetic  field  in  a  dc  SQUID  also  does  not  create  a  different  state.  Therefore,  we  can 
confine  ourselves  to  a  study  of  possible  values  of  <f>e *  from  the  interval  <j>e*  £<  0, 1) 
and  as  possible  values  of  n  we  have  n  =  0,1  /AT, ...,  (M  —l)/M.  There  are  M  different 
states  with  different  voltages. 

3.2.  Dynamical  States  of  ACISL  in  a  Magnetic  Field 

It  is  well  known  that  the  voltage  across  a  dc  SQUID  depends  on  magnetic  field. 
The  voltage  flux  dependence  in  a  dc  SQUID  is  a  periodical  function  of  external  flux 
with  period  1  (in  units  of  <&0),  the  modulation  depth  (difference  between  maximal 
and  minimal  voltage)  being  determined  by  /?£,.  The  typical  voltage  -  flux  dependence 
of  a  dc  SQUID  is  shown  in  Fig. 2  in  the  curve  M  =  1. 


Fig.  2.  The  voltage  -  flux  dependence  of  ACISL  containing  identical  junctions  ( aIc  =  0)  calculated 
for  different  number  of  junctions  in  the  arrays.  In  all  cases  fie  =  1,  /^L  —  M  and  ib  =  2.2. 
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As  we  have  seen  in  the  previous  section,  the  electrical  characteristics  of  ACISL 
with  M  >  1  and  among  these  also  voltage  -  flux  dependencies  can  be  calculated  from 
the  corresponding  characteristics  of  the  dc  SQUID  with  effective  values  (5).  Based 
on  (5),  some  general  conclusions  can  be  drawn.  Because  for  a  fixed  external  flux  <j)ext 
<j>ef  can  have  M  different  values  determined  by  possible  values  of  n  the  voltage  -  flux 
dependence  will  be  a  multivaluated  function  of  external  flux  and  will  consist  of  M 
different  curves.  The  period  of  each  curve  is  M,  and,  for  fixed  /?L,  the  modulation 
depth  scales  with  the  number  of  junctions  M.  At  <f>ext  =  0,  the  minimal  value  of 
voltage  occurs  for  n  =  0,  the  maximum  occurs  for  n  =  1/2.  However,  such  state 
is  possible  only  for  odd  M .  The  voltage  -  flux  dependencies  for  different  number  of 
junctions  in  the  arrays  are  shown  in  Fig.2.  The  curves  for  M  >  1  have  been  obtained 
from  the  curve  for  M  =  1  taking  into  account  (5). 

We  note  that  the  state  n  =  0  at  <j>ext  =  0  has  Va-b  =  0  and  v  has  an  amplitude 
of  oscillation  M  times  that  of  the  individual  junction.  In  the  state  with  n  =  1/2,  the 
voltage  v  is  constant  in  time  and  va-b  has  an  amplitude  of  oscillation  2 M  times  that 
of  the  individual  junction.  This  is  an  important  difference  to  a  dc  SQUID,  where, 
without  external  magnetic  field,  it  is  not  possible  to  generate  oscillations  between 
terminals  A-B  (Fig.l). 

3.3.  The  Stability  of  Dynamical  States 

All  results  presented  above  have  been  obtained  under  the  assumption  of  existence 
of  phase  locked  states.  To  justify  these  results,  it  is  necessary  to  analyse  the  dynamical 
stability  of  these  states.  This  can  be  carried  out  by  numerical  calculations  of  the 
Floquet  exponents  A f  for  periodical  solutions  of  (1).  This  approach  is  similar  to  the 
analysis  of  resistively  shunted  series  arrays  (RSSA)  of  Josephson  junctions  by  Hadley 
et  al.13  and  Darula  et  a/.12.  The  number  of  equations  to  be  solved  can  be  dramatically 
reduced  using  the  analogy  between  ACISL  and  dc  SQUID  discussed  above.  The  sign 
of  the  real  part  of  Af  determines  the  stability.  When  defining  \F  —  maxReAf,  the 
stable  phase  locked  state  exists  only  if  AF  <  0.  The  dependence  of  AF  on  magnetic 
flux  in  the  case  of  M  =  2  for  both  n  =  0  and  n  —  1/2  states  and  two  values  of  /?£,  is 
shown  in  Fig.  3. 

It  is  rather  surprising  that,  even  in  the  case  of  identical  junctions,  there  are  in¬ 
tervals  of  magnetic  flux  where  one  state  is  unstable.  As  we  see,  the  length  of  this 
interval  depends  on  circuit  parameters  (compare  Fig. 3  (a)  and  (b)).  The  voltage  - 
flux  dependencies  where  only  the  stable  part  of  characteristics  is  shown  are  given  in 
Fig.4.  At  the  boundary  of  stability,  switching  into  a  different  dynamical  state  occurs 
as  indicated  by  arrows  in  Fig.4. 
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Fig.  3.  Dependence  of  the  Floquet  exponent  XF  on  magnetic  flux  in  the  case  of  an  ACISL  with 
M  =  2  for  both  n  =  0  and  n  =  1/2  dynamical  states.  Dashed  line  represents  the  boundary  of 
stability.  Calculated  for  (a)  =  2,  /3c  —  1,  ib  =  2.2  and  (b)  /?£,  =  1,  Pc  —  1>  —  2-2 


^  ext 

Fig.  4.  The  stable  parts  of  voltage  -  flux  dependencies  of  ACISL  containing  identical  junctions 
(cTc  =  0)  calculated  for  different  number  of  junctions  in  the  arrays.  In  all  cases  /3C  =  1,  PL  =  M 
and  i(>  =  2.2.  The  arrows  indicate  the  switching  into  different  state  at  the  boundary  of  stability  in 
the  case  of  sweeping  the  external  magnetic  field. 


4.  Voltage  -  Flux  Dependencies  in  the  Case  of  <r'c>0 

Disorder  influences  the  phase  locking  in  Josephson  junction  arrays  in  a  negative 
way.  Therefore,  to  obtain  a  true  picture  of  the  dynamical  properties  of  ACISL,  it 
is  necessary  to  take  disorder  into  account.  In  our  model,  disorder  is  controlled  by 
parameters  8lCj.  It  is  necessary  to  define  the  distribution  of  these  parameters.  For 
simplicity  we  will  suppose  that  the  values  of  this  parameters  are  distributed  within 


207 


interval  <  —<jIc,aIc  >  as  S[j  —  (2 (j  —  1  )/(M  —  1)  —  l)crIc.  Applying  the  Floquet 
exponent  method,  it  is  possible  to  calculate  the  region  of  stability  as  it  was  done  in 
the  previous  section.  The  stable  parts  of  the  voltage  -  flux  dependencies  for  different 
<rIc  are  shown  in  Fig.5. 


^  ext 


Fig.  5.  The  stable  parts  of  voltage  -  flux  dependencies  of  ACISL  for  different  spreads  in  critical 
currents  and  number  of  junctions  in  array.  In  all  cases  fic  =  1,  0L  =  M  and  Z&  =  2.2. 

As  it  is  expected,  the  regions  of  stability  decrease  with  increasing  of  disorder. 
This  tendency  also  indicates  that  there  is  a  limit  in  spread  above  which  no  phase 
locking  exists.  From  Fig.5  we  can  estimate  this  limit  to  be  erc  ~  0.15.  Comparing 
the  results  for  M  =  2  and  M  —  8,  we  see  that  this  limit  does  not  depend  on  the 
number  of  junctions  in  the  array.  We  note  that  the  value  of  maximal  allowed  spread 
is  about  two  times  higher  than  the  maximal  spread  in  resistively  shunted  series  array 
of  Josephson  junctions12.  Therefore,  an  enhancement  of  stability  of  phase  locking 
occurs  in  ACISL9.  We  also  see  that  the  highest  stability  at  (j)ext  =  0  has  the  state 
n  —  1/2  (or  the  state  ’’closest”  to  n  =  1/2  in  the  case  of  even  M).  It  means  that 
the  most  stable  state  is  the  state  with  maximal  amplitude  of  oscillation  between  the 
array  terminals  (points  A-B  in  Fig.l). 

5.  Conclusions 

By  calculating  the  voltage  -  flux  dependencies  the  basic  dynamical  properties  of 
circuit  consisting  of  two  arrays  of  Josephson  junctions  closed  in  a  superconducting 
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loop  (ACISL)  have  been  analysed.  It  has  been  shown  that  in  ACISL  with  M  junctions 
in  each  array  the  voltage  -  flux  dependence  is  a  multivaluated  function  of  external 
flux  and  consists  of  M  different  curves.  The  period  of  each  curve  is  M  and,  for  fixed 
inductance  parameter  /?£,  the  modulation  depth  scales  with  the  number  of  junctions 
M.  Using  Floquet  exponent  method  it  has  been  shown  that  there  are  intervals  of 
magnetic  field  where  some  phase  locking  states  are  unstable.  The  width  of  these 
intervals  is  determined  by  circuit  parameters.  In  the  case  of  sweeping  the  magnetic 
field  the  switching  into  a  different  state  occurs  at  the  boundary  of  stability.  Disorder 
reduces  the  stability  region.  The  maximal  spread  in  critical  currents  allowing  stable 
phase  locking  is  aIc  —  0.15.  The  maximal  stability  occurs  in  the  state  with  maximal 
voltage  v  and  this  is  the  state  with  maximal  amplitude  of  oscillation  between  array 
terminals.  The  results  listed  above  support  the  idea  of  application  of  ACISL  as  a 
source  of  coherent  microwave  radiation  in  the  THz  range.  The  enhanced  stability 
against  disorder  also  gives  the  possibility  of  successful  fabrication  of  ACISL  using 
high  T c  superconductor  technology10. 
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ABSTRACT 

A  calculation  is  presented  which  describes  the  behavior  of  a  double  SQUID,  i.e.,  an 
rf-SQUID  in  which  a  dc-SQUID  is  used  instead  of  the  weak-link.  Account  is  taken 
of  possible  differences  between  the  individual  critical  currents  of  the  two  weak-links, 
and  the  asymmetrical  current  feed  of  the  dc-SQUID.  Depending  on  its  parameter  set 
values  and  the  dc  field,  the  system  response  to  the  rf  perturbation  qualitatively  changes. 


1.  Theoretical  model 

Considering  a  traditional  rf-SQUID  and  replacing  the  weak  link  with  a  dc-SQUID, 
what  one  has  is  a  double  SQUID  (D-SQUID).  Thus,  as  shown  in  fig.  1 ,  a  D-SQUID 
consists  of  two  quantization  loops.  The  "dc-loop"  contains  two  Josephson  junctions,  1 
and  2,  and  has  an  inductance  Lj  +Lj.  The  "rf-loop"  is  connected  in  parallel  to  the 
junctions  and  has  an  inductance  Ljf  .  Inductance  Lrf  is  inductively  coupled  to  the  tank 
circuit  LfcCfc  via  a  mutual  inductance  M.  An  rf  current  generator  supplies  the  tank 
circuit  at  its  resonant  frequency.  Therefore,  the  resulting  magnetic  flux  applied  to  the 
rf-loop  is  sine-shaped.  Voltage  picked  up  from  the  tank  circuit  provides  the  D-SQUID 
output  signal.  The  input  signal  magnetic  flux  Oxdc  to  be  measured  is  applied  via  the 
signal  coil  to  the  dc-SQUID.  Because  the  highest  frequency  of  the  signal  flux  spectrum  is 
usually  much  less  than  the  pumping  frequency,  this  flux  can  be  considered  quasiconstant. 


1.  Schematic  diagram  of  a  D-SQUID 
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In  1  it  was  shown  that  the  dynamics  of  a  D-SQUID  can  be  visualized  as  a  motion  in  a  two 
dimensional  potential  given  by: 

U(4>1 , 4>dc )  = - f-j  ^[(<J>xl  -^lJ  +  ^^xdc-^dc)]2  +-y((l)xdc  -4>dc)2  - 

4?rL  l  2  z 

£[(l  +  a)  cos<J>i  +  (l  -  a)  cos((t>i  +  4>dc)]  j 


where  a  =  — — “ 
Icl  +  Jc2 


P  =  2n 


l(ici+ic2) 

O0 


L 

Li  +  L2 


,  $  = 


Li 

li  +  l2 


IT  O/  ) 

L  =  Lrf  4- - L^_  <jjn  =  2n—^~  ,  Oi(Odc)  is  the  flux  inside  ^(T^), 

Lj  +  L2  '  '  O0 

^xl(°xdc)  is  the  fiux  aPPlied  t0  rl(rdc)>  Ici(Ic2 )  is  the  critical  current  through  the 
Josephson  contact  1(2),  and  O0  is  the  flux  quantum.  Here  <xg[0,1],  P>1,  Y>0,  0e[O,l] 
are  the  four  D-SQUID  parameters.  In  what  follows,  the  D-SQUID  will  be  characterized 
by  its  parameter  set  (a;p;y;0). 

In  the  steady  states  cU  /  =  0  and  SU  /  d$dc  =  0.  One  obtains  1  thus,  two 

coupled  equations  with  respect  to  4>  j  and  <j)dc.  There  are  no  analytical  solutions  for  this 
two  equation  set,  so  a  computer  simulation  must  be  used.  One  finds  that  both  <J>j  and  (|>dc 
are  functions  of  <J)X i  and  <i>xdc  having  a  2 n  periodicity  in  both  variables.  It  should  be 
pointed  out  that  because  (j)xdc  is  quasiconstant,  it  must  be  taken  as  a  parameter  in  what 
follows.  Because  of  the  2tc  periodicity,  it  is  enough  to  consider  only  two  cases:  4>xdc=2k7t, 
where  k  is  an  integer  (in  this  case  the  signal  flux  is  an  integer  (1,  2,  3,...)of  quantum)  and 
<j>xdc=  (2k+l)7t  (in  this  case  the  signal  flux  is  half  an  integer  (1/2,  3/2,  5/2,  ...)  of 
quantum).  One  should  look  for  stable  solutions  which  satisfy  the  requirement: 
02u  /  &j>2  >  0  ,  a2U  /  aj)j  >  0  and  a2U  /  >  o.  By  analyzing  1  the  stable 

states  domain  D  given  by  this  set  of  three  inequations  one  finds  that  there  are  three 
qualitatively  different  operating  regimes.  For  each  of  them,  one  representative  example 
will  be  discussed. 


2.  Results 


In  operating  regime  "a",  D  (unshaded  areas  in  fig.2a)  is  a  continuous  domain  with 
respect  to  both  <J)  j  and  <J)dc.  The  representative  example  is  (0;20;200;0.5).  The  conditions 
which  must  be  satisfied  to  have  this  situation  are:  aP<l  and  y  >  max  (y  j ,  Y2  )>  where  y  { 
(lower  signs)  and  y2  (upper  signs)  are  given  by: 
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*1(2)  = 


3(1  -  a2)  ±  [2(1  -  a)  -  4d(l  -  a  +  a$)] 
1  ±  ap 


2.  Operating  regime  "a":  a)  stable  steady  states  domain  D  ( unshaded  areas );  a)  and  b)  the 
operating  point  trajectories  for  different  coordinates  when  the  signal  flux  is  an  integer  of 
flux  quantum  (capital  letters,  dashed  line),  and  a  half  integer  of  flux  quantum  (solid  line). 

In  fig.  2b,  the  flux  inside  Fj  as  a  function  of  the  flux  applied  to  Tj  is  shown  when  the 
signal  flux  is  an  integer  of  flux  quantum  (dashed  line)  and  a  half  integer  of  flux  quantum 
(solid  line).  The  variation  of  the  signal  flux  by  half  the  flux  quantum  implies  that  the 
system  response  to  the  rf  perturbation  changes  from  nonlinear  (irreversible)  to  linear 
(reversible).  This  is  a  new  aspect  for  rf  pumped  SQUIDs.  As  is  well  known  for  traditional 
rf-SQUIDs,  this  can  be  done  only  by  changing  the  value  of  the  (3  parameter  from  less  than 
unity  to  greater  than  unity.  This  behavior  can  be  well  understood  if  one  looks  at  the 
properties  of  the  D  domain  (see  fig. 2a).  When  the  signal  flux  is  an  integer,  the  point 
operation  must  jump  (see  for  example  the  jumps  A-B,  C-D  and  so  on)  over  the  unstable 
steady  states,  while  when  it  is  a  half  integer  there  is  no  need  of  jumps  for  the  point 
operation  to  describe  a  continuous  curve  inside  domain  D. 

If  the  rf  current  amplitude  is  great  enough,  then  a  typical  picture  consists  of  flux 
transitions  (like  A-B  C-D  and  so  on)  between  different  branches  of  the  <J>i(<|)xi) 
characteristic.  What  type  of  flux  transitions  are  these?  They  are  parallel  to  the  ({^  axis 
(see  fig.  2a)  which  means  that  the  flux  inside  dc-loop  does  not  change.  It  changes  only 
inside  the  rf-loop.  Thus  one  can  say  that  these  transitions  are  one  dimensional.  It  it  as  if 
we  have  only  one  quantization  loop  which  participates  in  these  transitions.  From  this  point 
of  view  there  is  no  qualitative  difference  between  the  flux  transition  occurring  during  the 
operation  of  a  one  quantization  loop  SQUID  and  the  D-SQUID.  These  transitions  will  be 
referred  to  as  "type  A".  The  transition  rule  (the  same  as  in  the  case  of  a  traditional  rf- 
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SQUID)  is  that  for  J3  values  much  greater  than  unity,  the  magnitude  of  the  flux  jumps 
inside  the  rf-loop  is  exactly  one  flux  quantum. 

In  operating  regime  "b",  D  (unshaded  areas  in  fig. 3 a)  consists  of  a  joining  of 
bands.  The  representative  example  is  (0.5;20;20;0.5).  The  conditions  which  must  to  be 
satisfied  to  have  this  situation  are: 

|a{3  <  I  fa{3  >  1 

jy  e(max(0,y2)  ,  max(0,y1))  [y  >  max(0,y2) 

Compared  with  operating  regime  "a",  the  situation  remains  unchanged  (see  fig.3b)  when 
the  signal  flux  is  an  integer  of  flux  quantum  (dashed  line)  but  it  qualitatively  changes  when 
it  is  a  half  integer  of  flux  quantum  (solid  line).  In  this  later  case,  the  system  response  is  still 
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a)  b) 

3.  Operating  regime  "b":  a)  stable  steady  states  domain  D  (unshaded  areas);  a)  and  b)  the 
operating  point  trajectories  for  different  coordinates  when  the  signal  flux  is  an  integer  of 
flux  quantum  (capital  letters),  and  a  half  integer  of  flux  quantum  (small  letters,  solid  line). 

nonlinear  but  not  as  strongly  as  in  the  case  when  the  signal  flux  was  an  integer.  Again, 
one  can  look  at  the  (<t>i ,  4>dc )  Plane  (see  fiS-3a)  Qualitatively  there  are  no  differences 
between  how  the  stable  states  domain  D  looks  around  the  lines,  parallel  to  the  (J>^  axis, 
that  pass  through  <j)dc=0  and  <j>dc=jc.  All  transitions  (A-B  C-D  and  so  on,  or  a-b,  c-d  and 
so  on)  are  parallel  to  the  ^  axis,  so  they  are  also  type  A.  Thus,  in  operating  regime  "b”, 
independent  of  the  dc  field  value,  the  system  behaves  nonlinearly  (irreversible). 

In  operating  regime  "c",  D  (unshaded  areas  in  fig.4a)  consists  of  a  joining  of 
islands  in  two  dimensional  space.  The  representative  example  is  (0.2;20;5;0.5).  The 
conditions  which  must  be  satisfied  to  have  this  situation  are: 
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Japcl 

|y  e  (o, min(Yi,y2)) 


fap  >  1 

[Y  e(0,max(0,y2)) 


4.  Operating  regime  "c":  a)  stable  steady  states  domain  D  (unshaded  areas);  a),  b)  and  c)  the 
operating  point  trajectories  for  different  coordinates  when  the  signal  flux  is  an  integer  of 
flux  quantum  (capital  letters) ,  and  a  half  integer  of  flux  quantum  (small  letters,  solid  line). 

When  the  signal  flux  is  an  integer  of  flux  quantum  (dashed  line  in  ftg.4b)  the  system 
behaves  the  same  as  in  the  other  two  operating  regimes.  When  the  signal  flux  is  a  half 
integer  of  flux  quantum  a  new  qualitative  factor  appears  (see  fig.4a):  besides  type  A  flux 
transitions,  like  e-f  or  i-j,  there  is  a  new  type,  B,  like  a-b,  c-d,  g-h,  whose  directions  are 
no  longer  parallel  to  the  (|>i  axis,  meaning  that  the  flux  changes  inside  both  the  dc  and  rf 
loops.  Therefore,  type  B  transitions  are  two  dimensional.  For  this  reason  one  must  have  a 
two  dimensional  representation.  In  fig.4c  the  dependence  of  the  flux  inside  T2  is  shown  as 
a  function  of  the  flux  applied  to  this  path.  In  both  figs.4b  and  4c  the  case  of  the  signal  flux 
having  values  equal  to  half  integers  of  flux  quantum  is  represented  by  a  solid  line.  For  3 
values  much  greater  than  unity,  the  sum  of  the  flux  jumps  occurring  after  a  type  B 
transition  inside  paths  and  T2  is  exactly  one  flux  quantum  (see,  e  g.,  the  a-b  transition 
in  figs.4b  and  4c).  With  variation  of  the  D-SQUID  parameters,  the  magnitude  of  these 
separate  jumps  can  take  all  possible  spectrum  values,  but  the  sum  will  always  be  exactly 
one  flux  quantum.  This  is  the  rule  for  type  B  transitions. 

A  brief  description  of  the  influence  of  the  D-SQUID  parameters  is  as  follows.  P 
has  the  same  influence  as  in  the  case  of  a  traditional  rf-SQUID,  meaning  that  for  higher  p 
one  has  a  larger  hysteresis.  The  values  of  the  other  three  parameters  (a,  y,  0)  decide  under 
what  regime  the  D-SQUID  will  operate.  For  all  possible  values  of  the  parameters  the 
system's  qualitative  behavior  will  be  one  of  the  three  described. 

From  the  theoretical  analysis  developed  here  one  can  completely  describe  from  the 
energetic  point  of  view  the  operation  of  a  D-SQUID.  Therefore,  one  can  separately  obtain 


the  output  characteristics  (the  average  voltage  as  a  function  of  current  amplitude  and 
signal  flux)  for  each  operating  regime.  Even  more,  the  two  rf  pump  modes  (external  and 
autodyne)  can  be  optimized  via  the  D-SQUID  parameters 


3.  Physical  interpretations 

For  p  values  much  greater  than  unity,  as  in  the  case  of  a  traditional  rf-SQUID,  one 
can  give  a  physical  interpretation  for  the  flux  transitions. 

After  one  type  A  flux  transition,  the  rf  magnetic  field  line  (MFL)  corresponding  to 
one  vortex  penetrates  inside  the  rf-loop.  Before  and  after  this  transition  the  MFL  of  this 
vortex  does  not  cross  the  dc-loop.  This  may  also  be  visualized  as  a  magnetic  flux 
simultaneously  crossing  both  weak-links  in  packets  having  the  size  of  one  flux  quantum. 
Because  of  the  simultaneous  switching  of  the  two  weak-links,  one  can  say  that  the  D- 
SQUID  has  the  equivalent  of  a  single  flux  gate  with  a  one  flux  quantum  periodicity. 

After  one  type  B  transition  two  vortexes  are  partially  trapped  inside  the  D- 
SQUID  and  the  MFL  of  each  vortex  crosses  both  rf  and  dc  loops.  Consequently,  weak- 
link  1  is  penetrated  by  the  fraction  q  ^  from  the  first  vortex  and  weak-link  2  is  penetrated 
by  the  fraction  q2  from  the  second  vortex.  Depending  on  the  D-SQUID  parameter  set 
values,  q4  and  q2  can  have  different  magnitudes  from  0  to  one  flux  quantum,  but 
always  the  sum  qt+q2  is  equal  to  one  flux  quantum.  This  rule  for  a  type  B  transition  is 
not  trivial  and  can  be  explained  from  energetic  considerations.  Simply  stated:  a  system 
prefers  a  state  where  the  potential  has  a  minimum  and  this  minimum  is  described  by  such  a 

transition  rule.  .  . 

Unifying  the  physical  pictures  of  the  two  types  of  flux  transitions  (A  and  B) 
one  obtains  the  operational  rule  for  the  D-SQUID  at  the  limit  p  being  much  greater  than 
unity:  the  sum  of  the  magnetic  flux  penetrating  the  two  weak-links  is  two  flux  quanta 

for  type  A  and  one  flux  quantum  for  type  B. 

Let  us  try  to  explain  the  behavior  of  this  two  quantization  loop  SQUID  in 
superimposed  rf  and  dc  fields  by  considering  the  flux  quantification  rule.  It  is  well 
known  that  if  one  has  a  perfectly  closed  superconducting  loop,  meaning  without  weak- 
links,  the  flux  must  be  quantified. 

Now,  if  one  applies  a  dc  field  equal  to  an  integer  quantum  to  the  dc-loop,  the 
"proposed"  state  for  the  flux  inside  the  dc-loop  satisfies  the  flux  quantification  rule.  For 
this  reason,  the  dc-loop  needs  no  flux  variations.  But  the  external  rf  flux  increases  whether 
the  dc-loop  wants  this  or  not.  What  happens  is  that  the  rf  flux  penetrates  the  D-SQUID  in 
such  a  manner  that  only  inside  the  rf-loop  will  the  flux  change  by  packets  of  one  flux 
quantum.  Therefore,  the  flux  quantification  rule  tends  to  be  satisfied  inside  the  rf-loop, 
also.  This  is  exactly  the  conclusion  of  our  analysis  for  this  case:  for  all  three  operating 
regimes,  there  will  be  no  rf  flux  jumps  inside  the  dc-loop  but  only  inside  the  rf-loop,  or  in 
other  words,  during  operation  of  a  D-SQUID  there  will  be  type  A  transitions  only. 

Now,  if  one  applies  a  dc  field  equal  to  a  half  integer  quantum  to  the  dc  loop  the 
"proposed"  state  for  the  flux  inside  the  dc-loop  does  not  satisfy  the  flux  quantification 
rule,  and  one  has  three  possibilities.  In  operating  regime  "a",  the  system  is  so  "weak" 
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that  the  external  condition  applied  to  the  dc-loop  is  "hard"  enough  to  break  the  flux 
quantification  rule  inside  both  the  dc  and  rf  loops.  For  this  reason  with  an  increasing  rf 
field  there  will  be  no  rf  flux  jumps  at  all.  In  operating  regime  "b"  the  system  is  not  as 
"weak",  and  the  flux  quantification  is  perturbed  only  inside  the  dc-loop.  With  an 
increase  in  the  rf  field,  there  will  be  flux  jumps  having  the  magnitude  of  one  flux  quantum 
inside  the  rf-loop  only.  In  operating  regime  "c"  the  system  is  closest  to  a  perfectly 
superconducting  one.  The  dc-loop  does  not  "accept"  the  state  "proposed"  by  the  applied 
dc  field.  It  will  jump  between  states  that  are  closer  to  those  predicted  by  the  flux 
quantification  rule,  meaning  states  of  an  integer  quantum.  The  jumps  occurring  inside 
both  the  dc-  and  rf-loops  demonstrate  that  the  flux  quantification  rule  tends  to  be 
satisfied  for  both  quantization  loops. 


4.  Magnetic  flux  amplitude  modulator. 

In  the  following,  it  is  shown  that  a  D-SQUID  operating  in  regime  "a"  can  be  used 
as  a  magnetic  flux  amplitude  modulation  device. 

Considering  the  case  of  the  signal  flux  being  equal  to  an  integer  of  flux  quantum, 
let  us  suppose  that  the  amplitude  ^applied  of  the  applied  rf  flux  <PX  j  is  a  little  bit  smaller 
than  the  (^applied)1  needed  for  the  system  to  describe  the  first  hysteresis  (ABCDEFGHA) 
in  the  (<J>i ,  <J>X  \ )  plane  (see  fig.2b).  Therefore,  during  each  oscillation  of  the  rf  flux  applied 
to  the  rf-loop  (r j),  the  flux  Oj  inside  the  rf-loop  oscillates  with  the  same  frequency,  but 
with  an  amplitude  equal  to  O0  /  4 .  In  the  case  of  the  signal  flux  being  equal  to  a  half 
integer  of  flux  quantum,  the  system  response  to  the  rf  perturbation  is  linear  so,  the 
flux  inside  the  rf-loop  oscillates  with  the  same  amplitude  as  the  flux  applied  to  the  loop. 
Therefore,  the  variation  of  the  signal  flux  Oxcjc  by  only  a  half  flux  quantum  implies  that 
the  oscillation  amplitude  <t>out  of  flux  inside  the  rf-loop  changes  dramatically 
from  O0  /  4  to  (^applied)1-  ft  is  not  difficult  to  show  that,  as  in  the  case  of  a  traditional 
rf-SQUID,  for  a  D-SQUID  one  has: 


(^applied)1  =  a/P2  -  1  +  arccos(-l  /  p) 


which  for  large  (3  becomes  (^applied)1  27t/O0  =  p.  The  function  carried  out  by  a  D- 
SQUID  operating  in  regime  "a"  in  the  case  of  ^applied  being  a  Me  bit  smaller  than 
(^applied)1  can  be  described  by  means  of  typical  blocks  used  in  standard  electronics 
(figs.  5a  and  5b).  Thus,  in  order  to  modulate  the  output  amplitude  d>out  by  a  factor  f  one 
must  amplify  the  signal  <Pxdc  by  a  factor  A  where: 


max  (Qout )  -  min  (Qout )  =  2ft  -  7C  A  _  max  (Oout )  -  min  (Oout  )  =  2P~7t 
max(^>out)  +  min(<I)out)  2p  +  7C  ’  max(0>xdc)-min(<Dxdc)  2?t 
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5.  a)  D-SQUID  operating  in  regime"a'',  and  b)  its  equivalent  electronic  circuit. 

The  fundamental  physical  variable  is  represented  by  the  amplitude  Iout  of  the  rf  screening 
current  which  is  controlled  by  Oxdc.  Indeed,  one  has  seen  (section  3)  that  for  the  D- 
SQUID  two  loop  system  as  a  whole,  in  the  sense  of  satisfying  the  flux  quantification  law 
and,  therefore,  implicitly  in  the  sense  of  the  magnitude  of  the  screening  current  amplitude 
Iout,  the  superconducting  properties  are  controlled  by  the  value  of  the  signal  flux  <£xdc 
inside  the  dc-loop.  This  is  the  key  point  in  explaining  how  a  D-SQUID  can  operate  as  a 
flux  amplitude  modulator. 

Finally,  it  should  be  pointed  out  that,  to  my  knowledge,  there  are  no  references  in 
the  literature  concerning  the  experimental  fabrication  of  rf  pumped  D-SQUIDs  operating 
in  regime  "a".  Therefore  it  might  be  very  interesting  to  built  such  a  D-SQUID  and  to  use 
the  fimdamentaly  new  property  of  flux  amplitude  modulation  discussed  here  in  further 
applications. 
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ABSTRACT 

Preliminary  results  on  YBa2Cu307_5  (YBCO)  dc  SQUIDs  are  presented.  YBCO  films 
have  been  deposited  by  inverted  cylindrical  magnetron  sputtering  technique  on  SrTi03 
bicrystal  substrates.  Grain  boundary  junctions,  and  both  washer  and  hole-like  SQUIDs 
have  been  fabricated.  Good  voltage  modulation  responses  at  temperatures  as  high  as  87  K 
have  been  achieved.  The  obtained  results  show  a  very  good  agreement  with  data  reported 
in  the  literature.  Transport  properties  are  discussed  in  the  frame  of  a  recent  two-channel 
model. 


Since  the  discovery  of  superconductive  materials  working  at  liquid  nitrogen  temperature1  a 
rapid  development  of  both  theoretical  analysis  and  experimental  techniqueshas  been 
followed.  To  date,  in  spite  of  the  large  effort  of  theoretical  physicists,  mechanisms  of  high 
temperature  superconductivity  are  still  matter  of  large  debate.  From  the  experimental 
standpoint,  such  uncertainties  did  not  represent  an  obstacle  for  developing  devices  with 
high  performances  at  77  K.  One  of  the  simplest  and  highly  developed  high  critical 
temperature  (HTC)  device  which  has  been  object  of  large  investigations,  is  the  dc  SQUID 
magnetometer,  constituted  by  a  superconductive  loop  interrupted  by  two  overdamped 
Josephson-like  junctions.  Very  sensitive  magnetometers  (showing  a  magnetic  field 
resolution  Sh  ~  10  +  100  fT/Hz1/2)  in  a  wide  range  of  frequencies  have  already  been 
fabricated  in  many  laboratories,  even  if  their  use  in  applications  as  biomagnetism  or 
geomagnetism  has  remained,  so  far,  at  a  demonstrative  level.  Other  more  complex  circuits 
for  applications  in  electronic  devices  as  Rapid  Single  Flux  Quantum  logic2,  infrared 
detectors3,  or  flux-flow  based  devices4,  are  obtained  by  combining  many  SQUIDs  both  in 
parallel  and  in  series.  Hence,  in  order  to  develop  HTC  superconductive  electronics,  the 
basic  requirement  can  be  individuated  in  the  capability  of  making  high  quality  SQUIDs. 
Moreover,  suitable  geometries  have  to  be  obtained  for  developing  high-speed  devices.  In 
fact  serious  limitations  to  the  working  velocity  of  a  superconducting  device  can  occur  due 
to  stray  inductances  of  strip  lines  interconnecting  the  weak  links  constituting  the  device. 
Due  to  intrinsic  properties  of  HTC  superconductors,  as  their  short  coherence  lengths,  and 
stoichiometric  complexity  in  comparison  with  most  of  low  Tc  materials,  to  date  the  best 
results  in  making  Josephson-like  weak  links  come  from  innovative  technologies.  Very  high 
quality  dc  SQUIDs  have  been  obtained  by  step-edge,  biepitaxial  and  bicrystal  techniques.5 
In  this  paper  we  report  our  activity  on  dc-SQUIDs  obtained  by  growing  highly  oriented 
YBCO  films  on  SrTi03  bicrystal  substrates.  Recently  we  have  obtained  high  quality  dc 
SQUIDs  working  up  to  temperatures  T  =  87  K.  A  relatively  good  control  of  transport 
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parameters  has  been  achieved,  allowing  an  a  priori  determination  of  electrical  characteristics 
of  Josephson  junctions,  as  for  instance  critical  current  density  and  asymptotic  resistance 
values. 

1  Experimental  Results 

We  have  fabricated  YiBa2Cu3C>7-5  grain  boundary  junctions  (GBJs)  and  dc  SQUIDs  by 
evaporating  thin  superconducting  films  on  SrTi03  biciystal  substrates  supplied  by  Wako 
Bussan  (Japan).  Typically,  about  250-300  nm  thick  films  have  been  deposited  by  inverted 
cylindrical  magnetron  dc  sputtering.  [6]  Evaporation  rate  has  been  held  at  2  nm  /  min,  so 
that  about  two  hours  and  half  needed  for  each  run.  YBCO  films  have  been  evaporated  at  a 
nominal  temperature  T  =  760  °C,  with  an  accuracy  of  ±1  °C,  in  an  Ar/C>2  atmosphere  (57% 
Ar  :  43%  02).  Thermal  contacts  to  the  heater  were  assured  by  silver  paint.  After  YBCO 
deposition  the  temperature  has  been  reduced  down  to  450  °C  to  allow  the  formation  of  the 
orthorhombic  phase.  A  100  nm  thick  gold  film  has  successively  been  deposited  over  the 
YBCO  film  to  get  contact  pads.  Contacts  have  been  made  wedge  bonding  25  pm  diameter 
aluminum  wires. 

We  have  fabricated  both  single  junctions  and  dc  SQUIDs  by  a  2  pm  resolution 
photolitographic  system.  Samples  have  been  patterned  by  wet  etching  superconductor  films 
in  a  in-water  saturated  solution  of  ethylendiamintetracetic  (EDTA)  acid. 

We  used  SrTi03  bicrystalline  substrates  with  misorientation  [001]  tilt  angles  0  ranging 
from  10°  to  45°.  GBJs  were  obtained  by  simple  strip  lines  crossing  the  bicrystal  line.  In 
order  to  control  quality  and  localization  of  GBJs,  epitaxial  films  have  to  be  fabricated.  X- 
ray  analysis  by  <X>  -scan  technique  of  our  films  has  been  performed.6  This  allowed  us  to 
check  both  quality  of  deposited  films  and  differences  between  real  and  nominal  values  of 
the  misorientation  angles. 

We  have  fabricated  two  kinds  of  dc  SQUIDs:  washer  and  hole-like  configurations,  see  Fig. 
1.  The  first  is  the  best  geometry  for  making  superconducting  magnetometers  since  the 
possibility  of  coupling  a  multitum  input  coil  to  the  SQUID  body  leaving  the  two  junctions 
outside  the  sensor  area.  From  the  other  side,  the  hole-like  configuration  represents  the  right 
design  for  Josephson  flux  flow  transistors  and  RSFQ  applications.  Even  if  such  a 
configuration  is  not  suitable  for  fabricating  integrated  superconducting  magnetometers, 
strong  voltage  signals  can  be  obtained  due  to  the  absence  of  a  significative  inductance 
coming  from  narrow  strip-lines.7  In  fact  the  voltage  modulation  amplitude  AV  «  RnOq/2L 
is  inversely  proportional  to  the  loop  inductance  L;  here  d>0  is  the  magnetic  flux  quantum, 
and  Rn  the  junction  ohmic  resistance  calculated  at  high  voltages.  Voltage  modulation  V(O) 
of  a  washer-type  dc-SQUID  as  a  function  of  the  applied  magnetic  flux  is  reported  in  Fig. 
2a.  Measurements  refer  to  a  10°  bicrystal  SQUID  at  77  K.  Geometrical  dimensions  are:  d  = 
10  |im,  w  =  3  |im,  and  1  =  75  pm,  corresponding  to  a  calculated  inductance  L  ~  1.25jx0d  + 
p.0l  /  2  «  63  pH.  Normal  resistance  of  the  SQUID  is  Rn  =  4  £2,  leading  to  an  expected 
voltage  amplitude  AV  ~  0.71  IcRn  [1  -  3.57  (kfiTL )l/2/<D0]  /  (1  +  ps)  ~  11  pV;  Ic  is  the 
single  junction  critical  current,  Ps  =  2LIC  /  O0  the  screening  SQUID  factor  and  ke  the 
Boltzman's  constant .  The  experimental  value  is  AV  =  2  p.V,  smaller  than  the  expected  one 
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by  a  factor  of  5.  A  large  reduction  of  AV  was  also  observed  by  Miklich  et  al.  7  From  the 
V(O)  behavior  a  small  value  of  the  voltage  to  flux  transfer  parameter  h  =  dV/9<D  =  4  pV/O0 
is  obtained.  The  flux  focusing  factor  is  f  =  Oo/(AH  Ag)  =  3.4  where  AH  is  the  magnetic 
field  for  trapping  one  flux  quantum  in  the  SQUID  loop  and  Ag  the  geometrical  dimension 
of  the  SQUID  hole. 
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Fig.  1  Scheme  of  two  possible  dc-SQUID  configurations:  A)  washer  geometry;  B)  hole-like  design. 

Fig.  2b  refers  to  the  maximum  voltage  modulation  (T  =  77  K)  of  a  hole-like  20°  bicrystal 
YBCO  SQUID.  The  hole  dimension  is  Ag  =  64  pm2,  corresponding  to  an  inductance 
Lh  «  12.6  pH.  Each  junction  is  3  pm  wide  and  the  additional  inductance  due  to  strip  lines 
is  Lw  ~  5  pH.  This  time  the  ratio  of  the  experimental  value  to  the  expected  one  is  AVexp/ 
AV  »  14.3  /  17.6  ~0.8.  For  this  sample  we  have  obtained  larger  values  of  both  h  =  43 
pV/d>0  and  f  =  5.5.  This  SQUID  worked  with  no  appreciable  decreasing  of  performances 
up  to  82  K.  Fig.  3  reports  the  voltage  modulation  for  different  bias  currents  at  this 
temperature.  At  T  close  to  Tc  thermal  noise8  causes  a  rounding  of  current  voltage 
characteristics  (I-V)  leading  to  a  considerable  reduction  of  the  voltage  modulation  amplitude 
(about  4  pV  at  T  =  87  K). 

In  Fig.  4  the  I-V  characteristic  of  a  20°  hole-like  SQUID  (w  =  3  pm)  is  reported.  The 
behavior  is  well  described  in  the  frame  of  the  resistively  shunted  junction  (RSJ)  model 
where  thermal  noise  effects  have  been  taken  into  account.  Agreement  between  theory  and 
experiment  is  excellent.  At  lower  angles  (0  «  10°)  a  flux-flow  like  behavior  is  achieved. 
Sometimes,  at  such  angles,  I-V  characteristics  are  still  RSJ-like,  but  an  excess  current  is 
present.  Actually  the  excess  current  is  defined  as  the  current  value  obtained  by  the  intercept 
of  the  ohmic  behavior  (at  V  »  URn  )  extrapolated  at  zero  voltage. 

The  characteristic  voltages  Vn  =  IcRn  of  a  number  of  bicrystal  SQUIDs  as  a  function  of  the 
critical  current  density  Jc  are  reported  in  Fig.  5  (dots)  together  with  data  available  in  the 
literature5-9  (open  triangles).  At  T  =  4.2  K,  Vn  values  range  between  0.1  and  0.8  mV. 
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Fig.  2  Magnetic  field  dependence  of  the  maximum  voltage  response:  A)  10°  bicrystal  washer-type  dc 
SQUID;  B)  20°  bicrystal  hole-like  dc  SQUID. 


Fig.  3  Voltage  modulation  of  a  20°  bicrystal  hole-like  dc  SQUID  measured  at  different  bias  current. 
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Fig.  4  Current-Voltage  characteristic  of  a  20°  bicrystal  dc  SQUID  at  T  =  82  K.  Solid  line  is  the 
experimental  curve;  dots  represent  the  RSJ  behavior. 

A  very  good  agreement  of  our  data  with  other  experimental  results  has  been  obtained.  It  is 
worth  noting  that,  relatively  to  Vn  vs.  Jc  dependence,  bicrystal  GBJs  behave  always  in  the 
same  way,  bringing  to  a  sort  of  universal  behavior,  changing  only  for  different  substrates. 
For  YBCO  and  TBCCO10  on  SrTi03  bicrystals  IcRn  (Jc)0,6,  while  for  YBCO  on  MgO 
single  crystals  IcRn  (Jc)0-5.5’9 

2  Discussion 

As  discussed  in  the  first  part  of  this  work,  the  knowledge  of  microscopic  properties  of 
GBJs  would  allow  computer  simulations,  useful  to  analyze  complex  circuits  constituted  by 
multi-junction  systems.  In  particular,  a  deeper  understanding  of  transport  and  noise 
properties  is  one  of  the  constraints  for  a  rational  fabrication  of  devices. 

Many  models  describing  the  microscopic  configuration  at  the  boundary  have  been 
developed;  normal  metal  barriers11  or  insulating  ones  with  direct  or  resonant  tunneling^ 
have  been  hypothesized.  More  recently12  some  of  the  authors  developed  a  different  model 
where  a  nonuniform  barrier  was  considered.  Actually,  in  the  frame  of  such  a  model, 
superconductive  properties  are  assumed  to  be  locally  depressed  by  oxygen  deficiencies  due 
to  the  presence  of  dislocations  at  the  boundary  which  lead  to  the  formation  of  non¬ 
superconducting  regions.  The  macroscopic  bicrystal  grain  boundary  junction  is  then 
described  as  an  array  of  microscopic  filamentary  junctions  lying  between  non¬ 
superconducting  regions.  In  this  way  two  channels  with  different  conducting  properties 
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Fig.  5  Characteristic  voltage  IcR>j  plotted  vs.  critical  current  density  Jc  at  T  =  4.2  K.  Our  data  (dots)  are 
plotted  together  with  data  (triangles)  available  in  the  literature.^ 

assure  transport  of  current,  superconductive  filaments  carrying  both  supercurrent  and 
quasiparticle  current,  and  non-superconducting  regions  currying  quasiparticle  current 
only.  Further  details  on  the  two-channel  model  are  reported  in  Ref.  12. 

In  the  following  we  connect  macroscopic  and  microscopic  physical  quantities  in  the 
analysis  of  transport  properties  and  noise  characteristics.  Macroscopic  parameters  are  those 
ones  concerning  the  GB  as  a  whole,  like  the  critical  current  density  JCGB  and  the  specific 
resistance  (resistivity  times  the  junction  length)  Pgb-  R  is  straightforward  to  get  the 
following  relations: 


_  c 

c  "  1+5 

Psa  +  5) 

P(B  1  +  |3 
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Here  wj  (ws)  and  pi  (ps)  are  the  width  and  specific  resistivity  of  the  non-superconducting 
region  (filament)  respectively.  From  Eqs.  (1)  and  (2)  the  scaling  behavior  of  transport 
parameters  in  GBJs  is  obtained: 


1/  Pn  (1/  |i  Ohm  cm2  ) 

Fig.  6  Scaling  behavior  of  the  characteristic  voltage  IcRn  with  the  conductance  for  unit  area  1/pN- 
Triangles  and  circles  are  experimental  data10  for  GBJs  fabricated  on  STO  bicrystal  substrates  and  MgO 
single  crystals  respectively.  Solid  lines  are  theoretical  curves  calculated  by  Eq.  6. 

K  =  psJc  is  assumed  constant,  meaning  that  transport  mechanism  of  supercurrent  through 
superconducting  channel  is  similar  to  conventional  Dayem  bridges.13  As  the  misorientation 
angle  varies,  the  relative  width  ws/  wj  changes,  so  that  JCGB,  Pgb,  and  P  change  too.  pi 
has  to  be  assumed  as  a  constant,  since  it  depends  on  properties  of  the  oxygen  deficient 
region  only.  Using  experimental  values  for  pCB  and  JCGB,  and  calculating  P  at  each  angle, 
pi  can  be  used  as  a  fit-parameter.  In  this  way  we  have  obtained  full  lines  in  Fig.  6,  which 
refer  to  data  available  in  the  literature9  relative  to  GBJs  on  bicrystal  SrTiC>3  and  single 
crystal  MgO  substrates.  Reasonable  fit  values  of  pi  have  been  achieved:  pi  =  0.06  pfi  cm2 
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for  MgO  and  pi  =  0.09  \iQ  cm2  for  SrTi03,  respectively.  It  is  worth  noting  that  at  large 
angles,  when  p  »  pi  /  Pgb,  Pi  is  of  the  same  order  PGB- 

An  estimation  of  p  at  different  angles  can  be  made  by  considering  that  the  critical  current 
density  is  given  by: 


jf/jc(e=o>  =  (7) 

(l  +  B 

Finally,  as  shown  by  experimental  results,14’15  1/f  noise  behavior  in  dc  SQUIDs  is  well 
accounted  for  by  considering  contributions  of  both  critical  current  and  conductance 
fluctuations.  In  the  two-channel  model  the  ratio  a  of  these  two  components  is  connected  to 
the  parameter  p  by: 


a  =  (1+P)2  (8) 

2 

From  calculated  P  a  very  good  agreement  between  Eq.  (8)  and  experimental  values  of  a 
has  been  obtained. 

3  Conclusions 

We  have  achieved  a  reliable  and  reproducible  technique  for  the  fabrication  of  YBCO 
bicrystal  GBJs  by  using  inverted  cylindrical  magnetron  sputtering.  High  quality  YBCO 
films  with  high  critical  current  densities  (Jc  ~  10^  -**  102  A/cm2  at  T  =  4.2  K)  and  critical 
temperatures  (Tc  =  89-90  K)  have  been  obtained.  The  characteristic  parameters  of  our 
junctions  have  shown  values  in  agreement  with  data  reported  in  the  literature.  Two 
different  geometrical  configurations  in  fabricating  dc  SQUIDs  have  been  employed.  In 
particular  SQUIDs  with  hole-type  configurations  show  good  performances  up  to  87  K. 
Transport  parameters  have  been  analysed  in  the  frame  of  a  two-channel  model. U 
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ABSTRACT 

We  have  investigated  the  dynamics  of  magnetic  flux  quanta  in  parallel  arrays  of 
Josephson  junctions  with  the  aim  to  implement  flux-flow  microwave  generators 
employing  high  Tc  junctions.  Systems  of  up  to  ten  junctions  have  been  numeri¬ 
cally  simulated.  We  have  investigated  the  dependence  of  the  emitted  power  on  the 
system  parameters  (external  magnetic  field  and  bias  current)  and  on  the  design 
characteristics  (distribution  of  the  external  magnetic  field  and  the  SQUID  screen¬ 
ing  parameter  ft).  The  power  available  has  been  computed  considering  as  a  load 
either  a  resistor  or  a  Josephson  junction.  The  results  show  that  the  performance 
of  such  devices  can  be  improved  with  appropriate  design  choices. 


1.  Introduction 

In  Josephson  junctions  the  concept  of  propagating  magnetic  flux  quanta  (or 
fluxons)  as  solitonic  wave  has  proved  to  be  formidable  tool  both  for  theorists  1  and 
experimentalists  2.  The  basic  reason  is  perhaps  that  it  allows  the  reduction  of  a 
system  of  an  infinite  number  of  degrees  of  freedom  to  the  study  of  the  motion  of  a 
particle-like  object.  More  recently,  with  the  discovery  of  High  Tc  Superconductors 
(HTS)  the  interest  has  been  focused  on  the  discretized  version  of  Long  Josephson 
Junctions  (LJJ).  This  was  done  essentially  because  Josephson  junctions  made  of 
HTS  materials  are  difficult  to  fabricate  (due  to  the  short  coherence  length  and  the 
anisotropy  of  the  materials),  and  it  seemed  more  realistic  to  try  to  realize  short 
Josephson  junctions  with  good  reproducible  parameters  rather  than  LJJ.  In  chang- 
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Fig.  1.  Sketch  of  the  circuit  that  models  a  one-dimensional  array  of  Josephson  junctions  resistively 
coupled  to  another  junction. 


ing  from  LJJ  to  chains  of  inductively  coupled  Josephson  junctions  the  concept  of 
fluxon  can  still  be  a  fruitful  tool  for  a  qualitative  understanding,  but  a  quantitative 
prediction  of  the  behavior  (based  for  instance  on  the  perturbation  method  developed 
by  McLaughlin  and  Scott  *)  is  less  reliable.  For  this  reason  numerical  simulations 
are  essential  for  an  understanding  of  such  systems,  also  considering  that  the  simu¬ 
lation  of  arrays  of  short  Josephson  junctions,  involving  a  small  number  of  coupled 
differential  equations  is  much  faster  than  to  simulate  than  that  of  LJJ  involving  the 
integration  of  a  partial  differential  equation. 

The  purpose  of  this  work  is  to  investigate  a  simple  device  (a  flux  flow  oscilla¬ 
tor).  We  will  show,  with  the  help  of  numerical  simulations,  some  key  features  of 
this  device,  like  the  mechanism  of  microwave  generation  and  the  effect  on  a  junction 
employed  as  detector.  In  Section  3  preliminary  experimental  results  on  the  fabri¬ 
cation  of  the  device  with  HTS  will  be  reported.  Finally  in  Section  4  we  will  draw 
some  conclusions. 

2.  Device  Modeling 

The  device  we  are  interested  in  is  a  parallel  array  of  Josephson  junctions,  with 
common  electrodes.  In  such  systems  each  pair  of  junctions  forms  essentially  a 
superconducting  interferometer  3,  providing  a  coupling  mechanism  along  the  array. 

Parallel  arrays  of  Josephson  junctions  can  sustain,  under  appropriate  circum¬ 
stances,  fluxon  propagation  4.  In  our  device  a  magnetic  field,  either  spatially  uni¬ 
form  or  localized  at  one  array  edge,  injects  fluxons  into  the  array.  The  fluxons  are 
driven  by  the  bias  current  and  sent  to  a  load  which  is  represented  by  a  resistively 
coupled  Josephson  junction.  The  equivalent  circuit  of  the  proposed  device  is  shown 
in  Fig.  1,  where  for  the  junctions  we  employ  the  RSJ  model.  The  equations  for  the 
circuit  in  Fig.  1  can  be  derived  in  a  simple  form  assuming  that  the  magnetic  field 
originated  by  the  current  flowing  in  each  branch  is  confined  in  the  two  adjacent 


plifying  hypothesis  of  nearest  neighbours  coupling,  identical  junctions  and  coupling 
inductances  the  equations  can  be  cast  in  a  simple  adimensional  form  4: 

7  + 7c  +  jivp  +  *7«)  -  p{4>i  -  fa)  =  sin<t>\  +  OL<f>i  +  fa  (la) 

1  +  j  {Vl]  -V{l~1])  -  %{2<f>n  -  <f>n-i  -  <f>n+i)  =  sin<f>n  +  aj>n  +  4>n  (16) 

7  -  +  Vu)  -  p{<f>N  -  <f>N-i)  ~  <xp(<l>N  ~  <I>d)  =  sin<f)N  +  a<f)N  +  <}>n  (1c) 

7 D  +  OCp{4>N  ~  <f>D )  —  sin(j>D  +  Ot(f>D  +  (j>D  (1^) 

where  the  current  is  normalized  to  the  junction  critical  current  Iq ,  time  is  nor¬ 
malized  to  the  inverse  of  the  plasma  frequency  wp,  a  =  l/upRC ,  (3  =  2'kLI0/$0 
is  the  well  known  SQUID  screening  parameter,  p  =  R/Ra  represents  the  coupling 
between  the  array  and  the  detector,  7C  is  the  normalized  control  current,  and  r)L 
the  normalized  uniform  and  local  magnetic  flux,  respectively. 

Eq.  (1)  is  the  discretized  version  of  the  well  known  perturbed  sine-Gordon 
equation  which  describes  the  dynamics  of  long  Josephson  junctions: 

4>xz  -  <f>tt  -  sin  <f>  =  -a<f>t  +  7  (2) 
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where  subscripts  denote  partial  derivatives.  In  Eq.  (2)  the  spatial  operator  is  substi¬ 
tuted  by  its  discrete  version  <f>xx  — >  (<f>i-i  —  2<f>i+<j>i+i)/ Ax2.  In  this  sense  the  param- 
eter  1  //?  corresponds  to  the  spatial  discretization,  or,  more  exactly,  y^Ax/Ay  =  1//? 
(A,-  is  the  Josephson  penetration  depth).  Thus  in  the  limit  /?  ->  0,  this  systems 
tends  to  the  continuum  limit  and  in  the  condition  L  =  s/ftN  »  1  all  the  dynamics 
of  LJJ  can  be  recovered. 

Eq.  (l)  has  been  integrated  using  a  fourth  order  Runge-Kutta  method,  first 
setting  Rg  =  oo  to  investigate  the  behavior  of  the  system  in  the  flux-flow  regime 
without  a  load.  A  typical  response  of  the  array  is  summarized  in  Fig.  2  where  the 
array  voltage  is  shown  as  function  of  the  external  magnetic  field.  The  behavior  in 
Fig.  2  deviates  from  what  is  expected  for  a  single  loop  SQUID,  for  the  appearance 
of  a  double  modulation  within  one  flux  quantum  period  (I  in  the  figure).  For  high 
bias  values  this  effect  is  due  to  the  presence  of  a  flux  flow  state  in  the  array,  as  can 
be  seen  in  Fig.  3,  where  a  contour  plot  of  the  magnetic  field  distribution  in  the 
array  is  shown.  To  further  investigate  this  regime  the  magnetic  field  in  the  array  is 
shown  for  different  values  of  the  /?  parameter  (Fig.  3a-c). 

The  comparison  of  the  three  figures  clearly  demonstrates  the  effect  of  /?  on  the 
fluxon  motion.  For  small  values  of  /?  (0  <  1,  Fig.  3a),  there  is  no  localization  of  the 
fluxons  in  correspondence  to  the  underlying  loop,  giving  rise  to  dynamical  states 
equivalent  to  those  of  a  single  LJJ  (with  a  length  ~  3,  in  this  case).  By  increasing 
(3  the  fluxon,  due  to  its  motion,  tends  to  be  more  and  more  localized  in  the  loops 
(Fig.  3b)  until  a  state  is  reached  where  it  spends  most  of  its  time  resting  in  the 
loop  hole  (Fig.  3c)  and  the  overall  motion  becomes  a  hopping  from  one  loop  to  the 
next. 

In  order  to  investigate  the  radiation  emitted  by  the  array  when  biased  in  the 
flux  flow  state  we  have  simulated  a  load  as  a  resistively  coupled  junction.  In  Fig. 
4  the  I-V  characteristic  of  the  “detector”  junction  is  shown  in  the  cases  where  the 
array  is  not  biased  (a)  and  biased  (b)  in  the  flux-flow  state.  In  Fig.  4  the  array  is 
biased  at  a  fixed  value  and  the  bias  of  the  single  junction  is  swept.  A  step  structure 
is  observed  reminiscent  of  the  Shapiro  steps  of  a  single  junction  when  irradiated 
by  a  microwave  field:  the  array  is  able  to  phase-lock  the  detector  at  the  frequency 
generated  by  the  flux  flow.  In  this  case,  rather  than  pure  microwave  phase-locking, 
as  occurs  when  an  external  radiation  source  is  employed,  it  is  more  appropriate  to 
describe  the  behavior  shown  in  Fig.  4  as  mutual  phase-locking  between  the  two 
subsystems:  the  array  and  the  detector  junction.  Indeed  the  rf-induced  step  in  the 
I-V  characteristic  of  the  junction  is  not  vertical  and  the  array  voltage  is  pulled  by 
the  detector  bias  current. 

In  Fig.  5  is  shown  the  open  circuit  power  available  as  a  function  of  the  two 
tunable  parameters:  the  bias  current  and  the  external  magnetic  field.  The  power 
is  computed  as  follows:  the  output  voltage  of  the  junction  at  one  end  of  the  array 
(the  end  where  fluxons  are  annihilated,  see  Fig.  3)  is  Fourier  transformed,  the 
amplitude  of  the  component  at  the  fundamental  emitted  frequency  computed,  and 
the  corresponding  power  is  determined.  Fig.  5  shows  that  there  is  a  maximum  in  the 
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Fig.  3.  Contour  plot  of  the  magnetic  field  distribution  in  the  junction  array.  Parameters  of  the 
simulations  are:  N  —  10,  a  =  1,  p  =  0,  =  0,  7  =  0.8,  (a)  T]i  =  0.1,  =  0.1,  (b) 

m  =  0.2,  p  =  i,  (c)  m  =  2, 0  =  10. 
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Voltage 


Fig.  4.  Array  (dashed  curve)  and  detector  (dotted  curve)  junction  voltage  as  a  function  of  the 
detector  bias  with  use  of  unbiased  (a)  and  biased  (b)  array.  Parameters  of  the  simulations  are: 

N  =  10,  0  =  1,  7  =  1.5,  a=l,rn  =  0.1,  0  =  0.1,. 

emitted  power  corresponding  to  7  ~  1  and  rji  ~  0.5.  That  allows  the  determination 
of  appropriate  margins  and  performances  for  the  flux  flow  oscillator 

3.  Experimental  Results 

We  have  taken  the  first  steps  toward  the  realization  of  a  device  exploiting  the 
flux-flow  dynamics  just  described  (see  Ref.  7  for  details)  employing  HTS  junctions. 
In  Fig.  6  a  microphotograph  of  a  10-junction  array  made  using  YBCO  step  edge 
junctions  SrTiOz  substrate  is  shown.  The  step,  determining  the  junction  position 
is  the  white  horizontal  line.  A  control  line,  on  the  left,  made  by  Au  coated  YBCO 
generates  a  local  magnetic  field,  while  a  “detector”  junction  is  placed  to  the  right 
of  the  array.  The  detector  is  coupled  to  the  array  through  a  capacitor,  not  shown 
in  the  figure. 

From  preliminary  experimental  measurements  on  a  number  of  arrays  like  that 
shown  in  Fig.  6  we  can  make  the  following  considerations:  The  quality  of  the  junc¬ 
tions  made  by  the  step-edge  technique  is  relatively  good,  as  suggested  by  the  almost 
RS J  form  of  the  I-V  curve  characteristic  and  the  good  magnetic  field  modulation  of 
the  critical  current  of  a  single  junction  7.  Such  behavior  is  not  observed  for  the  ar¬ 
rays.  We  believe  that  spreading  of  the  junction  parameters  is  the  main  responsible 
for  the  deviations  from  the  expected  behavior.  This  problem  could  be  reduced  by 
employing  other  junction  fabrication  techniques,  like  bicrystal-grain  boundary  junc- 
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Fig.  5.  3D  plot  of  the  power  vs  bias  current  and  magnetic  field.  Parameters  of  the  simulations  are: 

N  =  10,  /?  =  1. 


Fig.  6.  Microphotograph  of  a  YBCO  10  junctions  array. 
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tions  or  epitaxially  grown  artificial  junctions,  which  provide  a  better  reproducibility 
of  the  junctions8. 

4.  Conclusions 

We  have  shown  that  the  generation  of  microwave  radiation  in  a  simple  system 
formed  of  a  parallel  of  Josephson  junctions  is  a  realistic  possibility.  This  system  has 
been  studied  in  detail  to  recover  relevant  information  for  an  experimental  realization 
employing  HTS  junctions.  Numerical  simulations  can  provide  the  range  where 
the  flux-flow  regime  is  achieved,  the  effect  of  the  SQUID  parameter  /?  on  fluxons 
propagation,  and  the  dependence  of  the  emitted  power  on  the  tunable  parameters. 
Preliminary  measurements  on  step  edge  junction  arrays  hint  that  a  relatively  good 
degree  of  uniformity  of  the  junction  parameters  along  the  array  is  necessary  to 
achieve  a  correct  operation  of  the  device. 
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ABSTRACT 

I  review  several  new  phenomena  which  occur  in  stacked  Josephson  tunnel  Junctions. 
The  interaction  between  Josephson  vortices  (fluxons)  is  investigated  in  stacked  long 
Josephson  tunnel  junctions.  Two  phase-locked  states  characterized  by  different 
fluxon  propagation  velocities  were  found  in  strongly  coupled  two-fold  stacks.  The 
mode  splitting  can  be  described  by  dispersion  relation  for  small  amplitude  waves 
in  a  system  of  two  coupled  sine-Gordon  equations.  Numerical  simulations  as  well 
as  experimatal  data  showed  that  an  out-of  phase  as  well  as  in-phase  propagation 
of  vertically  arranged  fluxons  is  possible.  In  double  barrier  stacked  long  Josephson 
junctions  with  an  access  to  the  intermediate  Nb  layer,  voltage-locking  has  been  ob¬ 
served.  Beside,  the  subject  of  stacked  long  Josephson  junctions  we  experimentally 
investigated  the  range  of  locking  to  external  rf-bias  current  for  large  3D  arrays.  Up 
to  2000  series  connected  two-junctions  stacks  with  in  and  84  series  connected  stacks 
with  four  junctions  in  a  stack  were  incorporated  into  a  microstripline.  Our  measure¬ 
ment  showed  a  drastical  reduction  of  the  phase  locking  range  with  increasing  the 
number  of  stacked  junctions.  We  investigated  the  dependence  of  the  attenuation 
in  the  microstripline  for  different  number  of  junctions  in  a  stack.  In  addition,  the 
attenuation  of  the  rf  current  in  the  neighboring  junctions  in  a  stack  was  measured. 


1.  Introduction 

Several  research  groups  are  presently  pursuing  the  technological  development  of 
vertically  oriented  superconductor-insulator-superconductor-insulator-...  (SISI...) 
Josephson  tunnel  junctions,  so-called  stacks,  inspired  by  their  immense  potential  for 
applications.  Obvious  of  this  three-dimensional  (3D)  approach  is  its  advantage  of 
higher  packaging  in  comparison  with  a  lateral,  two-dimensional  (2D),  technology. 
Vertically  arranged  Josephson  tunnel  junctions  are  also  opening  new  avenues  for  in¬ 
vestigation  of  phase-locking  to  external  rf-sources  and  mutual  phase-locking  between 
Josephson  vortices  (fluxons)  moving  in  adjacent  tunnel  barriers.  After  the  description 
of  fabrication  issues,  the  paper  is  separated  into  two  main  topics: 

1.  indications  for  a  coherent  motion  of  vertically  coupled  fluxons  in  double  barrier 
stacks; 

2.  incorporation  of  stacked  tunnel  junctions  in  a  Josephson  voltage  standard  ex¬ 
periment. 

These  both  examples  are  related  to  phase-locking  effects,  either  due  to  the  mutual 
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inductive  interaction  between  the  junctions  or  to  an  external  rf-source.  Since  stacked 
devices  only  recently  became  a  subject  of  detailed  investigations,  we  expect  more 
applications  and  the  discovery  of  new  physical  effects  in  the  near  future,  for  example, 
in  the  field  of  x-ray  detectors  and  non-equilibrium  devices. 

2.  Fabrication  issues 

Regarding  active  superconducting  devices,  made  of  low  and/or  high— Tc  materials, 
the  Nb-Al/A10*-Nb  tunnel  junction  plays  an  outstanding  role.  After  their  first 
successful  fabrication  by  Gurvitch  et  al.1  in  1982,  superconducting  Nb-Al/A10r-Nb 
tunnel  junctions  are  meanwhile  well  established  in  different  fields  of  low  temperature 
electronics.  Examples  include  SQUIDs,  millimeter  wave  receivers,  cryogenic  voltage 
standards,  oscillators,  and  several  Josephson  computer  related  high  speed  circuits  . 
These  all  refractory  tunnel  junctions  are  stable  at  room  temperature,  are  mechanically 
hard,  and  they  have  excellent  thermal  cycling  stability,  and,  most  important,  desirable 
electrical  properties,  i.e.  small  leakage  currents  in  the  sub  gap  voltage  region  and  a 
sharply  defined  gap  voltage.  In  addition,  no  sophisticated  deposition  and  dry-etching 
procedures  are  required  to  produce  high  quality  textbook-like  planar  superconducting 
tunnel  junctions.  Consequently,  most  attempts  with  stacked  tunnel  junctions  have 
been  tried  using  this,  so-called,  all-niobium  technology3’4.  The  cross-sectional  view 
of  a  typical  stacked  device  with  three  tunnel  barriers  is  shown  in  Fig.  1.  In  order  to 


Fig.  1.  Cross-sectional  view  of  a  stack  with  three  tunnel  barriers. 

operate  planar  as  well  as  3D  Josephson  circuits,  a  small  spread  in  the  critical  currents 
density  Jc  of  the  junctions  typically,  less  than  10%  is  required.  Since  the  critical 
current  Ic  of  a  tunnel  junction  is  exponentially  dependent  on  the  barrier  thickness, 
this  is  a  task  with  many  obstacles.  In  the  case  of  planar  arrays  all  tunnel  barriers  are 
formed  during  the  same  oxidation  procedure  and  a  small  spread  in  7C’ s  Is  achieved 
by  adjusting  careful  the  oxidation  and  deposition  parameters.  The  typicall  thickness 
t  of  the  A10*  tunnel  barrier  is  2  nm.  In  the  fabrication  of  stacked  Nb-(A1/A10*- 
Nb)n  structures  (here  n  is  the  number  of  junctions  in  the  stack),  compulsorily  each 
tunnel  junction  is  formed  separately  and  small  spread  in  Jc’s  is  much  more  difficult 
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to  achieve.  Deviations  between  the  independent  oxidation  procedures  could  easily 
result  in  Ic  spread  larger  than  50%.  Additionally,  surface  roughness  of  niobium  has 
a  strong  influence  on  the  subsequent  Al/A10x  tunnel  barrier  formation.  The  surface 
roughness  of  niobium  increases  with  its  film  thickness.  We  assume  that  on  a  rough 
surface  the  average  number  of  thin  tunnel  barrier  regions  is  larger  than  on  a  flat 
surface.  Rougher  surfaces  result  in  lower  normal  resistance  tunnel  barriers  because 
the  tunnel  current  is  dominated  by  thin  barrier  regions.  Fujitsu  group5  showed  that 
A10r  act  as  a  planarization  layer.  The  growing  process  of  the  following  Nb  starts 
new  on  the  former  A10x  tunnel  barrier.  The  important  consequence  is  that  only  each 
intermediate  niobium  layer  thickness  deposited  on  top  of  A10x  is  responsible  for  its 
roughness.  Thus,  the  roughness  in  a  stack  does  not  increase  with  the  total  niobium 
layer  thickness.  For  the  Nb-(A1/A10a;-Nb)n  multilayer  fabrication,  we  adjusted  the 
oxidation  conditions  in  dependence  of  the  niobium  thickness  to  get  most  uniform 
current  density  distribution  within  the  stack.  For  example,  in  stacked  devices  with 
base  Nb  layer  of  100  nm  and  the  intermediate  Nb  layer  thicknesses  of  30  nm  twice 
longer  oxidation  time  for  the  formation  of  the  tunnel  barrier  on  the  base  electrode 
than  for  the  oxidation  of  each  following  tunnel  barrier.  The  oxidation  temperature 
and  the  oxidation  pressure  were  kept  constant.  By  doing  so,  spreads  of  less  than  3% 
were  achieved  in  some  samples.  Nevertheless,  spreads  in  Ic  of  10%  for  tunnel  junctions 
in  a  stack  were  usual.  The  run  to  run  reproducibility  for  the  critical  currents  was 
within  30%.  The  fabrication  procedure  for  stacked  Nb-(A1/A10x-Nb)n  Josephson 
tunnel  junctions  with  up  to  ten  barriers  is  described  in  detail  elsewhere6. 

Most  of  previous  investigations  on  vertically  arranged  Josephson  tunnel  junctions 
were  carried  out  on  double  barrier  Nb-Al/A10x-Nb-Al/A10x-Nb  structures  without 
an  electrical  contact  to  the  intermediate  Nb  layer.  For  many  important  experiments, 
such  as  voltage-locking  or  fluxon  pulling7,  devices  with  acees  to  common  electrodes 
are  necessary.  Particularly,  in  the  case  of  coupled  flux-flow  oscillators,  the  solution  of 
this  problem  is  of  considerable  importance  in  order  to  understand  details  of  fluxons 
dynamics.  Especially,  to  study  fluxon  coupling  effects  in  stacked  long  junctions,  two 
preconditions  have  to  be  fulfilled.  First,  the  intermediate  Nb  layer  thickness  between 
two  barriers  has  to  be  in  the  order  of  the  London  penetration  depth,  i.  e.  90  nm  for 
sputtered  Nb  films.  Second,  the  area  of  the  top  and  bottom  tunnel  junction  should 
be  equal  to  provide  equal  fluxons  energies.  By  using  a  planarization  process,  we 
were  able  to  avoid  steep  steps  on  the  wafer  and  so  to  reduce  the  intermediate  layer 
thickness  to  about  90  nm.  We  fabricated  devices  with  the  same  area  of  the  bottom 
and  the  top  junction.  The  exact  fabrication  procedure  is  described  elsewhere8. 

3.  Coherent  motion  of  vertically  coupled  fluxons  in  stacked  long  tunnel 
junctions 

Phase-locking  of  non-linear  Josephson  oscillators  attracted  much  interest  over  the 
last  two  decades.  Progress  in  this  subject  was  paced  by  an  intimated  collaboration 
between  mathematics,  physics  and  thin  film  technology.  Beside  fundamental  ques¬ 
tions  of  phase-locking,  arrays  made  of  Josephson  junctions  are  candidates  for  high 
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frequency  oscillators  in  the  mm  and  submm-  wavelength  range.  Arrays  are  expected 
to  overcome  the  limitation  of  single  Josephson  junctions,  i.e.  large  line  width  and 
small  output  power.  Mutual  phase-locking  between  Josephson  junctions  in  ID  and 
2D  arrays  as  well  as  the  locking  to  resonators  and  external  rf-bias  sources  were  suc¬ 
cessfully  proved  9’10’n.  With  the  advent  of  a  reliable  technology  for  the  vertical  ar¬ 
rangement  of  Nb-(A1/A10j.-Nb)n  tunnel  junctions  experiments  were  extended  to  the 
third  dimension.  This  technique  allowed  us  to  fabricate  stacked  long  tunnel  junctions 
in  order  to  study  the  fluxon  motion  in  closely  spaced  Josephson  tunnel  barriers12. 
Basis  properties  of  long  Josephson  junctions  have  been  reviewed  by  N.  F.  Pedersen 
and  R.  D.  Parmentier13’14.  A  system  of  two  vertically  stacked  Nb-Al/AlO^-Nb  long 
Josephson  junctions  (LJJ’s)  is  studied  experimentally.  In  Fig.  2  the  schematical  view 
of  such  a  device  is  shown  without  a  potential  contact  to  the  intermediate  Nb  layer  (a) 
and  in  Fig.  2(b)  the  device  is  shown  with  an  acess  to  the  intermediate  Nb  layer.  The 


Equivalent  circuit  V+ 1+ 


Fig.  2.  Schematical  view  of  (a)  a  double  barrier  stack  and  (b)  a  double  barrier  stack  with  a  contact 
to  the  intermediate  Nb  layer.  The  external  magnetic  field  is  represented  by  H 

magnetic  coupling  between  the  two  junctions  in  a  stack  is  provided  by  their  common 
electrode  of  the  thickness  d  in  the  order  of  the  London  penetration  depth  A l-  The 
critical  current  densities  of  approximately  250  A/cm2  were  adjusted  to  get  so-called 
one- dimensional  LJJ’s.  In  this  case  the  length  L  and  width  W  have  to  be  L/\j  »  1 
and  W/\j  <  1.  Here  A j  is  the  Josephson  penetration  depth.  The  external  magnetic 
field  H  was  applied  parallel  to  the  junction  plane  and  perpendicular  to  the  junction 
length  L  to  create  a  unidirectional  flow  of  Josephson  vortices  in  either  the  top  or 
the  bottom  junction  or  in  both  simultaneously.  Each  vortex  carries  one  unit  of  flux 
quanta  <&0.  We  like  to  point  out  that  many  attempts  were  carried  out  to  realize  res¬ 
onant  (soliton)  modes  in  which  non  or  only  small  external  magnetic  field  is  applied, 
but  usually  these  resonances  do  not  appear  stable  in  I  -  V  characteristics. 

3.1.  Mode  splitting  in  double  barrier  stacks 

In  this  paragraph  I  explain  the  recent  discovered  mode  splitting  in  the  dispersion 
relation  of  strongly  coupled  stacked  long  Josephson  tunnel  junctions15.  In  Fig.  3 
the  current-voltage  (/  —  V")  characteristic  of  a  double  barrier  stacked  LJJ  is  shown. 
The  external  magnetic  field  H  was  approximately  7  Oe.  The  examined  device  had 
no  electric  contact  to  the  common  Nb  electrode.  Thus,  in  the  I  —  V  characteristic 
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Fig.  3 .  I  —V  characteristic  of  a  stack  consisting  of  two  junctions  measures  in  the  external  magnetic 
field  of  H  ~  6.8  Oe. 


presented  (Fig.  3)  the  stacked  junctions  were  measured  in  series.  The  gap  voltage 
Vg  for  a  junction  was  found  to  be  2.6  mV  and  varied  for  the  different  junctions  in 
one  stack  within  1  —  2%.  The  difference  between  the  critical  current  densities  in  one 
stack  was  estimated  from  the  maximum  currents  at  the  gap  voltages  and  was  found 
typically  to  be  less  than  15%.  The  intermediate  Nb  layer  thickness  was  30  nm.  In  the 
magnetic  field  applied  in  Fig.  3  one  of  the  junctions  with  lower  Jc  contained  fluxons, 
whereas  the  other  junction  (with  larger  Jc )  did  not.  In  the  I  —  V  curve  of  Fig.  3  six 
singularities  are  shown  and  marked  by  numbers.  Curve  3  is  related  to  the  gap  V^i  of 
one  junction  of  the  stack.  The  gap  Vg2  of  the  second  junction  is  marked  by  number 
6  in  Fig.  3.  More  important,  two  singularities  below  the  first  gap  (number  1,  2) 
and  also  above  the  first  gap  (number  4,  5)  are  clearly  seen.  These  singularities  result 
from  unidirectional  flow  of  Josephson  vortices  in  the  barriers  and  denoted  as  flux- 
flow  steps.  In  a  single  barrier  long  Josephson  junction,  for  a  given  external  magnetic 
field  H  only  one  flux-flow  step  is  observed.  The  flux-flow  step  on  the  voltage  scale  is 
defined  by  V/j  =  cH A.  Here,  c  is  the  Swihart  velocity  and  A  =  2Ajr/+i  is  the  magnetic 
thickness  of  the  barrier.  The  Swihart  velocity  is  the  maximum  propagation  velocity 
of  an  electromagnetic  wave  in  a  tunnel  junction.  Typical  values  are  within  3  —  5%  of 
the  velocity  of  light  in  vacuum.  The  question  is,  why  two  flux-flow  steps  in  double 
barrier  stacks  appear  for  an  external  magnetic  field.  This  problem  was  considered 
theoretically  by  Ngai  16  who  predicted  the  existence  of  two  distinct  phase  velocities 
c+  and  c_  for  the  linear  electromagnetic  waves  in  the  double-junction  stack  linear 
model  related  to  Giaever‘s  experiment18.  In  a  similar  model,  but  where  solitons  were 
considered  instead  of  linear  waves,  Sakai  et  al.17  found  two  limiting  fluxon  velocities 
in  the  numerical  simulations  of  a  long  double-barrier  stack.  According  to  the  simplest 
theoretical  model  for  two  long  junctions  (A  and  B)  coupled  inductively  through  their 
common  superconducting  electrode  of  thickness  d  <  2Al,  the  phase  difference  <p(x,t) 
across  each  of  them  could  be  described  by  the  equation 
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~  B  =  sin  <pA,B  +  cp?'B  +  7  -  ,  (1) 

The  spatial  coordinate  x  is  normalized  to  the  single- junction  Josephson  penetration 
depth  A j  ,  the  time  t  to  the  inverse  plasma  frequency  ,  a  is  the  dissipation 
coefficient,  and  7  is  the  bias  current.  Solving  this  equation  for  the  small  amplitude 
linear  waves  <p  =  c/?0  exp [i(kx  —  ut)\  with  perturbative  terms  a  =  7  =  0  yields  the 
dispersion  relation  u>2  =  1  +  (1  ±  8)  k2  ,  where  u  is  normalized  to  u0  .  Thus,  for  8  ^  0 
the  plasma  mode  in  each  junction  splits  into  two  modes  which  are  characterized  by 
two  different  Swihart  velocities 


c±  =  cy/l  ±  8  ,  (2) 

where  c  is  the  Swihart  velocity  for  the  single-barrier  junction.  For  a  junction  of 
length  Z/,  the  Fiske  step  voltage  spacing  A Vfs  —  $oc/(2L)  (4>0  is  the  magnetic  flux 
quantum)  provides  a  direct  experimental  measure  of  the  Swihart  velocity,  which  allows 
an  experimental  estimate  of  the  coupling  parameter  8.  According  to  Eq.  (2)  the  both 
Fiske  step  spacings  AVfsi  and  AVp52  in  the  double  stack  can  be  calculated  from  the 
single-junction  A  Vfs  using  the  same  value  for  8 .  The  two  flux-flow  steps  (for  example 
1  and  2)  in  Fig.  3  consisted  of  two  different  Fiske  step  spacing  ISVpsi  =  18-5  fiM  and 
AVp52  =  45.8  //V.  With  this  values  we  obtain  a  coupling  parameter  <5  ~  0.7. 

The  observed  splitting  of  phase  velocities  in  coupled  systems  can  be  considered  in 
a  much  more  general  sense.  It  is  well  known  that  the  eigenfrequencies  of  two  coupled 
oscillators  split  into  two  values  if  the  coupling  is  strong  enough.  If  the  coupling 
parameter  tends  to  zero,  the  previously  different  eigenfrequencies  coincide  and  the 
system  is  in  a  degenerate  state.  From  this  qualitative  analogy  it  appeared  cogent  to 
study  the  splitting  of  the  dispersion  relation  as  the  function  of  coupling  strength  in 
stacked  LJJ’s.  The  coupling  strength  in  two  vertically  arranged  LJJ’s  is  simply  defined 
by  the  ratio  d/XL.  In  Fig-  4  the  splitting  of  the  Swihart  velocities  in  dependence  of  the 
thickness  of  the  intermediate  superconducting  layer  is  shown.  Clearly,  the  tendency 
of  the  two  velocities  to  coincide  with  decreasing  the  coupling  strength  (  increasing 
layer  thickness)  is  visible20.  For  d  »  2A l  one  expects  decoupled  junctions. 

3.2.  The  out- of  phase  locking  in  the  lower  mode 

A  further  interesting  question  is  whether  a  coherent  motion  of  vertically  arranged 
Josephson  fluxons  is  possible21.  In  this  case  both  tunnel  junctions  of  the  stack  contain 
fluxons.  Two  possible  configurations  are  schematically  shown  in  Fig.  5(a)  and  5(b). 
The  first,  (  5  (a))  is  called  the  out-of  phase  mode  (there  is  a  phase  shift  of  ir  between 
fluxons  in  the  junctions)  and  the  second  (  5  (b))  the  in-phase  mode.  The  drawing 
below  Fig.  5(a)  shows  two  magnetic  needles,  one  placed  on  top  of  the  other.  If  the 
polarities  of  this  two  needles  are  the  same,  the  needles  repel  each  other.  This  simple 
model  is  transferable  to  vertically  arranged  Josephson  fluxons.  The  magnetic  field 
vector  of  Josephson  vortices  in  a  stacked  LJJ’s  is  parallel.  So,  naturally,  one  expects 


Fig.  4.  Experimentally  determined  values  for  the  higher  mode  velocities  c+  (open  squares)  and  the 
lower  mode  velocities  c_  (open  circles)  in  dependence  of  the  intermediate  Nb  layer  thickness  d.  The 
solid  lines  show  power  fits. 


Fig.  5.  Two  possible  arrangements  of  Josephson  vorticesr(a)  the  out-of  phase  mode  and  (b)  the 
in-phase  mode  in  vertically  stacked  LJJ’s  with  two  tunnel  barriers. 


a  repulsion  of  the  fluxons  and,  consequently,  an  out-of  phase  configuration  (as  shown 
in  Fig.  5(a))  in  the  experiment. 

Figure  6  exhibits  the  I—V  curve  of  a  stack  with  two  tunnel  barriers  in  zero  external 
magnetic  field.  The  intermediate  Nb  layer  thickness  was  100  nm.  The  difference 
between  the  critical  current  densities  Jc’s  for  two  junctions  is  found  to  be  less  than 
5%.  The  ultimate  switching  of  both  junctions  to  the  double  gap  voltage  2Vg  was  found 
in  a  very  broad  magnetic  field  range.  In  the  applied  magnetic  field  H ,  a  typical  I  —  V 
curve  is  shown  in  Fig.  6(b).  We  observe  two  very  pronounced  resonances  (steps)  in 
I  —  V  characteristics.  The  asymptotic  voltages  of  both  steps  varied  approximately 
linear  with  magnetic  field,  which  indicates  their  flux  flow  origin.  When  the  current  I 
is  increased  from  zero,  the  first  flux-flow  step  (which  is  called” coherent  mode”,  CM) 
is  traced  at  V  —  Vcm  below  the  first  gap  voltage  0  <  Vcm  <  Vg.  From  the  top  of  this 
step  the  whole  stack  switches  to  V  =  2Vg  .  With  decrease  of  I  another  flux-flow  step 


244 


fV8  12Vg 

I  1 

1 

~t-^ - 1 - 1 - 1  r 

-8-40^8 


V  (mV) 


1  mV 


Fig.  6.  1  —  V  curve  (a)  of  a  two-fold  stack  at  H  =  0;  (b)I  —  V  curve  of  a  two-fold  stack  at 
H  —  6-2  Oe  (solid  line),  dashed  line  shows  to  the  single  gap  voltage  branch  at  H  =  0. 


(called  ’’single  mode”,  SM)  at  V  =  Vsm  is  found,  where  Vg  <  Vsm  <  2Vg.  Clearly,  SM 
accounts  for  one  junction  being  at  the  gap  voltage  state  V  =  Vg  and  another  junction 
being  at  the  flux  flow  state.  The  magnetic  field  tuning  rate  dVcu./dH  was  measured 
to  be  by  factor  of  2  higher  than  dVsuIdH .  Figure  7  shows  many  traces  of  /-  V  curves 
(recorded  using  a  digital  storage  oscilloscope)  for  this  stack  obtained  at  continuously 
varying  the  external  magnetic  field  H.  Each  flux-flow  step  (CM  and  SM)  consists 
of  a  series  of  cavity  mode  resonances  (Fiske  steps).  As  seen  from  a  comparison  of 
the  horizontal  scales  in  Fig.  7  (a)  and  7(b),  the  CM  branch  displays  twice  larger 
Fiske  step  voltage  spacing  than  the  SM.  This  can  be  understood,  as  the  CM  regime 
accounts  for  the  phase-locked  state  of  two  SM  in  two  junctions.  I  note  that  the 
lowest  observed  CM  Fiske  step  typically  corresponds  to  the  spacing  between  fluxons 
of  about  1.5  -  2 A j,  which  indicates  that  the  fluxon  flow  description  might  still  an 
appropriate  model  for  this  case.  An  interesting  result  is,  that  the  CM  could  be  tuned 
with  the  external  magnetic  field  in  a  range  from  150  GHz  to  600  GHz  which  makes 
the  device  attractive  for  a  sub-millimeter  wave  oscillator.  Additional  indications  for 
the  CM  in  the  out-of  phase  configuration  of  fluxons  were  derived  from  Fiske  step  vs. 
external  magnetic  field  dependence21,  and  spatially  resolved  measurements  using  low- 
temperature  scanning  electron  microscopy  (LTSEM)23.  A  strong  hint  for  a  mutually 
phase-locked  state  between  two  coupled  Josephson  junctions  is  the  fact  that  the  same 
voltages  are  simultaneously  measured  across  each  junction,  while  biasing  in  series. 
Such  measurement  requires  a  structure  with  an  access  to  the  intermediate  Nb  layer 
as  shown  in  Fig.  2(b).  Recently,  so-called  fluxon  pulling  effect7  was  observed  in  this 
kind  of  device,  by  using  one  LJJ’s  as  a  generator,  while  the  other  junction  acted  as 
a  detector.  Figure  8  shows  the  (I  -  V)  characteristics  of  the  bottom  and  the  top 
junction  of  double  barrier  LJJ’s  with  an  access  to  the  intermediate  Nb  layer.  The 
junctions  had  the  area  of  (10  x  400/zm2).  The  junctions  were  biased  in  series  and  the 
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Fig.  7.  Stored  traces  of  I  —  V  curves  obtained  in  continuously  varying  external  magnetic  field  H. 
The  coherent  mode  (CM)  in  (b)  displays  twice  larger  Fiske  step  spacing  than  the  single  junction 
mode  (SM)  in  (a). 
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Fig.  8 .  I  —  V  characteristics  of  the  bottom  and  of  the  top  junction  of  a  stack  biased  in  series. 


voltage  across  each  junction  was  measured  separately.  In  Fig.  8,  the  large  difference 
in  the  critical  currents  are  due  to  the  flux  occasionally  trapped  in  the  junctions.  At 
gap  voltages  of  about  2.5  mV  both  junctions  showed  a  strong  quasi-particle  current 
rise  as  expected  for  high  quality  junctions. 

By  applying  a  magnetic  field  parallel  to  the  substrate  plane  and  perpendicular 
to  the  junction  length,  Fiske  steps  were  observed  in  the  I  —  V  characteristics.  An 
example  is  shown  in  Fig.  9.  Here,  the  voltage  is  measured  across  the  whole  stack. 
The  voltage  between  Fiske  steps  spacing  was  determined  to  21/zV,  two  times  the 
value  of  a  single  junction.  At  H  —  8  Oe  clear  voltage  locking  of  both  junctions  was 
observed,  as  shown  in  Fig.  9(b)  and  9(c).  The  voltages  on  the  top  junction  and  on 
the  bottom  junction  were  equal  within  the  accuracy  of  our  voltage  measurements 
of  about  0.5pV.  The  locking  region  is  indicated  in  Fig.  9(b)  and  9(c)  by  arrows. 
The  voltage  locking  of  two  coupled  Josephson  junctions  is  a  strong  hint  for  phase- 


246 


Fig.  9.  Stored  I-V  data  points  (a)  measured  across  the  whole  stack  at  continuously  varying  magnetic 
field  H  is  shown.  The  I-V  curves  with  voltages  measured  separately  on  the  top  and  the  bottom 
junctions  are  shown  in  (b)  and  (c),  respectively. 


locking  phenomena  between  the  junctions.  For  a  direct  proof,  the  measurement  of 
microwave  power  and  the  line-width  are  required.  Nevertheless,  together  with  earlier 
reported  experiments  on  double  barrier  stacks  without  an  access  to  the  intermediate 
Nb  layer23-24,  all  obtained  results  make  the  picture  of  coherent  fluxon  states  rather 
conceivable. 

3.3.  In-phase  locking 


Fig.  10.  Numerical  calculated  I  —  V  curve  for  a  two-fold  stack  with  both  junction  (A  and  B)  biased 
in  series.  The  dashed  line  corresponds  to  the  flux-flow  step  position  in  uncoupled  single  junction. 
The  two  insets  show  instantaneous  profiles  of  magnetic  fields  <^A(x)  and  <f>x B(x)  in  two  points  of 
the  I-V  curve  indicated  by  arrows. 

As  described  earlier  above  with  the  simple  model  of  two  magnetic  needles,  the 
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Fig.  11.  Stored  traces  oil  —  V  curves  obtained  in  continuously  varying  external  magnetic  field  H. 
The  Fiske  step  spacing  accounts  for  the  phase-locked  state  with  upper  mode  velocity  C. (-.  The  inset 
shows  Fiske  steps  of  the  single  mode  SM. 


static  interaction  between  Josephson  vortices  is  repulsion.  However,  it  has  been  shown 
numerically17  as  well  as  analytically19  that  the  upper  mode  c+  corresponds  to  the 
in-phase  solution  and  accounts  for  the  attraction  between  unipolar  vortices.  This 
configuration  is  schematically  shown  in  Fig.  5(b).  To  illustrate  this  behavior,  in 
Fig.  10  the  numerically  simulated  I  —  V  curve  for  a  two-fold  annular  stack  of  the 
reduced  length  L/A j  =  5  is  plotted22.  In  the  lower  branch  c_  the  anti-phase  locking 
is  found,  thus,  individual  fluxons  repel  each  other,  as  expected.  Surprisingly, the 
higher  mode  appeared  to  be  the  in-phase  mode.  More  details  are  presented  in  recent 
work  by  Petraglia  et  al.22.  Experimentally,  for  weakly-coupled  stacks  ( d  —  140  nm) 
very  stable  phase-locked  states  with  the  upper  mode  c+  were  found.  The  voltage 
spacing  between  sharp  resonances  is  equal  to  double  of  the  highest  Fiske  step  voltage 
spacing  AVfs2  =  ^od+/(2 L).  Comparison  of  these  experimental  observation  with 
the  numerical  and  analytical  considerations  brings  us  to  the  conclusion  that  Fig.  11 
represents  mutually  in-phase  locked  resonances  of  two  stacked  junctions.  This  effect 
was  only  found  if  the  fluxons  move  at  high  velocities.  This  mode  is  a  nice  example 
of  a  pure  relativistic  effect  (with  respect  to  the  Swihart  velocity,  not  to  the  speed 
of  light  in  vacuum)  which  results  in  an  attraction  of  unipolar  vortices  belonging  to 
different  junctions. 
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4.  Incorporation  of  stacked  tunnel  junctions  in  a  Josephson  voltage  stan¬ 
dard  experiment 

4-1.  Introduction 

In  the  past,  phase-locking  in  Josephson  junctions  with  external  rf-irradiation  has 
been  investigated  for  one-  and  two-dimensional  junction  arrays.  An  important  appli¬ 
cation  of  Josephson  junction  arrays  are  cryogenic  voltage  standards  25,26,27.  Recent 
developments  in  this  field  focused  on  the  decrease  of  the  drive  frequency  from  W-band 
(100  GHz)  to  the  X-band  region  (10  GHz)  28.  In  this  case  it  will  be  possible  to  use 
semiconductor  transistors  for  microwave  oscillators  (for  example  GaAs-MESFET‘s 
or  HEMT’s)  at  temperature  of  4.2  K29.  A  drawback  of  this  new  approach  is  the 
necessarily  large  individual  junction  size  of  60  x  260/im2.  Since  a  modern  voltage 
standard  includes  up  to  20000  junctions,  larger  junction  sizes  lead  to  non-uniform 
microwave  current  distribution  and  undesirable  chip  sizes.  Recently,  we  showed  suc¬ 
cessfully  that  stacked  tunnel  junctions  can  be  integrated  into  three-dimensional  (3D) 
arrays  and  phase  locking  to  an  external  rf-drive  current  was  observed  30,31 .  By  the 
incorporation  of  stacked  tunnel  junctions  in  a  voltage  standard  circuit,  the  package 
density  can  be  increased.  This  yields  a  higher  output  voltage  .  In  the  following,  the 
rf  irradiation-induced  phase-locking  range  in  a  arrays  with  two  and  more  junctions 
per  stack  is  compared,  with  arrays  which  consisted  of  single  barrier  junctions.  As  the 
figure  of  merit  of  the  phase  locking  range  we  defined  the  average  voltage  of  maximal 
current  step  for  one  Josephson  junction  in  an  array.  The  locking  range  was  measured 
with  respect  to  the  attenuation  of  the  introduced  microwave  power  along  the  stripline 
and  within  the  stacks.  Stacked  Nb-(Al/A103rNb)n  tunnel  junctions  with  up  to  ten 
barriers,  and  a  critical  current  spread  less  than  15%  have  been  fabricated6.  We  have 
combined  this  stacking  technology  with  a  fabrication  process  usually  used  to  produce 
2D  arrays  for  a  voltage  standard32.  A  series  of  ( X  x  Y)  tunnel  junction  arrays  were 
fabricated.  ( X  x  Y)  means  that  each  stack  contains  X  tunnel  barriers  and  Y  of  such 
stacks  were  connected  in  series  to  the  dc  power  supply. 

5.  Results  and  discussion 

5.1.  Three-dimensional  arrays 

We  investigated  several  arrays  with  different  numbers  of  junctions.  As  two  repre¬ 
sentative  examples  1  —  V  curves  of  (2  x  2000)  and  (4  x  84)  Josephson  junction  arrays 
are  shown.  Fig.  12(a)  shows  I  —  V  curve  of  2000  in  series  connected  stacks.  Each 
stack  consisted  of  two  tunnel  junctions  giving  the  4000  junction  in  the  array.  Under 
rf-irradiation  of  70  GHz,  current  steps  were  observed  only  up  to  maximal  510  mV. 
The  average  voltage  per  junction  was  0.17  mV.  This  is  approximately  a  factor  3  —  4 
too  low  in  comparison  with  the  expected  value26.  Fig.  12(b)  shows  the  I-V  curve 
of  a  (4  x  84)  Josephson  junction  array.  The  spread  of  junction  critical  currents  in 
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the  array  was  between  160/xA  and  210^A.  Upon  applying  rf-bias  the  critical  current 


Voltage  (V)  Voltage  (V) 


Fig.  12.  I  —V  curve  of  an  array  with  2000  Nb-(A1/A10x-Nb)2  stacks  (Fig.  (a))  and  I  —V  curve 
an  array  with  84  Nb-(A1/A10x-Nb)4  stacks  (Fig.  (b)). 

spread  increased.  Moreover,  critical  currents  splitted  into  four  different  values.  In 
Fig.  13,  the  I  —  V  curve  of  the  first  five  stacks  of  this  array  is  shown  under  70  GHz 
irradiation.  Clearly  four  critical  currents  of  approximately  0/xA,  100/xA,  130/iA  and 
180^A  are  visible.  At  this  point  it  is  clear  that  each  critical  current  level  corresponds 
to  a  certain  tunnel  barrier  level.  This  could  be  due  to  a  strong  non-uniform  rf-power 
distribution  within  a  stack.  Indeed,  only  for  the  first  two  stacks  placed  near  to  the 
input  of  the  microstripline  current  steps  with  the  maximal  voltage  Vn  =  8  mV  (aver¬ 
age  1  mV  per  junction  )  at  external  drive  frequency  of  70  —  80  GHz  are  observed.  The 
whole  array  with  totally  336  junctions  showed  current  steps  only  up  to  20  mV.  That 
means  an  average  voltage  per  junction  of  0.059  mV.  Maximal  and  average  Vn  values 


Fig.  13.  I  —  V  curve  an  array  with  (4  X  5)  junctions  under  70  GHz  irradiation.  Horizontal: 
50  A/div.;  Vertical:  20mV/div. 

for  various  arrays  are  summarized  in  Table  1.  Data  of  Table  1  document  a  decrease 
of  average  voltage  with  increasing  number  of  junctions  in  the  array.  Remarkable  is 
the  strong  reduction  of  the  average  voltage  with  increasing  number  of  tunnel  barriers 
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in  a  stack.  For  example,  the  transition  from  the  (2  X  84)  to  the  (4  x  84)  array  caused 
average  voltage  to  drop  by  an  order  of  magnitude. 


Number  of 

JJ  in  a 
stack 

Number  of 
stacks  in  an 
array 

Maximal 
voltage  of 
the  current 
steps,  mV 

Average 
voltage  for 
one  JJ  in  an 
array,  mV 

2 

2 

5 

- L25 - 

2 

84 

100 

0.59 

2 

2000 

0.17 

4 

2 

8 

1 

4 

84 

20 

0.059 

Table  1.  Parameters  of  the  investigated  samples. 

To  clarify  this  problem  we  concentrated  on  simpler  arrays  with  small  number  of 
junctions.  These  array  designs  offered  the  possibility  to  measure  the  I  —V  curve  of 
individual  junctions  or  stacks  located  at  different  points  of  the  microstripline. 

5.2.  Phase-locking  in  arrays  of  single  barrier  junctions 

For  the  following  investigations  a  circuit  with  a  layout  which  is  shown  in  Fig.  14 
was  used.  The  circuit  consisted  of  following  basic  parts:  a  fin-line  taper  (A),  the 
series  array  with  40  stacks  or  single  barrier  junctions  (B),  which  acts  as  a  stripline  for 
the  microwaves,  a  load  (C),  and  a  low- pass  microstrip  filter  (D).  Each  junction  has  a 
length  of  /  =  20  ^m  and  a  width  of  w  =  40  fim.  The  junctions  JJ1,  JJ36,  JJ40  were 
separately  measured.  Six  chips  with  the  layout  of  Fig.  14  were  fabricated  on  a  2— inch 
wafer.  A  special  fabrication  procedure  was  performed  in  order  to  identify  the  tunnel 


Fig.  14.  Series-array  microcircuit  with  40  stacks  or  planar  junctions. 

barrier  level  with  to  a  certain  critical  current.  First,  double  barrier  stacked  arrays 
were  deposited  in  niobium  technology.  The  oxidation  time  of  the  bottom  junctions 
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was  20  min  and  for  the  top  junctions  80  min  to  differentiate  the  Jc’s.  The  temperature, 
as  well  as  the  oxidation  pressure,  were  kept  constant.  Three  chips  of  the  wafer  were 
then  covered  by  photoresist.  The  top  junctions  on  the  other  part  of  the  wafer  were 
removed  by  reactive  ion  etching.  Afterwards  both  parts  of  the  wafer  were  completed 
using  identical  procedures.  From  the  I  —  V  curves  of  the  arrays  with  bottom  junctions 
only,  the  critical  currents  Jctop  to  be  300  -  350/zA  was  determined.  With  this  result  it 
was  possible  to  attribute  the  critical  currents  to  the  top  and  bottom  junctions  double 
barrier  stacks.  To  determine  the  attenuation  along  the  microstripline,  the  Shapiro 
step  heights  were  measured  as  functions  of  rf-current  at  /ext  =  79  GHz  for  the  JJ36 
and  JJaq  junctions.  The  maximal  Shapiro-step  height  is 

A  In  =  IcJn(kI-£)  (3) 

where  n  =  0, 1, 2  is  the  step  number,  Jn  the  Bessel  function  of  the  order  n  and  Jrf  the 
rf-current  amplitude  (in  arbitrary  units).  The  fit  parameter  k  is  inversely  proportional 
to  the  rf-current  dissipation  along  the  microstripline.  The  experimental  data  were  in 
good  agreement  with  (3)  for  ^36=1.05  and  &4o=T.04,  as  shown  in  Fig.  15  and  5b.  The 
attenuation  coefficient 

„.»,«(£)  <•> 

was  determined  to  be  0.017  dB /junction.  The  theoretically  expected  value,  using  the 


Fig.  15.  Shapiro-steps  height  (with  n  =  0, 1,2  )  as  a  function  rf  current  at  /ex t  =  79  GHz  for 
junctions  JJ36  (a)  and  JJ4o  (b).  Continuons  curves  described  by  (1). 

Stewart-McCumber  model,  is  0.00033  dB /junction33.  In  experiments,  the  attenuation 
coefficient  is  usually  10  to  50  times  larger34.  The  reason  behind  is  still  unclear.  One 
possible  explanation  for  a  high  a  is  a  standing  wave  along  the  microstripline.  Indeed, 
additional  measurements  between  78  GHz  and  115  GHz  showed  standing  waves  in  the 
microstripline.  Nevertheless  the  distance  between  JJ3 e  and  JJ40  is  five  times  less 
than  wavelength  A  in  the  line.  Therefore,  standing  waves  were  not  responsible  for 


the  high  attenuation  coefficient.  Another  mechanism,  the  surface  resistance  of  the 
Nb  —  Al  layer,  could  also  lead  to  high  attenuation  but  was  not  yet  investigated. 

5.3.  Attenuation  of  the  rf-current  within  a  stack 

In  this  paragraph  first  attempts  to  measure  the  attenuation  of  microwave  power 
within  vertically  arranged  tunnel  junctions  are  repoted.  The  I  —  V  curve  of  a  two- 
junction  stack  is  shown  in  Fig.  16.  The  maximum  current  of  350/tA  at  the  gap 
voltage  Vg  =  2.5  mV  corresponds  to  the  critical  current  I^ot  of  the  bottom  junction, 
as  mentioned  above.  The  lower  critical  current  7*op  =  200// A  at  V  =  0  is  related  to  the 
top  junction.  To  determine  the  attenuation  within  the  stack,  the  Shapiro  step  height 


Fig.  16.  I  —V  curve  of  the  two  junction  stack  (a).  Shapiro  steps  at  fext  =  79  GHz  in  the  vicinity 
V  =  0  (b)  and  V  =  Vg  (c). 

as  a  function  of  rf-current  at  /ex t  =  79  GHz  was  measured  separately  for  the  top  and 
bottom  junctions  around  voltages  V  =  0  (  Fig.  16(b))  and  V  =  Vg  (  Fig.  16(c)).  In 
the  vicinity  of  zero  bias  contibution  of  Shapiro  steps  from  both  junctions  were  found. 
However,  at  zero  bias  voltage  only  the  step  from  the  top  junction  was  observed.  In 
the  vicinity  of  Vg  all  steps  belonged  to  the  junction  with  larger  critical  current,  i.e. 
the  bottom  junction.  In  Fig.  17  experimental  data  with  the  fitting  curves  for  the  n 
~  0  and  n  =  1  Shapiro  steps  for  the  bottom  junction  are  shown.  The  determined 
^bottom  =  1.4.  The  same  procedure  for  the  top  junction  (see  Fig.  17b)  was  carried  out 
and  &top  =  0.9  was  obtained.  Remarkable  is  the  fact  that  at  V  =  0  and  V  =  Vg  at 
higher  rf-currents  contribution  of  steps  of  order  n  =  1  and  n  =  —  1  are  visible.  The 
attenuation  coefficient  between  junctions  in  a  stack  was  determined  from  (4)  to  be 
a  =  3.8  dB.  This  is  a  very  high  number.  One  possible  explanation  is  that  the  tunnel 
capacitance  of  the  stack  represents  a  low-frequency  block.  The  lower  cut-off  frequency 
is  defined  by  equation  /  =  (2ir\/ZC')-1,  where  L  is  the  inductance  between  the  strip 


Fig.  17.  Shapiro-step  height  vs  rf-current  at  fext  =  79  GHz  at  V  =  Vg  for  the  bottom  junction 
(a)  and  at  V  —  0  for  the  top  junction  of  stack.  The  lines  corresponds  to  simulation  according  (3) 
for  n  =  0  (straight)  and  n  =  1  (dotted). 


and  the  ground  plane  over  the  distance  between  junction  centers  and  C  is  the  junction 
capacitance  33.  For  our  single  barrier  Nb-(A1/A10a;-Nb)i  junction  the  capacitance 
is  C  —  58  pF.  With  an  estimated  L  of  1.1  pH  it  follows  /  =  22  GHz.  With  the 
assumption  that  two  junctions  in  a  stack  act  as  two  in  series  connected  capacitors, 
the  cut-off  frequency  is  increased  to  31  GHz.  This  value  is  more  than  two  times 
lower  than  the  applied  external  frequency  and  it  should  have  a  negligible  influence 
on  microwave  losses.  The  present  design  of  stacks  in  the  microstripline  allowed  the 
microwave  power  to  split  into  a  few  ways.  If  for  example  the  upper  junction  in  a 
double  barrier  stack  is  already  in  the  resistive  state,  the  rf-bias  flows  more  along  the 
microstripline,  while  in  vertical  direction  high  quasiparticle  losses  appear.  New  stack 
design  approaches  are  needed.  The  aim  of  this  work  was  to  separate  the  influences 
of  the  attenuation  of  the  introduced  microwave  power  along  the  stripline  and  within 
the  stacks.  The  attenuation  per  single  barrier  junction  in  the  microstripline  was  not 
optimal.  Nevertheless,  the  used  parameter  set  was  not  imposing  for  the  limitation  of 
the  phase-locking  range.  The  reason  for  the  reduced  phase  locking  range  in  arrays 
is  the  high  rf-loss  in  the  vertical  direction.  Penetration  of  rf-bias  current  in  the  top 
junction  may  be  depressed  by  its  sub  gap  resistance.  New  approaches  to  the  design 
of  microstripline  with  stacked  tunnel  junctions  are  necessary. 

6.  Prospects 

In  this  paper  I  described  two  examples  for  the  applications  of  stacked  Nb-(A1/A10x- 
Nb)n  tunnel  junctions.  Of  course,  the  present  research  status  do  not  allowed  us  to 
predict  the  usefulness  of  stacked  devices  in  superconducting  circuits.  Nevertheless, 
the  recently  obtained  results  look  promising.  For  the  future  voltage  standard  with  low 
drive  frequency  and  may  be  with  an  on-chip  semiconductor  oscillator  stacked  tunnel 
junctions  are  helpful.  Coherent  motion  (either  in-phase  or  out-of-phase)  of  Josephson 
vortices  could  offer  large  output  power  and  narrow  line  width  oscillators  with  fim  di- 
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mensions  in  the  submillimeter  wavelength  range.  From  the  technology  point  of  view, 
many  developments  are  necessary.  One  need  is  the  complete  automatic  deposition 
of  the  multilayers  including  the  thermal  oxidation.  Figure  18  shows  an  I  —  V  curve 
of  a  Nb-(A1/A10x-Nb)i  tunnel  junction  for  which  the  trilayer  was  deposited  in  an 
automatical  run. 


Fig.  18.  I  —  V  curve  of  a  single  barrier  Nb-(A1/A10a;-Nb)i  tunnel  junction.  The  trilayer  was 
deposited  in  a  full  automatic  cycle. 


This  technique  has  to  be  evaluated  in  the  near  future.  For  the  etching  of  multi¬ 
layer  with  more  than  ten  junctions  new  dry  etching  procedures  are  may  be  required. 
In  addition,  technolgy  is  not  restricted  to  Nb  —  Al  layers.  For  example,  NbN-(MgO- 
NbN)n,  Nb-(A1N-Nb)n  or  NbN-(AlN-NbN)n  are  surely  candidates  for  stacks.  The 
obvious  advantage  is  the  possibility  to  deposit  the  tunnel  barrier,  so  long  thermal  ox¬ 
idation  times  as  in  the  case  of  Nb-(A1/A10*-Nb)„  Nb  will  be  avoided.  In  addition  the 
layered  high  temperature  superconductors  as  Bi2Sr2CaCu20g+x  are  stacked  systems. 
Especially,  since  the  recent  discover  of  the  intrinsic  Josephson  effect  in  single  crystals 
Bi2Sr2CaCu2Og+x  the  question  arises  in  which  cases  low-Tc  multilayers  could  play  a 
model  system  for  high-Tc  layered  superconductors35.  More  details  of  this  subject  are 
in  the  contribution  of  P.  Muller  (this  volume). 
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ABSTRACT 

Stacks  of  two  junctions  with  access  to  the  intermediate  electrode  have  been  suc¬ 
cessfully  realized  in  a  two-step  double-trilayer  deposition.  Thus  it  was  possible  to 
experimentally  investigate  stacks  with  different  bias  conditions.  The  main  results 
regard  finite  voltage  states  of  the  unbiased  junction  detected  when  the  other  is  bi¬ 
ased  on  a  resonant  flux-flow  step.  By  using  two  inductively  coupled  JTL’s  to  model 
the  system,  the  main  features  observed  in  the  physical  system  were  obtained  from 
numerical  calculations. 


1.  Fabrication  Process 

The  samples  consist  of  stacks  of  two  junctions  which  can  be  separately  biased 
in  the  overlap  configuration.  We  have  used  a  fabrication  technique  which  produces 
stacks  of  junctions  with  approximately  the  same  area  (within  10  %)  and  provides  an 
electrical  connection  to  the  common  electrode,  while  the  bias  current  distribution  is 
reasonably  uniform.  The  process  is  based  on  the  Nb/Al/AlOx/Nb  technology  and 
the  deposition  of  the  layers  has  been  made  in  two  different  steps.  First,  the  trilayer 
corresponding  to  the  bottom  junction  is  deposited  and  patterned  by  lift-off  with  the 
geometry  of  the  base  electrode.  The  area  of  the  bottom  junction  is  then  defined  by  a 
S(elective)  N(iobium)  A(nodization)  P(rocess).  As  a  second  step,  the  samples  come 
back  to  the  vacuum  chamber  and  the  trilayer  corresponding  to  the  top  junction  is 
deposited.  Let  us  stress  that  the  thickness  of  the  first  Niobium  layer  in  this  deposition 
added  to  the  thickness  of  the  upper  niobium  film  of  the  first  trilayer  would  give  a 
total  thickness  ranging  from  50  to  120  nm.  The  London  penetration  depth  for  our 
Nb  is  estimated  to  be  about  80  nm. 

The  middle  electrode  and  the  top  junction  area  are,  respectively,  defined  by  lift-off 
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Fig.  1.  Outline  of  the  fabrication  process. 


and  SNAP  process  as  well.  The  Nb  wiring  is  finally  deposited  and  patterned  by  lift-off 
with  the  geometry  of  the  top  electrode.  Whenever  the  samples  were  returned  to  the 
vacuum  chamber,  during  the  process,  a  light  sputter-etching  was  made  in  order  to 
clean  the  metallic  surfaces  previously  deposited.  The  whole  process  and  the  geometry 
of  our  samples  are  summarized  in  Fig.  1. 

2.  Experiment 

We  have  experimentally  investigated  a  stack  of  two  strongly  coupled  junctions  un¬ 
der  different  bias  configurations.  The  thickness  of  the  common  electrode  was  about 
50  nm,  the  dimensions  of  the  junctions  L  x  W  =  450  x  10  (jtu2  and  the  current  den¬ 
sity  Jc  ~  50  A/ cm2.  It  has  been  shown  experimentally1  that  in  two  coupled  stacked 
junctions  a  splitting  of  the  Swihart  velocity  occurs,  giving  rise  to  the  appearance  of 
two  families  of  flux  flow  steps  in  the  presence  of  an  external  magnetic  field.  The  two 
families  are  characterized  by  two  different  spacings  of  the  Fiske  resonances.  The  exis¬ 
tence  of  the  two  modes  was  also  verified  to  be  independent  of  the  bias  configuration2, 
since  the  two  Fiske  step  families  were  measured  both  biasing  the  junctions  in  series 
or  separately. 

In  the  experiments  we  biased  the  junction  with  higher  (20  %)  critical  current  {gen¬ 
erator)  on  the  resonant  flux  flow  step  corresponding  to  the  lower  Fiske  step  spacing 
and  detected  both  the  voltage  of  the  generator  and  of  the  other  junction  ( detector )  in 
different  bias  conditions.  An  external  magnetic  field  was  applied  in  the  plane  of  the 
substrate  and  in  direction  perpendicular  to  the  long  dimension  of  the  junctions. 

The  different  cases  of  bias  current  configurations  and  the  related  experimental 


Current  (M) 
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Fig.  2.  Plots  showing  the  voltages  across  the  detect  or  (solid  line)  and  across  the  generator  (dashed 
line)  vs.  the  bias  current  in  the  generator  when:  (a)  the  detector  is  not  biased;  (b)  the  detector 
is  biased  by  a  constant  current  I  =  12 fiA. 


results  are  listed  below.  In  the  following,  the  current  passing  through  the  detector 
junction  and  the  generator  junction  are  respectively  indicated  as  Ig  and  Id- 

1.  Ig  ±  0;  h  =  0 

In  this  configuration  the  generator  junction  is  biased  on  a  flux  flow  step  of 
the  first  family  and  the  detector  junction  is  not  biased.  This  case  was  already 
discussed  in  ref.  2,  in  which  was  described  the  appearance  of  a  voltage  across 
the  unbiased  junction  within  some  ranges  of  the  generator  current  bias  and 
the  occurrence  of  some  small  ranges  of  voltage  locking  in  the  case  of  stronger 
coupling. 

In  Fig.  2a  a  typical  result  corresponding  to  this  bias  configuration  is  shown.  In 
general  we  can  distinguish  three  kinds  of  response  corresponding  to  different 
values  of  the  current  in  the  generator: 

•  at  lower  Ig  we  observe  finite  voltage,  Vd,  across  the  detector  which  does 
not  change  proportionally  to  the  voltage  across  the  generator,  Vg\ 

•  also  visible  are  small  current  ranges  in  which  Vd  shows  an  opposite  polarity 
with  respect  to  Vg ; 

•  at  higher  Ig  the  voltage  across  the  detector  is  locked  to  the  voltage  of  the 
generator  (or  to  its  integer  fractions). 

2.  Ig  variable ;  Id  =  const  >  0 

This  case  is  shown  in  Fig.  2b.  In  this  experiment  the  current  passing  through 
the  generator  junction  is  varied  from  positive  to  negative  values  while  a  constant 
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positive  current  is  supplied  through  the  detector.  It  is  important  to  note  that  Id 
is  smaller  than  the  critical  current  of  the  detector  corresponding  to  the  applied 
magnetic  field,  Id  <  If{Hext)\  this  means  that  by  biasing  the  generator  in  a  zero 
voltage  state  the  detector  would  be  in  a  zero  voltage  state  too. 

In  this  case  we  can  distinguish  two  different  situations: 

a)  Id  and  Ig  with  the  same  polarity. 

This  configuration  corresponds  to  the  upper  part  of  Fig.  2b.  We  observed 
that,  due  to  the  small  current  Id ,  the  voltage  locking  range  is  sensitively 
increased  as  compared  to  the  case  1  (Fig.  2b  shows  the  V^,,  Vd  vs.  Ig  curves 
when  Id  is  set  to  maximize  the  voltage  locking  range);  in  this  case  the 
dynamics  of  the  system  can  be  described  as  consisting  of  two  fluxon  chains, 
one  in  each  junction,  moving  with  the  same  mean  velocity. 

b)  Id  and  Ig  with  opposite  polarity. 

This  configuration  corresponds  to  the  lower  part  of  Fig.  2b.  Here  we  ob¬ 
serve  that,  in  nearly  the  same  current  range,  the  generator  and  the  detector 
are  still  voltage  locked  but  now  the  voltages  have  different  polarity,  indi¬ 
cating  that  the  fluxon  chains  in  the  two  junctions  are  moving  with  the 
same  mean  velocity  but  in  opposite  directions. 

3.  Ig  =  h 

In  this  case  the  stack  is  biased  in  series.  Ranges  of  voltage  locking  on  the  flux 
flow  steps  can  be  observed,  as  discussed  in  detail  in  ref.  1 

4.  Ig  —  const ;  Id  =  variable 

If  the  generator  is  biased  at  certain  values  of  bias  current  Ig  on  a  flux  flow  step 
of  the  first  family,  corresponding  to  a  voltage  Vg ,  a  step  corresponding  to  the 
voltage  Vg  appears  on  the  I-V  curve  of  the  detector  and  its  critical  current  is 
suppressed. 

5-  Ig  =  ~Id 

When  an  external  magnetic  field  is  applied,  wide  current  ranges  in  which  the 
junctions  show  the  same  voltage,  or  integer  voltage  ratios,  with  opposite  polar¬ 
ity,  can  be  found  on  the  first  flux  flow  step. 

As  mentioned  before,  the  role  of  the  generator  junction  is  played  by  the  junction 
with  higher  critical  current.  If  the  roles  are  interchanged,  no  relevant  voltage  re¬ 
sponse  can  be  measured  across  the  detector  junction.  Moreover,  in  the  experiments  a 
response  can  be  measured  only  when  the  generator  junction  is  biased  on  a  dynamical 
state  corresponding  the  resonant  flux  flow  step  corresponding  to  the  lower  Fiske  step 
spacing. 
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Fig.  4.  Numerical  simulations  with  the  PDE’s. 


•  finite  voltage  states  of  the  unbiased  junction; 

•  different  steps  whose  asymptotic  voltages  agree  fairly  well  with  the  ones  that 
can  be  obtained  by  considering  the  splitting  of  the  Swihart  velocity; 

•  a  large  voltage  locked  region  on  the  Fiske  step  with  the  lower  Swihart  velocity; 

•  the  existence  of  a  pulling  region  (see  inset  of  Fig.  4),  traced  out  when  the 
junctions  switch  together  to  a  finite  voltage  state,  which  evidences  the  dragging 
action  exerted  by  the  chain  in  the  generator  on  the  one  in  the  detector  at  close 
relative  velocities;  this  picture  is  also  confirmed  by  the  sudden  switch  forward 
of  the  generator  voltage  when  the  detector  unlocks. 


4.  A  Dynamical  Model 

We  have  developed  a  simplified4  description  of  the  dynamical  states  of  our  system 
based  on  the  collective  coordinate  representation.  Starting  from  the  coupled  PSGE’s 
and  deriving  from  the  Hamiltonian  formalism  (by  inserting  the  solution  corresponding 
to  the  unperturbed  flux-flow  state  of  a  single  junction)  the  forces  acting  on  the  fluxon 
chains  due  to  the  interaction  with  the  external  magnetic  field,  the  dc  drive  and  the 
mutual  coupling,  we  obtain  the  equations  of  the  motion  for  the  collective  coordinates. 
Introducing  normalized  quantities  the  pair  of  ODE’s  for  the  motions  of  each  chain  as 
a  whole  are: 
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Fig.  3.  Equivalent  circuit  for  two  inductively  coupled  Josephson  junctions. 


3.  Numerical  Simulations 

In  Fig.  3  is  illustrated  the  circuit  used  to  model  two  Josephson  junctions  induc¬ 
tively  coupled  through  the  intermediate  electrode. 

From  this  equivalent  circuit  a  pair  of  normalized  Perturbed  Sine  Gordon  Equations 
with  extra  coupling  terms  can  be  obtained,  ref.  3 

(  $xx  -  $tt  -  sin  $  =  a$t  ~  P$xxt  -7 g~  €^xx  qx 

1  Vxx  ~  ^tt  -  sin  ^  =  Oi^t  -  p^xxi  -  ld  -  e$xx  { 

and  the  usual  boundary  conditions 


$x(0,<)  +  /?$**((),  f)  =  -t] 

’MO,*)  +  /9tfxf(0,*)  =  -v 


It  should  be  noted  that  usually  the  influence  of  the  /?  term  on  the  dynamics  of 
the  PSGE  is  considered  small  and  thus  neglected  during  the  calculations;  we  found, 
instead,  in  the  preliminary  results  reported  below,  that  as  regards  the  dynamics  of 
two  coupled  PSGE’s,  the  0  parameter  plays  an  important  role,  inasmuch  as  some 
results  depend  on  the  value  assumed  for  it.  This  point  deserves  further  attention, 
for  at  least  two  reasons:  (i)  if  the  value  of  fi  is  important,  it  should  probably  also 
inserted  into  the  coupling  terms  in  Eqs.  (1)  5;  (ii)  one  can  also  imagine  a  coupling 
between  the  junctions  via  the  radiation  emitted  from  their  ends  6,  which  would  give 
rise  to  additional  terms  on  the  right-hand  side  of  Eqs.  (2). 

We  solved  the  system  of  Eqs.  (1)  by  numerical  integration  using  a  finite  difference 
scheme  with  standard  integration  routines.  In  Fig.  4  we  show  an  example  of  the  results 
obtained  in  the  case  of  the  unbiased  detector,  7 d  =  0.  Fig.  4  shows  the  appearance 
of: 
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Fig.  5.  Numerical  simulations  with  the  ODE’s. 


{  dissipative  term  ^.asterm  mutual  coupling  magnetic  field 

|i  =  -afi  +esin(£2  -  6)  +Asin£i  (3) 

the  same  equation  with  £i  — >  £2  and  jg  — >  7^ 

where  £1  and  £2  are,  respectively,  the  collective  coordinate  of  the  fluxon  chain  in  the 
generator  and  in  the  detector  junction. 

By  integrating  numerically  these  equations  we  obtained  three  different  dynamical 
states  (see  Fig.  5).  From  the  Vg,Vd  vs.  Ig  curves  we  can  identify  states  in  which: 

•  the  chains  move  with  the  same  mean  velocity  (region  A) 

•  the  chains  move  with  finite  but  different  mean  velocities  (region  B) 

•  for  higher  bias,  the  detector  unlocks  and  drops  into  a  zero  mean  velocity  state, 
while  the  externally  driven  chain  freely  moves  with  a  usual  velocity-bias  relation, 
(region  C) 

Moreover  the  plot  shows  a  zero  velocity  state  for  both  the  junctions  at  bias  less 
than  a  critical  value  depending  on  the  applied  magnetic  field.  Here  the  dc  drive  is 
not  large  enough  to  move  the  chains  which  remain  pinned  by  the  external  magnetic 
field. 
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5.  Conclusions 

We  have  interpreted  the  experimental  data  concerning  the  behaviour  of  long 
stacked  Josephson  junctions  in  magnetic  field  in  terms  of  the  interaction  between  two 
inductively  coupled  fluxon  chains  since  the  thickness  of  the  intermediate  electrode  is 
comparable  to  or  less  than  Al- 

The  numerical  simulations  and  the  simplified  dynamical  model  account  essentially 
for  all  the  phenomena  observed,  except  for  the  case  in  which  a  small  bias  current 
is  fed  into  the  detector,  opposite  to  the  one  flowing  in  the  generator.  In  fact  we 
never  recorded  in  the  simulations,  except  during  transients,  states  voltage  locked 
with  opposite  polarities.  We  believe  that  by  extending  the  parameter  space  under 
investigation  also  this  flux-flow  configuration  might  be  accounted  for. 
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ABSTRACT 

Layered  superconductors  consisting  of  two  or  more  stacked  long  Josephson  junc¬ 
tions  have  recently  been  studied  experimentally  by  several  groups  as  a  possible 
technological  improvement  for  most  of  the  applications  of  Josephson  junctions.  Al¬ 
though  such  systems  have  mostly  been  realised  as  stacks  of  Nb-Al/AlO^-Nb  tunnel 
junctions,  there  is  also  interest  in  such  systems  as  a  model  of  layered  superconduc¬ 
tors.  Thus  there  have  already  been  published  experiments  clearly  demonstrating 
that  BSCCO  high  Tc  superconductors  behave  as  a  stack  of  Josephson  junctions. 
One  of  the  purposes  of  the  present  work  is  to  study  the  variety  of  dynamical  be¬ 
haviours  that  can  be  expected  in  those  systems.  Our  numerical  investigations  cover 
the  parameter  space  for  the  two  junction  system,  such  as  the  coupling  parameter, 
the  boundary  conditions  (i.e.  the  external  field)  and  the  biasing  conditions  for  the 
two  junctions.  Besides  the  dynamics,  we  are  able  to  simulate  the  current-voltage 
characteristics  of  the  stack  so  that  we  can  compare  with  the  data  obtained  experi¬ 
mentally.  Highly  interesting  for  possible  applications  are  the  locked  states.  The  first 
result  obtained  for  the  two  layer  stack  is  the  presence  of  in-phase  and  out-of-phase 
locking  corresponding  to  two  different  characteristic  velocities  in  the  junctions.  Be¬ 
sides  the  numerical  approach,  analytical  methods  have  also  been  carried  out  in 
some  cases.  Analytical  methods  in  the  small  signal  (linear)  approximation,  applied 
to  the  case  of  N  junctions  have  shown  the  splitting  of  the  characteristic  velocity  in 
N  branches.  The  phase  shifts  for  various  velocities  are  in  agreement  with  numeri¬ 
cal  results.  Explicit  expressions  for  the  N  different  limit  velocities  have  also  been 
calculated. 


1.  Introduction  and  Model 

Recently  many  efforts  have  been  spent  in  the  experimental  study  and  modeling  of 
systems  consisting  of  two  or  more  stacked  long  Josephson  junctions.  Interest  arises 
from  the  fact  that  stacked  junctions  are  good  candidates  to  solve  some  of  the  prob¬ 
lems  in  application  of  Josephson  junctions  as  high  frequency  oscillators,  which  are  low 
power  output,  low  output  impedance,  large  emitted  radiation  linewidth.  Moreover, 
such  systems  have  been  proposed  as  a  model  of  very  anisotropic  high-Tc  supercon¬ 
ductors. 

In  this  work  we  present  new  results  obtained  in  the  framework  of  theory  by  Sakai, 
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Bodin  and  Pedersen  (SBP)1. 

The  vertical  stacks  of  Josephson  junctions  consist  of  alternating  layers  of  super¬ 
conductors  and  insulators.  The  complete  derivation  of  the  equations  for  an  N-fold 
stack  for  an  arbitrary  magnetic  field  and  different  geometries  may  be  found  in  Ref.1. 

We  consider  a  symmetric  two-layer  stack,  which  in  the  usual  normalization2  is 
described  by: 


(  <Pxx  \  (  1  S  \  (  iptt  +  capi  +  sin^j  -  7  \ 

\^xx  )  \S  1  )  \  i’tt  +  oaf}t  +  sin  if>  -  7  j  ’ 


ip  and  ip  are  the  superconducting  phase  differences  for  the  two  junctions.  The  coupling 
parameter  between  the  junctions  is  defined  as 

n  ^ L 

^  ~  t  t  t 

sinh—  (d  +  Ax,coth-- — |-  A^coth— ^-) 

A  l  A  l  *L 

Here  the  barrier  thickness  is  d ,  the  middle  superconducting  electrode  thickness  is  t 
and  the  top  and  bottom  electrodes  have  the  thickness  te,  A^  is  the  London  penetra¬ 
tion  depth.  Note,  the  coupling  parameter  S  depends  only  on  geometry  and  physical 
parameters  of  the  stack,  indeed  it  is  determined  completely  by  the  thickness  of  the 
insulating  and  superconducting  layers  in  the  structure.  Typical  experimental  values3 
for  S  in  a  two  junction  stack  are  in  the  interval  -0.2  — 0.7. 

Eq.(l)  gives  a  splitting  of  the  characteristic  (Swihart)  velocity  in  two  branches3,4.  In 
the  unperturbed  case  (a  and  7  equal  to  zero)  such  velocities  can  be  calculated  from 
the  dispersion  relation  of  the  plasma  waves  (p  =  Aiet(kx~ujt)  and  ip=  (in 

the  hypothesis  |Ai| ,  l^l  !)■  The  two  velocities  are  given  by 


c±~  VT±s' 

As  has  been  shown  by  numerical5  and  perturbational6  analysis  these  characteristic 
velocities  are  also  limit  velocities  for  solitonic  solutions. 

For  an  N-junction  stack  there  exist  N  different  velocities  of  the  propagating  waves, 
the  explicit  expressions  for  them  are  calculated  as7’9 


Cn  = 


1 


1+25'  cos 


=  ,n  =  1,2,...,  N. 


AT  +  1 


(4) 


From  the  experimental  point  of  view,  the  velocity  splitting  gives  rise  to  the  split¬ 
ting  of  the  so  called  flux-flow  steps  in  the  current-voltage  (I-V)  characteristic  of  the 
stack.  In  Fig.  1  we  show  an  I-V  curve  for  a  2  junction  stack  embedded  in  the  normal¬ 
ized  magnetic  field  7/  varied  between  6.0  and  8.0  normalized  units.  The  two  different 
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Fig.  1.  I-V  curve  for  a  two  junction  stack  embedded  in  magnetic  field.  Parameters:  a  =  0.1, 
l  —  7.0,  S  =  —0.7,  the  normalized  magnetic  field  varies  from  6  to  8. 

families  of  steps  are  characterized  by  different  voltage  spacings  between  them.  The 
voltage  spacing  between  neighboring  steps  is  proportional  to  the  characteristic  ve¬ 
locity  of  the  corresponding  wave  mode.  Similar  behavior  has  recently  been  observed 
experimentally3. 

The  linear  analysis  shows  that  different  velocities  correspond  to  different  symmetry 
of  the  waves  in  the  stack5,7.  This  is  confirmed  by  numerical  results.  For  example, 
in  the  case  of  equal  biases  for  the  c_  mode  the  fluxons  in  the  two  junctions  repel 
each  other,  while  for  the  c+  mode  they  attract  each  other  forming  a  bunched  mode1,6. 
This  two  state  behavior  continues  to  exist  for  more  complex  cavity  modes,  in  Ref.5,8,9, 
for  example,  are  shown  the  in-  and  out-of-phase  motions  corresponding  to  the  two 
velocities.  For  N-fold  stacks  we  have  more  complicated  dynamics  in  which  some  layers 
are  in-phase  locked  and  others  are  out-of-phase  locked9. 

2.  Different  Biases 

Recently  Barbara  et  al10  have  shown  experimentally  that  for  some  parameter 
range  there  are  locked  states  between  the  layers  with  different  biases  in  the  two 
junctions.  Moreover,  locked  states  have  also  been  shown  to  exist  even  for  just  one 
junction  biased. 

For  a  simulation  example  we  have  chosen  opposite  biases  (72  =  -71)  and  the 
magnetic  field  77  different  from  zero.  The  basic  attractive  state  for  this  bias  orientation 
was  fluxon-antifluxon  while  for  the  bias  chosen  in  Ref.5,7  it  was  the  fluxon-fluxon 
state. 

In  Fig.  2(a), (b)  the  two  types  of  locking  of  a  fluxon  train  in  one  layer  and  an 
antifluxon  train  in  the  other  layer  are  shown.  We  note  the  complicated  shape  in  the 
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Fig.  2.  vs.  the  spatial  coordinate  a:  in  a  two  junction  stack.  Parameters:  a.  =  0.1, 

l  =  5.0,5  =  —0.7,7/  =  6.0.  (a)  7i  =  —72  =  0.6,  in-phase  behavior;  (b)  71  =  —72  =  0.3, 
out-of-phase  behavior. 

repulsive  case. 

The  velocity  of  the  bunched  mode  fluxon-antifluxon  is  c_  (see  Ref.1).  In  Fig.  3 
is  shown  the  I-V  characteristic  for  a  Zero  Field  Step  (ZFS):  in  Fig.  3(a)  the  two 
junctions  have  opposite  bias  currents  and  are  in  a  bunched  fluxon-antifluxon  state. 
This  state  is  stable  over  a  wide  range  of  the  bias  currents,  and  it  continues  to  exist 
when  the  current  in  one  of  the  layers  is  lowered  to  zero(see  Fig.  3(b)). 

3.  Numerical  Experiments  on  Junctions  with  Different  Parameters 

The  results  shown  above  assume  that  the  layers  have  the  same  physical  and  geo¬ 
metrical  properties.  Now  we  will  examine  the  more  realistic  case  when  the  parameters 
are  different.  Also  in  this  case  it  is  possible  to  calculate  the  expressions  for  the  N 
characteristic  velocities  in  the  small  wave  amplitude  approximation.  The  procedure 
is  similar  to  that  described  above  with  a  more  complex  form  of  the  determinant. 
Comparison  of  the  data  with  experiments  show  a  good  quantitative  agreement7. 

For  the  numerical  analysis  we  choose  the  case  in  which  the  junctions  have  different 
critical  currents  Jc\  and  Jc 2,  keeping  all  other  parameters  unchanged.  Inspection  of 
the  dynamics  shows  some  new  states  in  which  the  phases  in  the  two  junctions  move 
independently. 

Fig.  4  shows  one  I-V  characteristic  for  a  two  layers  stack.  There  is  the  same  bias  in 
both  junctions,  the  external  magnetic  field  and  the  other  parameters  (the  loss  a  and 
length  /)  have  been  chosen  to  have  flux  flow  states  with  resonances.  The  two  voltages 
across  the  layers  are  indicated  by  crosses  and  circles  in  Fig.  4.  Besides  the  locked  in- 
and  out-of-phase  states,  there  are  other  unlocked  states  indicating  a  more  complex 
dynamic  picture  which  arises  due  to  the  difference  between  the  two  junctions. 
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Fig.  3.  I-V  curves  for  a  stacked  junction  in  the  ZFS  state.  Parameters:  a  =  0.1,  l  =  7.0, 
S  =  0.7.  Vi  =<  (fit  >,  V2  =<  i(>t  >.  (a)  7i  =  -72;  (b)  72  =  0. 


Fig.  4.  I-V  characteristic  for  a  two  junction  stack  with  different  critical  current  (Jci/ JC2  —  0.95). 
The  parameters  are  the  same  as  in  Fig.  3  but  with  1}  =  11.2. 
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4.  Conclusions 

Structures  consisting  of  N  superconductor-interface  layers  vertically  stacked  have 
been  analytically  and  numerically  studied  in  the  framework  of  the  SBP  theory.  The 
explicit  expressions  for  the  N  resulting  characteristic  velocities  and  for  the  spacing 
between  the  steps  in  the  numerically  calculated  I-V  curves  are  in  good  agreement  with 
the  experiments.  The  analysis  has  shown  different  types  of  locking  corresponding  to 
different  characteristic  velocities;  some  of  these  complex  regimes  can  explain  strongly 
non-linear  behaviors  observed  in  experiments. 
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ABSTRACT 

The  unusual  behaviour  of  the  loss  of  periodicity  in  the  magnetic  field  diffraction  pat¬ 
tern  of  Josephson  current,  which  was  observed  in  a  multilayered  Josephson  structure 
experiment,  is  explained  in  terms  of  a  simple  model. 


1.  Introduction 

The  aim  of  the  present  paper  is  to  present  a  simple  theoretical  model  to  account 
for  a  comparatively  old  experiment  on  multilayered  Josephson  structures  1  which,  as 
far  as  we  know,  is  being  still  unexplained. 

Let  us  briefly  summarize  these  results.  The  dependence  of  the  critical  current 
versus  magnetic  field  was  studied  in  complex  junctions  consisting  of  a  multilayered 
Nb/Cu  structure,  a  thin  Nb  film,  a  Nb^Os  oxide  barrier  and  a  Pb  counterelectrode(Tc3  = 
7.2K)  (see  Fig.  1). 


Fig.  1.  Schematic  view  of  the  Josephson  junction  structure.  5'i=Nb/Cu  multilayer;  5,2=Nb  thin 
overlayer;  1=  insulating  barrier,  S3  =  Pb  counterelectrode. 
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The  Nb/Cu  multilayer  period  was  in  the  range  0.4  -  30  nm  with  a  total  thickness 
of  300  nm  with  Nb  as  last  layer.  The  quality  of  the  superlattice  was  controlled 
by  X-rays  methods.  It  is  important  to  stress  that  these  films  behaved  as  uniform 
superconductors  with  critical  temperature  Tci  depending  on  the  lattice  period.  For 
the  data  reported  it  was  always  Tc i  <  T&.  After  the  preparation  of  the  superlattice, 
one  additional  layer  of  Nb  30nm  thickness  with  Tc2  =  9K  was  sputtered  and  then, 
after  photolithography,  its  surface  was  back-sputtered  and  oxidized.  As  a  result  the 
thickness  of  this  layer  diminished  of  ~  lOnm  and  an  insulating  layer  of  Nb20$  with 
thickness  2  nm  appeared  on  its  surface.  Finally,  in  order  to  create  the  tunnel  junction 
a  lead  counterelectrode  of  thickness  500  nm  was  deposited. 

The  dimensions  of  the  junctions  L  (ranging  between  50  X  50/zm2  and  1  x  1mm2) 
were  small  in  comparison  with  the  Josephson  penetration  depth,  so  the  effects  con¬ 
nected  with  the  self  magnetic  field  were  not  influent. 

The  current-voltage  characteristics  of  this  structure  was  measured  at  low  tem¬ 
peratures  and  were  found  to  be  close  to  an  ideal  one.  The  critical  currents  versus 
magnetic  field  at  different  temperatures  were' also  measured  with  the  field  applied 
along  the  junction  surface.  At  temperatures  below  the  critical  temperature  Tcl  of 
the  superlattice  the  dependence  JC(H)  always  exhibited  the  classical  Fraunhofer-like 
diffraction  pattern  as  expected.  However  for  T&  <  T  <  the  Fraunhofer  pattern 
was  replaced  by  a  smooth  curve  of  Gaussian  type.  At  temperatures  above  Tc 3  the 
lead  electrode  was  in  the  normal  state  and  no  supercurrent  was  detected. 

As  far  as  we  know  this  type  of  loss  of  the  Fraunhofer  pattern  in  superconducting 
tunnel  structures  at  Tc\  <  T  <  did  not  find  any  explanation  until  now.  In 
the  following  we  will  report  on  a  simple  model  to  account  for  such  an  anomalous 
behaviour. 

At  temperatures  above  Tc  1  the  superconductor  Si  goes  in  the  normal  state  and 
the  magnetic  field  behaviour  of  the  Josephson  structure  changes  drastically.  This 
cannot  be  simply  connected  to  the  bidimensional  nature  of  the  Nb  layer  S2j  whose 
thickness  D2  ~  20nm  is  less  than  the  Nb  coherence  length(£  ~  40nm).  By  the  fact 
this  only  means  that  the  usual  procedure  of  the  carrying  out  of  the  IC(H )  dependence 
(see,  for  instance,  2)  is  no  more  valid.  However  the  influence  of  the  electrode  finite 
thickness  on  IC(H)  was  studied  in  3  and  it  was  found  that  the  only  effect  is  indeed  a 
renormalization  of  the  magnetic  field  with  the  Fraunhofer  pattern  unchanged. 

2.  The  model 

We  concentrated  our  attention  on  the  fact,  that  the  Nb  film  S2  is  fairly  thin  and 
can  possess  a  granular  structure  that  may  be  difficult  to  defect  by  electron  microscopy 
or  other  structural  analysis.  So  we  can  assume,  as  a  rough  model,  that  this  thin  layer 
of  Nb  really  is  not  homogeneous  with  normal  grain  boundaries  between  supercon¬ 
ducting  islands.  If  all  the  superconducting  phases  would  be  connected  in  one  island 
nothing  new  would  be  expected  for  the  properties  of  such  structure.  On  the  contrary, 
in  the  case  where  the  islands  of  the  superconducting  phase  are  disconnected  they 
compose  a  two-dimensional  array  of  small  Josephson  junctions  connected  in  parallel 


273 


through  the  barrier  with  the  lead  electrode.  At  temperatures  T  <  Tc i  they  were 
connected  by  the  superconducting  Nb/Cu  multilayer  and  the  phase  of  the  order  pa¬ 
rameter  was  unique.  Above  Tc i  every  ’’island”  is  independent  and  has  its  own  phase. 
So  in  order  to  calculate  the  appropriate  IC(H )  characteristics  we  have  to  accomplish 
the  averaging  of  the  total  current  over  the  random  configuration  of  such  ’’islands” 
and  over  their  phases. 

Let  us  suppose  that  we  know  the  distribution  function  p(l)  versus  characteristic 
’’island”  size  l  (it  is  clear  that  p{l)dl  is  proportional  to  the  square  of  the  junction 
occupied  by  superconducting  ’’islands”  with  sizes  from  l  to  l-\-dl )  and  current  density 
j{l ,  H )  as  the  function  of  l  and  magnetic  field  H.  So  the  total  current  flowing  through 
the  junction  can  be  written  as  the  integral 

I(H)  =  JoLj(l,H)p(l)dl  (1) 

The  distribution  function  p(l)  has  to  satisfy  the  following  requirements:  1)  dimen¬ 
sions  of  islands  have  to  be  distributed  in  the  vicinity  of  some  most  probable  size  a 
and  the  distribution  function  has  to  decrease  rapidly  as  l  goes  away  from  this  value, 
2)  negative  values  of  l  have  to  be  excluded.  A  natural  candidate  is  the  lognormal 
distribution  in  which  the  ln(l)  is  distributed  normally 

=  (2) 

where  a  is  the  dispersion  of  the  distribution. 

3.  ID  case 

Let  us  begin  from  the  analysis  of  the  one-dimensional  case,  which  is,  of  course  an 
oversimplification  in  respect  to  the  real  experiment,  but  reflects  the  basics  character¬ 
istic  features  of  the  problem.  It  may  be  treated,  for  instance,  as  the  particular  case  of 
the  junction  with  rectangular  grains,  oriented  along  the  magnetic  field.  For  a  single 
junction  we  can  write 


sini-K-j-) 

](>,«)  =  jo  I  V”  I  (3) 

^0 

where  </>(/)  =  HID(D  ~  A(T)  for  the  lead  electrode),  <j) o  =  is  magnetic  flux 
quantum,  jo  is  a  constant  depending  on  the  barrier  transparency.  Really,  due  to  the 
variation  of  the  barrier  thickness,  the  value  j0  can  change  from  one  grain  to  another. 
But  it  will  enter  in  the  formula  for  the  total  current  in  the  combination  jop(l),  so  we 
can  adopt  it  as  a  constant  and  attribute  its  variation  to  the  renormalization  of  the 
junctions  over  their  sizes. 

For  the  total  current  one  can  write 
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The  limits  of  integration  are  chosen  in  accordance  with  the  fact  that  the  dimen¬ 
sions  of  small  grain  junctions  cannot  be  less  than  £  and  larger  than  the  junction  size 
L.  Below  we  shall  adopt  the  approximation  £  <  a  and  shall  substitute  the  lower 
limit  by  0. 

The  integral  (4)  cannot  be  calculated  analytically.  The  results  of  numerical  cal¬ 
culation  of  it  for  some  values  of  parameters  a  and  a  are  presented  in  Fig.2. 

1(H) 


lo 


Fig.  2.  Numerical  results  for  the  one- dimensional  case: 

1)  a=L,  a  =  0;  2)  a=L,  <x  =  0.1;  3)  a=0.5L,  a  =  0.1;  4)  a=0.3L,  =  0.2;  5)  a=0.3L,  <7  =  0.5 


At  small  values  of  the  dispersion  only  weak  smearing  of  the  IC(H )  characteristics 
takes  place,  as  dispersion  increases  the  character  of  the  dependence  changes  from  the 
Fraunhofer  pattern  kind  to  a  Gaussian-like  form,  as  in  the  experiment. 


4.  2D  case 

Now  we  can  pass  to  the  discussion  of  the  two-dimensional  case.  The  average 
current  density(per  unit  length  along  z  direction)  may  be  presented  in  the  form 

j  =  f  a(z)sin(90  +  TT-j- j)dz  (5) 

L  Jo  <Po-L> 

where  a(z)  is  the  grain  width  in  the  field  direction  (y),  L  is  the  junction  width  in 
z-direction,  60  is  chosen  in  the  way  to  obtain  the  maximum  current.  One  can  easily 
see  that  if  a{z )  =  const  formula  (5)  is  reduced  to  the  one- dimensional  case  which  was 
discussed  above. 

Let  us  suppose  now  that  the  elementary  junction  has  the  form  of  a  circle.  In  this 
case  a(z )  can  be  expressed  in  explicit  form  and  after  some  trivial  transformation  one 
can  find 
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j  =  \josin{e0-\‘'K-~-)  [  VT=T*cos(*U)dx  =  jo-j-Ji(irJ?-)sin(9o  +  T 
A  A<po  J- 1  (pa  A  (po  A<po 


2^o ' 


(6) 


where  Ji(x)  is  the  Bessel  function. Evidently  the  current  exceeds  the  maximal 
value  when  sin(6 o  +  =  1,  so  that 


;'c(0  =7o-Wi(tt~-) 

00  A.<p0 


(7) 


and  qualitatively  the  picture  does  not  differ  from  the  previous  case. 

Following  the  same  procedure  as  in  the  one- dimensional  case  one  can  find,  assum¬ 
ing  that  all  ”  islands”  are  circular 


rtm-  t  i  Jsl  T  1 

^  Jo  3oMl)Jl(- 


vw"1'"  2cr2  j-  (8) 

This  integral  was  calculated  numerically  and  results  for  some"  typical  values  of 
grain  dimensions  and  dispersions  are  presented  at  Fig.3. 

1(H) 

lo 


Fig.  3.  Numerical  results  for  the  two-dimensional  case: 

1)  a=L,  <7  =  0;  2)  a=L,  a  ==  0.1;  3)  a=0.5L,  a  =  0.1;  4)  a=0.3L,  a  =  0.2;  5)  a=0.3L,  a  =  0.5 


The  general  behaviour  of  these  curves  is  as  expected  and  in  particular  curve  3 
reproduces  well  the  experimental  results  1. 

In  conclusion  it  is  worth  to  mention  that  in  the  last  years  a  similar  problem  of 
smearing  of  the  Fraunhofer  diffraction  pattern  in  arrays  of  granular  superconductors 
has  been  discussed  intensively  in  the  literature  (for  instance,  see  4)  in  connection  with 
the  study  of  high  Tc  superconductivity. 
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ABSTRACT 

The  large  anisotropy  and  the  extremely  short  coherence  lengths  of  the  high-T0  su¬ 
perconductors  suggest  that  the  layered  crystal  structure  is  mapped  onto  a  periodic 
modulation  of  the  superconducting  order  parameter.  Even  an  ideal  single  cry¬ 
stal  should  consist  of  a  stacked  series  of  superconducting  and  non-superconducting 
layers.  Three-dimensional  phase  coherence  is  provided  by  Josephson  currents  bet¬ 
ween  the  layers.  As  the  typical  interlayer  distance  is  approximately  15  A,  a  single 
crystal  of  3  fim  thickness  should  behave  like  a  stack  of  2000  Josephson  junctions. 
This  hypothesis  is  proved  in  every  detail  by  measurements  of  the  DC  as  well  as  the 
AC  Josephson  effects  on  single  crystals  of  B^S^CaC^Os,  (Bii.yPby)2Sr2CaCu208, 
Tl2Ba2Ca2Cu30io  and  Pr2_xCexCu04.  Microwave  emission  experiments  at  frequen¬ 
cies  between  3.5  and  95  GHz  reveal  explicitely  the  number  of  junctions  in  the  samp¬ 
les.  This  number  is  given  by  the  crystal  thickness  divided  by  15  A,  i.e.  every  pair 
of  Cu02  bilayers  forms  a  Josephson  junction.  Similar  results,  including  microwave 
emission,  have  been  obtained  recently  on  single  crystals  of  the  organic  superconduc¬ 
tor  k-(BEDT-TTF)2Cu(NCS)2.  This  observation  supports  the  conclusion  that  in 
any  layered  superconductor  with  sufficiently  high  anisotropy  the  superconducting 
order  parameter  is  spatially  inhomogeneous  a  priori. 


1.  Spatial  Homogeneity  of  the  Superconducting  Order  Parameter 

The  essential  universal  property  of  the  many-particle  wave  function  of  the  super¬ 
conducting  state  ist  the  phase  coherence  over  macroscopic  distances.  This  pheno¬ 
menon  was  discovered  about  60  years  ago  by  Walther  Meifiner  und  R.  Ochsenfeld. 
Manifestations  are  the  Ochsenfeld- Meifiner  effect1,  the  quantization  of  flux2  and  the 
Josephson  effect3.  The  coherence  length  of  a  classical  superconductor  is  extended  over 
many  lattice  constants.  Peculiarities  of  the  crystallographic  structure  or  lattice  de¬ 
fects  influence  the  superconducting  state  only  marginally  via  the  change  of  the  Fermi 
surface.  This  property  even  prevents  the  occurrence  of  critical  phenomena  near  the 
phase  transition  and  leads  to  the  conclusion  that  the  superconducting  state  has  a 
spatially  constant  order  parameter  a  priori.  In  the  high-Tc  superconductors,  however, 
the  Ginzburg- Landau  coherence  length  parallel  to  the  Cu02  planes  is  £0fc  «  15 A. 
As  calculated  from  JJc2||(0)  =  $o/(2i rfiotabtc),  the  coherence  length  perpendicular  to 
the  planes,  £c,  is  less  than  T  A.4  The  basis  for  this  evaluation,  i.e.  a  homogeneous 
superconducting  state,  is  no  longer  compatible  with  the  atomic  dimensions. 

Therefore  we  draw  a  radical  consequence:  the  layered  crystal  structure  is  mapped 
onto  a  periodic  modulation  of  the  order  parameter  along  the  direction  perpendicular 
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to  the  planes,  i.e.  the  crystallographic  c-axis.  The  superconductor  consists  of  a 
stack  of  superconducting  layers,  separated  by  non-  or  only  weakly  superconducting 
regions.  Fig.  1  shows  the  crystal  structures  of  different  layered  superconductors.  The 
superconducting  layers  are  represented  by  the  fulvalene  layers,  and  the  CuO 2  bi-  or 
trilayers  respectively.  The  observed  Meifiner  effect  of  the  whole  volume  of  a  crystal 
is  provided  by  Josephson  currents  perpendicular  to  these  planes.  The  experimental 
proof  of  this  “intrinsic  Josephson  effect”  5  is  the  aim  of  this  paper. 


K-{BEDT-TTF)2Cu[N(CN)2]Br  Bi2Sr2CaCu208  TI2Ba2Ca2Cu3O10 

Fig.  1.  Structural  similarities  of  three  different  layered  superconductors.  The  unit  cells  are  marked 
by  the  lines.  Left  part:  The  organic  superconductor  /C-(BEDT-TTF)2Cu[N(CN)2]Br  consists  of 
layers  of  fulvalene  molecule  anions  (double  5-fold  rings),  where  4  carbon  atoms  per  fulvalene  are 
substituted  by  sulphur.  Each  end  of  the  fulvalene  is  bridged  to  ethylene  groups  by  2  S  atoms  (6-fold 
rings).  Only  the  C  or  the  (darkened)  S  atoms  are  shown.  The  BEDT-TTF  layers  are  separated  by 
layers  of  linear  Cu[N(CN)2]Br  cations.  Middle  Part:  The  high-Tc  superconductor  Bi2Sr2CaCu208 
is  a  stack  of  Cu02  bilayers  intercalated  with  Ca.  The  bilayers  are  separated  by  a  sequence  of  SrO- 
BiOi.5-SrO  layers.  The  Cu-0  coordination  is  marked  by  the  shaded  half-pyramids.  Right  part:  The 
triple-layer  high-Tc  superconductor  Tl2Ba2Ca2Cu30io  evolves  from  the  Bi2Sr2CaCu208  structure 
by  an  additional  intercalated  planar  Cu02  layer.  Bi  has  to  be  substituted  by  Tl,  and  Sr  by  Ba. 


2.  Ginzburg-Landau  Model  of  a  Layered  Superconductor 

We  propose,  that  even  an  ideal  single  crystal  of  a  high-Tc  superconductor  consists 
of  a  stack  of  superconducting  layers,  i.e.  the  copper  oxide  layers  or  bilayers.  These 
layers  are  intercalated  with  non-superconducting  or  weakly  superconducting  mate¬ 
rial.  In  the  case  of  Bi2Sr2CaCu20&,  the  insulator  is  represented  by  the  Bi203  and 
SrO  layers  (fig.  2).  Phase  coherence  is  maintained  by  Cooper-pair  tunneling.  The 
transport  currents  perpendicular  to  the  layers  are  described  by  the  Josephson  equa¬ 
tions.  Therefore  the  experimental  proof  consists  of  the  measurement  of  all  Josephson 
effects  in  c-axis  transport  experiments.  Measurements  of  the  angular  dependence  of 
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the  critical  current6,  the  upper  critical  field7,  or  the  peculiarities  of  vortex  motion 
under  the  influence  of  a  temperature  gradient8  support  this  picture.  It  is  well  known, 
that  Bi2Sr2CaCu20g  layers  are  superconducting,  even  if  their  thickness  is  only  half 
of  a  unit  cell9.  We  start  with  a  simple  layer  model  consisting  of  a  periodic  series  of 
superconducting  layers,  separated  by  non-super  conducting  interlayers10,11. 


Fig.  2.  Superposition  of  the  lattice  structure  of  B^S^CaCh^Os  with  the  stacking  sequence  of  the 
model. 


The  Ginzburg-Landau  free  energy  functional  is: 
F 


V  -  ^2eX] 
he  ) 


order  parameter,  A:  vector  potential,  B:  magnetic  induction.  The  superconducting 
layers  are  described  by  a  negative  condensation  parameter  a  and  a  small  effective  mass 
m,  the  non-  or  only  weakly  superconducting  interlayers  by  a  &  0  and  a  large  effective 
mass,  a  and  the  reciprocal  mass  1/m  are  modelled  by  functions  which  are  periodic 
with  the  layer  distance  s  (fig.  3a): 

2 m0s2a/h2  =  a(z )  =  ao  +  (ao  “  ai)p(z) 
m0/m(z)  =  g(z)  =  gmin  +  ( gmin  -  l)p(z) 


(2) 
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p(z)  is  a  function  with  period  s  of  the  coordinate  z  perpendicular  to  the  layers,  mo  is 
the  effective  mass  in  the  middle  of  the  superconducting  layers,  ao,  cq,  and  gmjn  are 
constants.  As  a  modulation  of  the  (repulsive)  Parameter  j3  >  0  influences  the  results 
only  slightly,  it  is  assumed  to  be  constant. 

Minimization  of  the  free  energy  functional  reveals  a  modified  Ginzburg-Landau 
equation,  There  is  a  new  term,  which  depends  on  the  spatial  derivatives  along  the 
z-direction. 

(*  -  ny 2  * + Gy  (£  -  y )  *  ■ =  ■ “*  ■ +  ^ 


As  expected,  with  geometry  parameters  of  the  B^S^CaCuiOs  crystal  structure,  a 
numeric  solution  of  this  equation  reveals  a  periodic  modulation  of  the  amplitude  of 
the  order  parameter  (fig.  3b,  graph  with  70  =  0). 

We  evaluate  the  expression  for  the  current  (second  Ginzburg-Landau  equation): 

2 

j  -  -  'PVtf*)  -  -|3f  A  (4) 

2  in  m 

With  ^  =  tfoe1*,  the  current  density  perpendicular  to  the  layers  is: 


Jz  = 


h  0 


(5) 


We  define  a  (continuous)  gauge  invariant  phase  difference  7: 


‘hr 

7  =  -  <f>(0)  -  —  Azdz 

(6) 

Then,  the  current  density  becomes: 

i  -£ 1&*! 
h  h  °dz 

(7) 

This  equation  is  to  be  compared  with  the  first  Josephson  equation:  jx  —  jcsin{ 7). 
Inserting  the  definitions  of  $  and  7  in  the  Ginzburg-Landau  equation,  estimating  real 
and  imaginary  part,  and  using  '  :=  d/dz,  "  :=  d2  jdz2\ 

a«  -  7'2*o)  +  g'%  -  a* 0  =  0 

(8) 

9(7"®,,  +  2<f;7')  +  </7'*o  =  0 

(9) 

The  second  equation  is  the  current  conservation  law.  With  a  free  choice  of  the  phase 
7  =  0  in  the  middle  of  one  electrode  and  a  fixed  phase  difference  to  the  next  electrode, 
70  (arrow  in  fig.  3b),  amplitude  and  phase  of  the  order  parameter  in  the  whole  space 
can  be  calculated  (graphs  with  70  ^  0  in  figs.  3b  and  3c). 

Contrary  to  a  homogeneous  superconductor,  where  a  constant  current  is  caused  by 
a  constant  phase  gradient,  in  a  layered  superconductor  a  constant  current  across  the 
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layers  is  accompanied  by  sudden  jumps  of  the  phase  difference.  For  geometry  parame¬ 
ters  corresponding  to  the  lattice  structure  of  Bi2Sr2C aCu2Os,  with  the  Cu02  bilayers 
as  superconducting  sheets  and  the  SrO  and  Bi203  layers  as  insulating  interlayers,  a 
sinusoidal  current-phase  relationship  is  obtained  (fig.  3d).  Weakening  the  modulation 
depth  of  the  parameters  results  in  a  current-phase  relation,  which  still  is  27r-periodic, 
but  now  contains  higher  order  Fourier  terms,  in  analogy  to  the  proximity  effect  weak 
links.  Compared  to  the  Lawrence-Doniach  model12,  where  Josephson  coupling  is  as- 


Fig.  3.  Ginzburg-Landau  model  of  a  strongly  modulated  superconducting  structure  (ao  =  0.2, 
ai  =  -1,  gmin  =  0.001.  The  superconducting  electrodes  are  located  at  z  =  0  and  7,  =  ±1.  3a: 
Condensation  and  effective  mass  parameters  a(z)  (dotted  line)  and  g(z)(upper  left).  3b:  Order 
parameter  at  different  phase  differences  between  the  layers  (upper  right).  3c:  Continuous  phase 
difference  vs.  z  (lower  right).  3d:  Current-phase  relation  (lower  right).  jz  is  normalized  to  the 
pairbreaking  critical  current  density  jch- 

sumed  a  priori,  the  strength  of  this  model  is  the  possibility  to  check  the  conditions 
for  Josephson  coupling.  It  includes  the  limiting  case  of  strong  coupling  between  the 
layers,  where  the  current-phase  relationship  is  no  longer  27r-periodic.  We  note  that 
no  detail  of  the  mechanism  of  superconductivity  in  the  electrodes  contributes  to  the 
Josephson  effect. 

The  transport  across  a  real  Josephson  junction  at  finite  temperatures  is  the  sum  of 
a  Cooper-pair  and  a  quasiparticle  transport  channel.  Including  the  finite  capacitance, 
the  simplest  description  is  a  parallel  circuit  of  a  resistor,  a  capacitor  and  the  Cooper- 
pair  channel  made  up  of  the  idealized  Josephson  junction.  The  displacement  current 
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of  the  capacitance  controls  the  dynamics  of  the  system.  The  simplest  description  is 
the  Resistively  Shunted  Junction  (RSJ)  model.  The  time  constant  is  described  by 
the  characteristic  frequency  fc  —  IcR/$0-  As  a  measure  for  the  quality  factor  Q 
the  McCumber-Parameter  f)c  -  ‘1'kJcRC  =  Q 2  is  used.  The  Josephson  inductance 
is  Lj  —  $0/(2 ttIc)  and  the  plasma  frequency  fpl  =  (47 t2LjC)1/2  is  the  resonant 
frequency  of  the  linearized  circuit. 

3.  Experiments 

The  Bi2Sr2CaCu20s  single  crystals  were  prepared  from  a  stoichiometric  melt  of 
the  carbonates  or  oxides.  The  cooling  rate  from  980°C  to  860°C  was  between  1  K/h 
and  3  K/h.  Large  single  crystals  were  found  to  grow  along  the  temperature  gradient  of 
the  furnace.  The  shape  of  the  crystals  was  mica-like.  Samples  for  the  measurements 
were  cut  and  cleaved  from  these  crystals.  As  freshly  cleaved  surfaces  were  insulating, 
electrical  contacts  had  to  be  prepared  by  diffusion  of  an  evaporated  Au  layer.  The 
oxygen  excess  6  in  Bi2Sr2CaCu20s+6  and  therefore  the  carrier  concentration  were 
controlled  by  annealing  in  flowing  Ar  or  pure  oxygen.  6  or  the  hole  concentration  per 
Cu02  layer  was  varied  between  0.16  and  0.26.  The  critical  temperature  Tc  varied  bet¬ 
ween  approximately  90  K  and  70  K.  The  samples  were  characterized  by  DC  and  AC 
susceptibility,  by  Raman  spectroscopy13,  measurements  of  the  plasmon  dispersion14, 
and  far-infrared  spectroscopy15.  The  (Bii-yPby)2Sr2C aCu2Os  crystals  were  prepared 
at  the  CNET,  Bagneux16,  the  Y  Ba2Cu307  single  crystals  at  the  Walther-Meifiner- 
Institute17,  the  Tl2Ba2Ca2Cu3Oio  single  crystals  at  the  university  of  Gottingen18, 
the  Pr2-xCexCu04  single  crystals  at  the  university  of  Bochum19  and  the  a-axis  ori¬ 
ented  YBa2Cu307  films  at  the  TU  Miinchen20.  The  k-{BEDT-TTF)2Cu{NCS)2 
crystals  were  grown  by  electrocrystallization21.  As  the  basic  problem  of  detecting 
the  Josephson  effects  is  a  homogeneous  current  distribution  in  the  samples,  sample 
sizes  were  as  small  as  possible  (typically  30  x  30  x  1  (//m)3).  The  usual  four-terminal 
contact  procedure  is  no  longer  possible.  Due  to  the  giant  anisotropy,  Montgomery’s 
method22  allows  no  reliable  results.  The  crystals  were  mounted  between  two  contact 
rods,  where  the  potential  leads  were  fixed.  Contact  resistances  were  less  than  1  D, 
which  is  considerably  smaller  than  typical  sample  resitivities  of  1  kfl  at  Tc.  In  most  of 
the  figures  the  contact  resistance  is  corrected.  Further  details  were  already  published 
in  refs.5,23. 

As  Shapiro-steps  are  clearly  visible  only  if  the  AC  current  amplitude  is  of  the  order 
of  the  DC  critical  current,  the  critical  currents  of  up  to  100  mA  and  the  small  source 
impedance  of  few  Ohms  required  special  matching  structures.  Besides  coaxial  coup¬ 
ling  we  used  a  tunable  cylindric  resonator  at  frequencies  up  to  18  GHz.  The  maximum 
power  of  the  sweep  oscillator  was  100  mW.  Due  to  the  relatively  large  dimensions  of 
the  standard  sample  holder,  at  higher  frequencies  the  samples  were  mounted  inside 
special  impedance  matching  structures  inside  the  waveguide.  Frequencies  between 
26.5  GHz  and  40  GHz  were  provided  by  an  active  frequency  doubler  with  an  output 
power  of  50  mW.  At  94±1  GHz  a  mechanically  tunable  Gunn  diode  was  used.  The 
output  power  was  50  mW. 
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Because  Josephson  junctions  are  nonlinear  oscillators,  which  are  able  to  lock  to  any 
resonance  of  the  system,  we  avoided  impedance  matching  devices  in  our  microwave 
emission  experiments.  Fig.  4  shows  the  detection  procedure.  After  emission  into  free 
space  the  radiation  was  detected  by  a  horn  antenna  in  front  of  a  X  band,  K  band  or  W 
band  waveguide.  In  a  low  noise  converter  the  signal  was  mixed  down  to  intermediate 
frequencies  up  to  2  GHz.  Further  analysis  was  performed  either  in  a  spectrum  analyzer 
or  in  a  radiometric  receiver  with  signal  averaging.  The  bandwidths  of  the  radiometer 


Fig.  4.  Tunable  W  band  radiometer  (92.95-94.45  GHz).  The  radiation  from  the  sample  is  collected 
by  a  horn  antenna.  Then  the  signal  is  fed  to  the  input  stage  of  the  broadband  preamplifier  via  a 
flexible  dielectic  waveguide.  After  mixing  the  signal  is  integrated  over  a  bandwidth  of  500  MHz. 

branch  were  between  3  Mhz  and  500  MHz.  Detected  frequencies  were  3.5  -  4.2  GHz, 
10.9-12.3  GHz,  24.2  GHz  and  93-95  GHz.  System  noise  temperatures  were  30  K  -  60  K 
at  the  lower  frequencies  and  500  K  -  630  K  in  the  K  and  W  band.  With  the  background 
of  the  black-body  radiation  of  the  liquid  He  mirror  of  the  cryostat,  integration  times 
of  1-3  s  allowed  detection  sensitivites  down  to  10”19  W  in  a  bandwidth  of  1  MHz. 

4.  Results  and  Discussion 

Special  aspects  of  the  c-axis  transport  measurements  can  be  found  in  earlier 
publications5’23.  Fig.  5  shows  the  temperature  dependence  of  the  resistivity  of 
Bi2Sr2CaCu20%  samples  with  various  hole  concentrations.  Besides  the  rounding 
due  to  fluctuations  near  Tc,  the  curves  are  very  similar  to  YBa2Cu^07.  The  different 
carrier  concentration  shows  up  as  a  small  Tc  decrease  at  higher  oxygen  concentrations. 
Perpendicular  to  the  planes,  the  resistivity  is  larger  by  four  orders  of  magnitude.  Due 
to  the  Ioffe- Regel  criterion,  resistitivities  of  the  order  of  1  flcm  are  hardly  consistent 
with  a  carrier  concentration  between  4  and  6  1021  cm  3.  The  temperature  coeffi¬ 
cient  of  the  Ar  annealed  samples  (sample  #GR  in  fig.  5)  is  strongly  negative,  but 
changes  to  positive  with  increasing  oxygen  excess.  This  temperature  dependence  is 
explainable  by  the  assumption  of  a  temperature  dependent  tunneling  barrier,  whose 
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height  decreases  with  increasing  carrier  concentration.  The  observation  of  normal 
metal-insulator-normal  metal  tunneling  supports  this  assumption:  the  upturn  of  p(T) 
coincides  with  the  occurrence  of  a  tunneling  characteristic  in  the  normal  state6. 

The  anisotropy  parameter  of  the  London  penetration  depth,  7  =  Ac/Aa&,  was  de¬ 
termined  by  the  measured  angular  dependence  of  the  torque  t{9)  at  constant  external 
fields24.  The  Bi2Sr2CaCu20s  single  crystals  had  7-values  between  150  (02  annea¬ 
ling),  and  900  (Ar  annealing).  7  of  Tl2Ba2Ca2CuzOio  was  also  very  large  (7  »  900). 
For  comparison,  the  anisotropy  parameter  of  pure  Nb  is  7  =  1.1,  and  7  =  3  and  7  =  5 
for  NbSe2  and  Y  Ba2Cuz07  respectively.  Therefore  the  samples  under  consideration 
are  characterized  by  an  extremely  high  anisotropy. 


Fig.  5.  Resistivity  vs.  temperature  of  Bi2Sr2CaCu20g  single  crystals  parallel  (left  part)  and  per¬ 
pendicular  (right  part)  to  the  Cu02  planes.  Samples  #GR  and  #CC  correspond  to  the  Ar  and 
02  annealed  samples  in  the  left  part.  20  %  of  the  Bi  atoms  of  sample  #Ra  are  substituted  by  Pb. 
Sample  #Ra  was  annealed  in  oxygen. 

In  order  to  interpret  the  results  from  a  series  connection  of  hysteretic  junctions,  we 
start  with  the  I-V  characteristics  af  a  Nb  —  AlOx  multilayer  consisting  of  7  Nb/Al  — 
AlOx/Nb  tunnel  junctions25.  The  index  of  the  branches  in  fig.  6  corresponds  to 
the  number  of  junctions  in  the  resistive  state,  arranged  according  to  the  (different) 
size  of  their  critical  current.  After  each  switching,  the  complete  branch  is  obtained 
by  decreasing  the  bias  current  by  hand.  The  distances  between  different  branches 
correspond  to  the  energy  gap.  Above  the  highest  critical  current  a  (nonhysteretic) 
quasiparticle  tunneling  characteristic  is  seen.  The  increasing  backbending  of  the 
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branches  is  due  to  enery  gap  decrease  by  quasiparticle  injection,  because  the  thickness 
of  the  electrodes  is  comparable  to  the  diffusion  length  of  quasiparticles. 

Using  the  same  reasoning,  we  are  able  to  explain  the  huge  variety  of  branches  of  a 
Bi2Sr2CaCu20s  single  crystal,  which  contains  approximately  660  intrinsic  junctions 
per  fim  (fig.  6). 23  The  curve  consists  of  a  series  connection  of  hundreds  of  under¬ 
damped  junctions.  Note  that  the  slope  decreases  by  a  constant  amount  from  one 
branch  to  the  next.  This  observation  is  the  most  important  argument  against  the 
interpretation  of  those  branches  as  zero-field  steps  of  long  Josephson  junctions.  The 
distance  between  the  branches  should  be  either  the  RSJ  value  of  the  critical  voltage, 
Vc  =  x/2e  A,  or  the  energy  gap  2 A/e.  For  Ar  annealed  samples  with  a  critical  current 
density  jc  «  200 A/ cm2,  this  distance  is  up  to  16  mV,  and  therefore  is  consistent  with 
x/2e  A  and  A  =  1.75^7^.  In  analogy  to  the  Nb  model  system,  at  large  voltages 


Fig.  6.  Left  part:  I-V  characteristic  of  a  stack  of  7  Nb/Al-A10x/Nb  tunnel  junctions.  The  arrows 
mark  the  succession  of  data  points  produced  by  increasing  or  decreasing  the  bias  current.  The  branch 
index  corresponds  to  the  number  of  junctions  in  the  resistive  state.  Asymmetry  and  missing  branches 
are  caused  by  trapped  flux.  The  backbending  of  the  higher-order  branches  is  due  to  quasiparticle 
injection. 

Right  part:  I-V  characteristic  of  an  Ar  annealed  BijS^CaC^Og  single  crystal  (sample  #Fa).  Only 
the  branches  at  positive  current  bias  are  shown.  The  single  branches  were  obtained  by  a  strategy 
similar  to  the  one  of  the  Nb  stack. 

the  I-V  curve  exhibits  a  quasiparticle  characteristic  with  a  sum  gap  value  of  3.4  V 
(fig.  7,  left  part).  As  the  number  of  junctions  in  this  crystal  is  approximately  1000, 
this  corresponds  to  an  average  value  of  3.4  mV  per  junction,  far  below  the  observed 
distance  between  the  branches  at  low  voltages.  We  suggest,  that  the  gap  value  is  con¬ 
siderably  reduced  by  quasiparticle  injection,  when  an  increasing  number  of  junctions 
is  switching  to  the  resistive  state. 

Increasing  the  oxygen  excess  leads  to  decreasing  hystereses  and  narrower  distances 
between  the  jumps.  The  reason  for  this  decrease  of  the  McCumber  parameter  is 
still  not  clear.  One  possibility  is  metallic  conduction  in  parts  of  the  interlayer  region. 
This  interpretation  is  supported  by  photoemission  data  of  oxygen  annealed  crystals, 
where  some  Bi  bands  were  found  to  cross  the  Fermi  energy26.  Pb  doped  samples  show 
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critical  voltages  below  1  mV.  Then,  especially  at  higher  temperatures,  all  junctions 
can  switch  simultaneously  to  their  resistive  state.  The  upper  right  part  of  fig.  7 
shows  the  I-V  characteristic  of  sample  #  Ra  from  fig.  5,  which  corresponds  to  an 
ideal  RSJ  characteristic  with  «  2.1  and  IcRn  ~  60  mV.  If  the  critical  currents 
of  single  junctions  are  nearly  equal,  even  stacks  with  large  hystereses  can  switch 
simultaneously  (fig.  7,  lower  right).  The  analysis  of  reveals  a  RC  time  constant  of 
approximately  lps.  At  higher  temperatures,  the  critical  currents  are  so  small,  that 
all  junctions  are  overdamped,  i.e.  the  I-V  characteristic  is  no  longer  hysteretic  (see 
fig.  14). 


Fig.  7.  Overview  of  different  types  of  I-V  characteristics.  Left  part:  Ar  annealed  B^S^CaC^Og 
single  crystals  on  different  voltage  scales.  The  single  branches  of  the  upper  part  are  not  traced  out 
in  the  lower  part.  Note  the  quasiparticle- like  characteristic  at  high  voltages.  Right  part:  Ideal  RSJ 
characteristic  of  a  Pb  doped  sample  (upper  half).  Abrupt  switching  of  a  strongly  hysteretic  I-V 
characteristic  (lower  half).  The  contact  resistance  is  not  corrected  here. 

In  summary,  for  current  flow  perpendicular  to  the  planes,  all  I-V  characteristics  are 
explainable  by  series  connections  of  differently  damped  junctions  in  the  framework  of 
the  RSJ  model.  The  form  of  the  resistive  branches  suggests  an  appreciable  quasipar¬ 
ticle  conduction  below  the  energy  gap. 

In  the  BCS  theory,  the  temperature  dependence  of  the  critical  current  Ic  of 
superconductor-insulator-superconductor  junctions  is  described  by  the  Ambegaokar- 
Baratoff  relation27.  Here,  JC(T )  is  determined  by  the  temperature  dependence  of  the 
energy  gap  A (T):  IcRn  =  7r/2e  A  tanh(A/2kBT).  Rn  is  the  asymptotic  derivative  of 
the  I-V  characteristic  at  large  voltages.  Other  realizations  of  weak  links  like  proximity 
junctions  have  concave  curvatures  near  Tc.  In  order  to  avoid  perturbations  due  to  the 
interaction  with  already  resistive  junctions  only  the  branches  with  the  lowest  critical 
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currents  are  discussed.  Oxygen  annealed  samples  show  the  Ambegaokar-Baratoff  re¬ 
lation  (fig.  8).  However,  the  data  of  Ar  annealed  samples  are  considerably  higher.  If 
also  here  the  temperature  dependence  of  Ic  is  caused  by  the  temperature  dependence 
of  the  energy  gap,  A (T)  can  be  calculated  from  the  data  by  numerical  inversion  of 
the  equation  above.  The  right  part  of  fig.  8  shows  the  temperature  dependence  of  the 
energy  gap,  normalized  to  its  zero  temperature  value.  These  data  correspond  well  to 
Raman  data  obtained  from  the  temperature  dependence  of  the  quasiparticle  intensity 
at  small  energy  transfers13. 


Fig.  8.  Temperature  dependence  of  the  c-axis  critical  current  for  Bi2Sr2CaCu202  samples  with 
different  oxygen  excess  (left  part).  The  full  line  is  the  Ambegaokar-Baratoff  relation.  The  right  part 
shows  the  energy  gap  data,  calculated  by  numerical  inversion  of  this  relation.  The  Raman  data  are 
marked  by  the  large  symbols.  The  full  line  is  the  BCS  temperature  dependence. 

Therefore,  the  Ar  annealed  samples  seem  to  have  an  energy  gap  which  is  nearly 
constant  up  to  Tc.  Both  types  of  samples  differ  only  by  their  critical  current  value 
in  c  direction,  i.e.  by  their  anisotropy  parameter.  Therefore  the  observed  anomaly 
in  A(T)  seems  to  be  a  pure  anisotropy  effect.  All  JC(T)  measurements  performed  to 
date  are  consistent  with  superconductor-insulator-superconductor  junctions. 

In  a  magnetic  field  perpendicular  to  the  current  direction  (cf.  fig.  10),  Ic  vs.  H 
is  given  by  a  Fraunhofer  function,  if  the  junction  dimensions  are  smaller  than  the 
field  penetration  depth.  For  a  classic  Josephson  junction  with  infinitely  extended 
electrodes,  the  zeroes  nH0  of  the  Fraunhofer  function  are  determined  by  the  field 
penetration  depth  into  the  electrode  material  (fig.  10).  With  the  ab  penetration 
depth  of  Bi2Sr2CaCu20&,  Kb  »  1700A,  one  obtains:  H0  =  $o/(^ o(2A  +  t)b )  «  2 
Oe.  A  stack  of  intrinsic  junctions  contains  a  new  electrode  every  15  A.  As  the 
thickness  of  these  electrodes  is  only  3  A,  which  is  considerably  smaller  than  Aab,  the 
flux  penetrating  such  a  junction  is  determined  solely  by  the  distance  between  the 
electrodes.  Then,  H0  =  $o/(fiotb)  «  O.5A;0e.  In  this  case,  the  modulations  of  Ic  in  a 
magnetic  field  parallel  to  the  planes  reveal  the  geometry  of  the  junctions.  According 
to  the  proposed  hypothesis,  the  penetration  field  Ho,  plotted  vs.  the  inverse  width  of 
the  crystals,  1/b,  should  reveal  a  straight  line.  The  inverse  slope  of  this  line  should 
be  the  distance  between  two  Cu02  planes  (15  A).  Similar  to  the  IC{T)  measurements 
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only  the  branches  with  the  lowest  critical  currents  were  evaluated.  As  the  field  scale 
exceeds  considerably  the  lower  critical  field,  perfect  alignment  of  the  ab-planes  with 
the  external  field  had  to  be  ensured,  such  as  to  avoid  current  inhomogeneities  and  flux 
creep  due  to  Abrikosov  vortices  in  the  C11O2  planes.  As  expected,  at  temperatures 
above  the  irreversibility  line,  a  weak  modulation  of  IC(H )  (fig.  9,  left  part)  was  found. 
The  insert  in  fig.  9  is  the  above-mentioned  plot.  The  results  are  consistent  with  the 
distance  between  two  Cu02  bilayers  of  15  A. 


Fig.  9.  Magnetic  field  dependence  of  the  normalized  critical  current  of  sample  #sol.  The  field 
orientation  is  parallel  to  the  planes.  The  insert  shows  the  first  minimum  of  IC(H)  of  several  samples 
vs.  the  inverse  width  1/b  of  the  crystals.  The  line  was  calculated  by  Ho  =  $o//^o  l/(b  (15  A)). 
Right  part:  Calculated  Ic  vs.  H  for  a  stack  of  5  intrinsic  junctions.  The  geometry  parameters  as 
well  as  the  critical  current  density  correspond  to  Ar  annealed  B^S^CaC^Og  crystals. 


An  interpretation  of  the  large  residual  value  of  the  critical  current  even  at  high  fields 
deserves  a  more  detailed  analysis25.  The  electrodes  of  intrinsic  junctions  are  consi¬ 
derably  thinner  than  the  London  penetration  depth  for  fields  parallel  to  the  C11O2 
planes,  Aat  ~  1700 A.  Here,  the  field  intersecting  the  crystal  is  only  weakly  screened. 
The  large  kinetic  screening  currents  perpendicular  to  the  direction  of  the  transport 
current,  lead  to  a  coupling  of  adjacent  junctions. 

If  the  electrodes  are  thicker  than  the  London  penetration  depth  A,  the  integration 
of  the  phase  gradient  parallel  to  an  electrode  can  be  performed  along  a  path  avoiding 
screening  currents  (fig.  10,  left  part).  Combination  with  Maxwell’s  equation  for  H 
and  the  Josephson  equation  for  j  reveals  the  well-known  sine-Gordon  equation: 


7 


// 


1  . 

7  =  —sin'y 

Am 


(10) 


where  r  is  the  RC  time  constant.  Time  derivatives  are  marked  by  dots. 

This  is  the  equation  of  motion  of  a  fluxon  with  phase  velocity  cm,  the  so-called 
Swihart  velocity.  In  the  static  case  and  at  small  phase  shifts,  this  equation  is  equiva¬ 
lent  to  the  second  London  equation,  i.e.  the  constant  Am  is  the  penetration  depth  of 
a  magnetic  field  into  the  electrodes.  If  the  width  of  the  junction  is  smaller  than  Am, 
the  above  mentioned  Fraunhofer  relation  holds. 
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The  extremely  thin  electrodes  of  intrinsic  Josephson  junctions  require  an  explicit 
calculation  of  the  kinetic  screening  currents.  As  the  bottom  electrode  of  the  n’th 
junction  coincides  with  the  top  electrode  of  the  (n+l)’th  junction,  a  coupling  of 
different  junctions  occurs  (fig.  10,  right  part).  Using  the  same  procedure  as  above, 
the  dynamics  of  a  stack  of  N  intrinsic  junctions  is  described  by  a  system  of  coupled 
sine- Gordon  equations: 

!T  =  MM  +  1  +  ?s-X)  (ii) 

The  vectors  are  defined  as:  7  =  (71.. .7^),  Js  =  (sm7i...sm7w),  and  %  =  j&(l...l). 
The  tridiagonal  matrix  M  couples  adjacent  junctions:  Mn- i,n  =  Mn+i:U  =  (ft/A*,)2, 
Mn,n  =  6/A^  +  26/A2. 


Standard  SIS 


Intrinsic  Josephson  junctions 


Fig.  10.  Sketch  of  the  calculation  of  junction  dynamics  in  a  magnetic  field.  Left:  Standard  junction 
with  thick  electrodes.  Right:  Stack  of  intrinsic  junctions  with  electrodes,  which  are  considerably 
thinner  than  the  field  penetration  depth.  The  z  direction  is  parallel  to  jb,  ”x”  is  perpendicular  to 
both  jb  and  H,  and  ”y”  is  parallel  to  H. 

In  analogy  to  the  ’’thick”  single  junction,  the  index  ”m”  marks  the  magnetic  terms. 
Now  ”k”  marks  the  kinetic  terms,  which  are  caused  by  the  screening  currents  flowing 
in  x  direction.  The  new  length  scale  A^  is  the  correlation  length  for  inhomogeneities  of 
a  current  front,  whereas  Am  is  still  the  screening  length  for  an  external  magnetic  field. 
Details  of  the  theory  can  be  found  in  refs.  5,2S.  For  the  measured  Bi2Sr2C aCu2Os 
single  crystals,  A*  is  between  0.1  and  1  fim,  Am  between  50  and  500  fjm.  The  typical 
crystal  dimensions  of  30  fim  are  intermediate  between  those  values.  For  small  external 
fields,  there  is  still  a  homogeneous  current  flow,  whereas  at  higher  fields  current 
inhomogeneities  in  x  direction  are  expected.  A  numeric  solution  of  the  above  equation 
for  a  stack  of  5- junctions  with  B^S^CaC^Os  parameters  is  shown  in  fig.  9  (right 
part).  The  weak  modulation  as  well  as  the  high  socket  value  of  approximately  50% 
are  reproduced  in  the  simulation.  Due  to  computing  time  problems,  the  resolution 
for  the  current  values  is  only  5%. 

For  a  series  connection  of  Josephson  junctions,  there  is  an  additional  degree  of 
freedom,  i.e.  the  phase  of  the  AC  currents  in  different  junctions.  Therefore  mutual 
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phase  lock  either  forced  by  an  external  field  or  by  some  internal  interaction  is  to  be 
considered. 

A  phase-locked  loop,  as  it  is  described  by  the  RSJ  differential  equation,  can  lock 
to  an  external  excitation,  if  its  free  eigenfrequency  is  near  an  integer  multiple  n  of  the 
external  frequency.  The  finite  locking  range  shows  up  as  constant  voltage  steps  in  the 
I-V  characteristics  (Shapiro  effect).  According  to  the  second  Josephson  equation,  the 
position  of  these  steps  is  given  by  Un  =  nh/2ef.  For  a  series  array  of  N  junctions, 
the  phases  of  the  AC  Josephson  currents  in  all  junctions  have  to  lock  to  the  external 
oscillation.  Then:  Un  —  Nnh/2ef.  This  gives  a  straightforward  method  to  determine 
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Fig.  11.  I-V  characteristic  of  Josephson  stacks  at  increasing  microwave  power.  Left  part:  I-  V 
characteristic  of  a  stack  of  7  Nb/Al-A10x/Nb  tunnel  junctions  (cf.  fig.  6).  The  I-V  characteristics 
are  shifted  vertically  by  a  current  offset  of  100  \L A.  Note  that  the  zero  power  curve  is  distorted  due 
to  trapped  flux.  Right  part:  B^S^CaC^Os  single  crystal;  the  current  offset  here  is  1  mA.  With 
increasing  microwave  power,  the  steps  of  both  samples  shift  to  higher  voltages.  At  the  highest  power, 
the  I-V  characteristics  show  the  first  Shapiro  step  for  7  junctions  in  series  (Nb  system,  left  part) 
and  the  third  Shapiro  step  for  a  series  array  of  1200  junctions  (single  crystal,  right  part).  Here,  the 
first  and  second  order  steps  are  only  weakly  developed. 


an  unknown  number  of  junctions  in  a  series  array.  Indeed,  at  considerable  excitation 
amplitudes,  the  phases  of  the  AC  Josephson  currents  can  be  synchronized.  Shapiro 
steps,  corresponding  to  the  number  of  junctions  in  series  are  observed.  Fig.  11  shows 
examples  for  the  Nb/Al  —  AlOx/Nb  model  system  and  a  B^S^CaC^Og  single 
crystal.  Experimentally,  however,  for  hysteretic  junctions  at  frequencies  far  below 
the  critical  frequency,  complete  locking  can  be  achieved  only  at  very  high  excitation 
amplitudes. 
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By  passive  detection  of  the  AC  Josephson  currents,  synchronization  problems 
can  be  avoided.  According  to  the  Josephson  constant  2 ejh  «  (483.6 MHz/fiV), 
the  expected  frequencies  are  in  the  GHz  region.  At  such  frequencies,  a  considerable 
fraction  of  the  AC  amplitude  is  radiated.  At  a  fixed,  detection  frequency  f,  a  maximum 
of  the  emitted  power  is  expected,  if  the  voltage  across  the  junction  is  U  =  h/2e  f. 
The  maximum  emitted  power  is  of  the  order  of  nW.  In  practice,  excitation  of  higher 
harmonics,  impedance  mismatch,  and  losses  during  emission  and  detection  decrease 
this  value  to  few  femtowatts  (10_15W). 


Fig.  12.  I-V  characteristic  (left  ordinate)  and  microwave  power  (right  ordinate)  of  sample  #Pu.  The 
emission  peaks  correspond  to  a  series  array  of  N  =  480  junctions.  The  right  part  shows  a  sketch  of 
the  mesa  array. 


Independent  of  the  phases,  in  a  series  array  of  N  junctions  at  a  fixed  frequency  f,  a 
maximum  of  the  emitted  power  should  be  observed  at  a  voltage  U  =  N  h/2e  f.  Fig. 
12  shows  a  radiometric  measurement  of  a  mesa  etched  out  of  a  (Bi.gPb^^S^CaC^Og 
single  crystal  surface28.  Detection  frequencies  were  12.05  and  24.2  GHz.  Aside  from 
the  high  voltage  of  the  peak,  this  characteristic  is  very  similar  to  the  one  of  a  single 
junction29.  However,  the  peak  position  corresponds  to  a  series  connection  of  appro¬ 
ximately  500  junctions,  doubles  when  the  frequency  is  doubled,  and  conforms  nicely 
with  the  mesa’s  height  of  approximately  7500  A. 

Characteristics  of  this  kind  were  observed  to  date  only  with  the  oxygen  annealed, 
Pb  doped  single  crystals.  For  most  of  the  oxygen  annealed  BiiSriCaC^Og  single 
crystals,  at  low  temperatures,  characteristics  like  the  one  of  fig.  13  are  seen  .  Several 
sharp  peaks  are  added  to  a  broad  background.  This  result  can  be  interpreted  by  a 
superposition  of  the  incoherent  radiation  of  junctions,  whose  AC  currents  are  out  of 
phase,  and  the  coherent  radiation  of  groups  of  phase-synchronized  junctions.  This 
kind  of  characteristic  was  observed  in  all  measured  frequency  bands.  It  is  to  be  noted 
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that  arbitrary  voltages  are  impossible  to  achieve  with  such  multiply  valued,  strongly 
hysteretic  I-V  characteristics. 

Unfortunately,  in  most  cases,  we  were  not  able  to  observe  phase-lock  of  all  juncti¬ 
ons  in  a  crystal.  There  is  a  considerably  simpler  possibility  of  counting  the  junctions. 
The  decrease  of  the  critical  current  at  higher  temperatures  causes  the  intrinsic  junc¬ 
tions  to  be  overdamped  in  close  vicinity  to  Tc. 


Fig.  13.  TV  characteristic  and  microwave  power  at  95  GHz  of  a  B^S^CaCi^Og  single  crystal.  The 
single  branches  are  not  traced  out  in  the  figure. 

This  kind  of  nonhysteretic  I-V  characteristic  makes  it  possible  to  adjust  arbitrary 
voltages  across  the  samples,  such  as  to  force  emission  in  the  available  frequency  band. 
In  addition,  at  such  high  temperatures,  self-synchronization  can  hardly  be  expected. 
As  a  single  intrinsic  junction  can  be  only  current  biased,  it  has  to  be  provided  that 
the  scatter  of  critical  currents  in  a  crystal  is  not  too  large.  Then  we  expect  intensity 
maxima,  which  correspond  to  an  (incoherent)  superposition  of  the  emission  of  all 
junctions  in  a  series  array.  This  effect  was  observed  in  many  oxygen  annealed  samples. 
Fig.  14  shows  an  example.  The  power  peak  at  approximately  40  mV  corresponds  to  a 
series  connection  of  1700  junctions.  Supposing  that  the  electrode  distance  of  a  single 
junction  corresponds  to  the  distance  of  two  CuO 2  bilayers,  a  total  sample  thickness 
of  2.5  fim  can  be  calculated.  This  is  consistent  with  the  thickness  of  the  sample  as 
measured  in  the  scanning  electron  microscope.  The  shift  of  this  power  peak  with 
frequency  is  shown  in  the  inset.  At  positive  as  well  as  at  negative  voltages,  the  peaks 
coincide  with  the  prediction  of  the  Josephson  frequency- volt  age  relation  for  a  series 
array  of  1700  junctions.  The  right  part  of  fig.  14  shows  this  peak’s  position  as  a 
function  of  the  measured  crystal  thickness.  The  results  conform  excellently  with  the 
assumption  that  every  pair  of  C'u02-bilayers  in  a  crystal  forms  a  Josephson  junction. 
Apparently,  the  intrinsic  Josephson  effect  is  only  marginally  influenced  by  crystalline 
imperfections. 

Our  measurements  on  YBa2CusOj  single  crystals  and  a-axis  oriented  films  al¬ 
ways  revealed  flux-flow  I-V  characteristics23.  However,  intrinsic  Josehson  effects  in 


293 


Y Ba2Cu307  cannot  be  definitely  excluded.  In  order  to  prove  that  the  intrinsic  Jo- 
sephson  effect  is  not  a  peculiarity  of  high  temperature  superconductors  with  Cu02 
bilayers  we  performed  measurements  on  a  triple  layer  compound,  a  single  layer  n 
doped  material  and  an  organic  superconductor. 

At  first,  similar  to  Bi2Sr2CaCu20 8,  the  Tl2Ba2Ca2Cu3O10  single  crystals  show 
multiple  branching  in  the  I-V  characteristics23,29.  Furthermore,  the  Pr1.86C'e.i5C'u04 
single  crystals  showed  the  well-known  picture5.  We  emphasize,  that  the  crystal  struc¬ 
ture  has  only  single  Cu02  layers  with  a  distance  of  6  A. 


Fig.  14.  Left  part:  I-V  characteristic  (left  ordinate)  and  emission  at  2  different  frequencies  (right 
ordinate)  for  the  Bi2Sr2CaCu208  single  crystal  sample  #Sh.  Note  that  the  temperature  was  close 
to  Tc.  The  inset  shows  the  peak  positions  as  a  function  of  the  detected  frequency.  The  straight  lines 
are  the  Josephson  voltage-frequency  relation  for  both  polarities  of  the  measured  voltage.  Right  part: 
Position  of  the  emission  peak  at  a  frequency  of  10.95  GHz  as  a  function  of  the  measured  thickness 
of  the  crystals.  The  straight  line  was  calculated  by  UPeak  =  h/2e  f  N.  N  was  calculated  by  division 
of  the  crystal  thickness  by  the  distance  of  two  Cu02  bilayers  (15  A). 

We  close  with  the  organic  superconductor  k  —  {BEDT  —  TTF)2Cu{NCS)2.  The 
structure  of  this  material  is  very  similar  to  the  one  in  fig.  1,  but  slightly  distorted. 
Fig.  15  shows  I-V  characteristic  and  X  band  microwave  emission.  We  note  the 
nonhysteretic  I-V  characteristic  and  the  relatively  narrow  linewidth.  The  position  of 
the  line  corresponds  to  a  series  array  of  approximately  1100  junctions. 

Due  to  the  large  energy  gap  of  the  high-Tc  superconductors,  the  characteristic  fre¬ 
quencies  and  therefore  the  region  of  stable  operation  can  extend  up  to  the  terahertz 
region.  A  series  array  of  thousands  of  intrinsic  Josephson  junctions  in  a  crystal  could 
be  a  natural,  tunable  sub-millimeter  source.  If  phase-lock  can  be  achieved,  the  line- 
width  should  not  exceed  100  kHz.  A  second  advantage  is  the  high  source  impedance 
of  series  arrays,  which  allows  matching  with  devices  of  conventional  microwave  engi¬ 
neering.  There  is  an  additional  degree  of  freedom  in  the  design  of  intrinsic  junctions: 
the  strength  of  Josephson  coupling  between  the  Cu02  planes  can  be  varied  ”in  situ” 
by  oxygen  annealing.  At  present,  the  conditions  for  self-synchronization  are  an  active 
area  of  research.  N  coherently  radiating  junctions  decrease  the  linewidth  of  a  single 
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one  by  a  factor  of  1/N.5,29  Recently  we  were  able  to  detect  the  radiation  of  more  than 
1000  junctions  at  a  frequency  of  93.7  GHz29.  The  extremely  narrow  bias  interval  of 
the  line  suggests  coherent  emission.  In  this  case,  the  linewidth  should  be  of  the  order 
of  100  kHz,  far  below  our  receiver  bandwidth  of  500  MHz. 
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Fig.  15.  I-V  characteristics  and  microwave  emission  of  a  /c-(BEDT-TTF)2Cu(NCS)2  single  crystal. 
The  detected  frequency  was  12.05  Ghz.  The  peak  corresponds  to  a  series  array  of  approximately 
1100  junctions. 


5.  Conclusions 

High-Tc  superconductors  are  Josephson  junctions  atomic  layer  by  atomic  layer. 
This  hypothesis  was  confirmed  in  every  detail  by  measurements  on  Bi2Sr2CaCu20s , 
{Bii-.yPby)2Sr2C  aCu2Os,  Tl2Ba2Ca2Cu3Oi0  und  /?r1.8sC,e.i5C'u04.  From  the  I- 
V  characteristics  and  from  the  temperature  dependence  of  the  critical  current  7C, 
we  conclude  that  the  supercurrents  perpendicular  to  the  copper  oxide  planes  flow 
across  several  thousands  of  superconductor-insulator-superconductor  junctions.  The 
absolute  value  of  the  c-axis  critical  current  was  200-300  A/cm2  for  Ar  annealed 
Bi2Sr2CaCu20&  single  crystals.  This  corresponds  to  the  maximum  current  den¬ 
sity  of  Cooper-pair  tunneling  currents,  as  inferred  from  the  energy  gap.  Therefore, 
these  experiments  are  the  first  observation  of  nearly  ideal  tunnel  junctions  in  high-Tc 
superconductors.  From  the  Ic  modulations  in  parallel  magnetic  fields,  the  electrode 
distance  of  the  junctions  was  deduced.  The  value  of  15  A  agrees  nicely  with  the 
distance  between  two  Cu02  bilayers.  At  present,  there  is  no  observation  of  intrinsic 
Josephson  effects  in  Y Ba2CusOj. 
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The  intrinsic  Josephson  effects  showed  up  particularly  clearly  in  the  microwave 
absorption  and  emission  experiments.  At  frequencies  between  2  GHz  und  95  GHz 
Shapiro  steps  were  observed,  which  correspond  to  external  synchronization  of  several 
hundreds  of  junctions.  The  AC  Josephson  currents  were  measured  directly  by  their 
microwave  emission.  Even  self-synchronization  was  observed,  i.e.  coherent  emission 
with  narrow  linewidths  and  relatively  high  intensities.  Near  Tc,  the  incoherent  emis¬ 
sion  allows  the  determination  of  the  number  of  junctions  in  a  crystal.  At  least  in 
Bi2Sr2CaCu20s ,  the  intrinsic  Josephon  effect  is  not  perturbed  by  crystal  imperfec¬ 
tions.  Aside  from  measurement  inaccuracies,  every  pair  of  Cu02  bilayers  formed  a 
Josephson  junction.  Similar  results  were  obtained  with  the  organic  superconductors. 
This  leads  to  the  conclusion  that  this  novel  superconducting  state  of  a  periodically 
modulated  order  parameter  is  a  genuine  property  of  all  layered  superconductors  with 
sufficiently  high  anisotropy.  The  same  property  of  layered  superconductors,  which 
prevents  high  current  density  applications,  provides  a  qualitatively  novel  application: 
the  extremely  short  coherence  lengths  cause  a  modulation  of  superconductivity  on  an 
atomic  scale. 
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ABSTRACT 

We  report  on  microwave  emission  experiments  of  Bi2Sr2C aC  u20  s+y-smg\e  cry¬ 
stals  at  frequencies  between  12  GHz  and  95  GHz.  Due  to  the  intrinsic  Josephson 
effect  these  samples  form  series  connections  of  typically  2000  contacts.  For  the 
first  time  we  observed  phase-locking  of  more  than  1000  junctions  at  93.7  GHz  in 
Bi\,gPbQj2ST2C  (lCu2Og^.y  single  crystals.  Concerning  the  development  of  high 
frequency  sources  we  report  on  first  experiments  on  vertically  structured  thin  films 
of  T I2B &2C CL2C UgO\Q . 


1.  Introduction 

The  Josephson  voltage-frequency  relation  f  =  2eU/h  provides  the  most  natural 
tunable  frequency  sources.  Bias  voltages  U  from  several  microvolts  to  a  few  millivolts 
allow  tuning  of  Josephson  emission  from  the  GHz  to  the  THz  region.  In  practice 
noise  effects  and  source  impedance  mismatch  decrease  the  emitted  power  considerably. 
Coherent  emission  of  N  junctions  connected  in  series  would  increase  the  power  by  a 
factor  of  N  and  decrease  the  linewidth  by  1/N.  Then  the  voltage-frequency  relation 
is  modified  to 


f=Fiu 


(i) 


where  U  is  the  bias  voltage  of  the  whole  array. 

Mutual  phase  lock  can  be  achieved  by  especially  designed  networks  of  distributed 
junctions.  However  the  geometrical  size  of  those  circuits  soon  exceeds  the  desired  wa¬ 
velength.  Most  design  tricks  at  least  reduce  the  tuning  bandwidth  of  these  oscillators1. 
This  principal  difficulty  might  be  overcome  by  the  extremly  dense  packed  arrays  of 
intrinsic  Josephson  junctions  in  high-Tc  materials.  In  a  series  of  papers  we  were  able 
to  show  the  basic  phenomena  of  this  effect  2-4.  Due  to  periodic  supression  of  the  su¬ 
perconducting  order  parameter  between  two  Cu02  double  layers  every  pair  of  C11O2 
bilayers  forms  a  Josephson  junction.  In  case  of  Bi2Sr2CaCu208+y  (BSCCO)  and 
Tl2Ba2Ca2Cu30io  (TBCCO)  all  dc-  and  ac-  Josephson  effects  were  found  2,s.  The 
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number  of  Josephson  junctions  in  a  single  crystal  is  given  by  the  crystal  thickness 
divided  by  the  interlayer  distance. 

Therefore  a  BSCCO  single  crystal  of  thickness  1  (im  behaves  like  a  series  connec¬ 
tion  of  666  Josephson  junctions.  Junction  properties  can  be  varied  by  oxygen  or 
lead  substitution.  Due  to  this  ultimate  packing  density  single  crystals  or  thin  films 
of  BSCCO  and  TBCCO  may  find  applications  as  high  frequency  sources.  By  ap¬ 
propriate  structuring  of  single  crystals  or  thin  films  these  devices  may  be  used  in 
integrated  circuits.  First  experiments  on  mesa  patterned  single  crystals  were  repor¬ 
ted  recently5,6.  Thin  film  technology  provides  the  additional  advantage  of  integrating 
coupling  structures  for  better  impedance  matching.  The  most  direct  approach  of  ana¬ 
lysing  junction  properties  for  high  frequency  sources  is  the  radiometric  investigation 
of  ac-  Josephson  currents.  Radiometer  setups  for  frequencies  between  10.9  GHz  and 
94.5  GHz  give  us  the  advantage  of  measuring  microwave  emission  in  a  nonresonant 
system  over  one  frequency  decade. 

2.  Experimental 

Single  crystals  of  BSCCO  and  TBCCO  were  grown  by  standard  methods  described 
elsewhere  3.  Gold  contacts  were  evaporated  on  both  sides  of  the  crystals  followed 
by  annealing  in  flowing  Argon  or  Oxygen  at  550 °C.  Typical  crystal  dimensions  were 
30  x  30  fim2  in  ab-direction  and  about  3  fim  in  c-direction.  A  two  terminal  technique 
was  used  for  transport  measurements  with  current  flow  perpendicular  to  the  layers  3. 
Thin  films  of  Tl2Ba2Ca2Cu30\o  were  deposited  on  (001)  LaAl03  substrates  with  ion 
etched  step  edges  (fig.  1).  These  steps  had  slopes  between  60°  and  75°  and  heights 
between  400  nm  and  500  nm.  A  precursor  -  TlOx  post  anneal  technique  was  used. 
The  film  thickness  was  between  250  nm  and  450  nm.  The  height  of  the  junction  stack 
(step  stack)  is  determined  by  the  difference  between  step  height  and  film  thickness. 
Details  of  thin  film  preparation  are  reported  in  7 . 


Fig.  1.  Sketch  of  the  vertically  structured  TBCCO  thin  films.  In  the  marked  region  current  flow  is 
perpendicular  to  the  layers. 

At  the  steps  microbridges  were  patterned  by  ion  beam  etching  or  laser  patterning. 
The  junction  width  varied  between  3  fim  and  24  fim.  Current-voltage  (I-V)  charac¬ 
teristic  was  measured  with  a  four  lead  technique.  Electrical  contacts  were  made  by 
indium  pressure  contacts.  For  all  measurements  low  pass  filters  in  the  bias  leads  were 
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used  to  shield  external  noise.  The  midpoint  of  the  resistive  transition  was  observed 
at  T  =  115  K.  Due  to  thermally  activated  phase  slippage  a  broad  foot  structure  was 
present.  Zero  resistance  was  reached  at  T=  93  K.  In  order  to  prevent  the  nonlinear 
Josephson  oscillators  from  locking  to  any  resonances  of  impedance  matching  circuits 
we  prefer  emission  into  free  space  followed  by  broadband  superheterodyne  detection. 
Samples  were  mounted  in  front  of  a  horn  antenna.  Three  highly  sensitive  radiometers 
were  used.  Frequency  bands  were: 

1.  10.9  -  12.3  GHz,  noise  temperature  Tn  =  60  K 

2.  24.15  -  24.25  GHz  ,  Tn  =  440  K 

3.  93.0  -  94.5  GHz,  Tn  =  630  K. 

The  radiometer  power  was  monitored  as  a  function  of  bias  voltage  at  fixed  fre¬ 
quencies  and  various  bandwidths.  Measurement  performance  is  shown  in  fig.  2.  The 
sample  is  an  Y B^Cu^Oj—x  biepitaxial  grain  boundary  junction  .  Note  that  the 
decoupling  of  source  and  receiver  had  to  be  paid  by  a  considerable  loss  of  intensity. 


Fig.  2.  I-V  characteristic  of  an  YBCI2CU3O7-X  biepitaxial  junction  (left  scale)  and  microwave 
power  at  three  different  detection  frequencies  (right  scale).  The  zero  of  the  three  emission  measure¬ 
ments  is  offset  by  30  aW/MHz  each.  Note  the  second  harmonic  at  the  lowest  frequency. 
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3.  Results 

A  current-voltage  curve  is  shown  in  fig.  3.  The  sample  was  an  oxygen  annealed 
Bii.gPbo^S^CaC^Os+y  single  crystal.  The  I-V  characteristic  is  strongly  hysteretic. 
The  large  number  of  branches  is  omitted  for  clarity  (cf.  figs.  4  and  5).  When  a 
bias  current  of  7  mA  is  exceeded  main  part  of  the  crystal  switches  to  the  resistive 
state.  By  further  increasing  current  a  second  packet  switches  to  the  resistive  state 
accompanied  by  a  broad  radiometer  signal  at  a  detection  frequency  of  24.2  GHz.  The 
two  sharp  symmetric  peaks  are  detected  while  decreasing  bias  current  in  the  nearly 
vertical  range  of  the  I-V  curve. 


Fig.  3.  Typical  I-V  characteristic  of  an  oxygen  anealed  single  crystal 

(left  scale)  and  detected  microwave  power  at  f  =  24.2  GHz  (right  scale).  The  curves  are  corrected 
for  contact  resistance. 

Fig.  4  shows  the  I-V  characteristic  of  a  Bi-i&PboaSriC aCuiOa+y  single  crystal. 
Some  branches  are  traced  out  here.  Radiometer  detection  frequency  was  f  =  93.7 
GHz  with  a  bandwidth  of  500  MHz. 

By  decreasing  the  bias  current,  on  the  outermost  branch  where  all  junctions  are 
in  the  resistive  state,  a  very  narrow  signal  can  be  detected.  Here,  the  linewidth 
of  the  radiometer  signal  is  determined  only  by  the  radiometer  bandwidth.  As  can 
be  seen  in  the  spread  of  critical  currents,  linewidth  of  incoherent  emission  would 
be  expected  to  be  much  larger.  This  strongly  indicates  phase  locking  of  radiating 
junctions.  Using  voltage-frequency  relation  (1)  we  derive  a  number  of  N  =  1200 
junctions.  Such  a  large  array  should  have  a  theoretical  linewidth  of  approximately 
100  kHz  in  the  locked  state  1 .  The  I-V  curves  of  Tl<2Ba2Ca2Cu3,0\o  thin  film  devices 
showed  the  characteristic  of  a  Josephson  junction  stack  as  well  known  from  c-axis 
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Fig.  4.  I-V  characteristic  of  an  oxygen  annealed  Bii^Pbo^S^CaC^Os+y  single  crystal  (left 
scale).  The  contact  resistance  is  subtracted.  The  narrow  linewidth  of  detected  microwave  signal  at 
f  =  93.7  GHz  indicates  phase  locking  (right  scale). 

transport  in  single  crystals  described  before.  The  characteristic  voltage  Vc  reaches 
values  up  to  26  mV.  Using  the  Ambegaokar-Baratoff  relation  a  gap  value  2A(0)  of 
33.2  meV  is  derived  in  good  agreement  with  the  BCS  value  2A(0)  =  3.5  ksTc  ,  ks 
is  Boltzmann’s  constant.  In  case  of  sample  #40al  we  recorded  130  branches  in  the 
I-V  characteristic  (fig.  5).  The  stack  height  was  about  230  nm.  By  dividing  this 
height  by  the  interlayer  distance  of  17.8  A  we  derive  a  number  of  130  junctions. 
So  we  succeeded  in  observing  all  junctions  in  the  stack.  The  junction  area  varies 
due  to  the  slope  at  the  step  (cf.  fig.  1).  This  fact  is  mirrored  in  the  continously 
increasing  critical  currents.  With  increasing  number  of  junctions  in  the  resistive  state 
the  characteristic  voltage  Vc  decreases  monotonously  from  26  mV  down  to  5  mV.  This 
is  caused  by  gap  supression  due  to  quasiparticle  injection  and  maybe  simple  heating 
effect.  The  microwave  emission  of  these  thin  films  was  observed  up  to  T  =  93  K.  A 
broad  radiation  peak  at  T  =  90  K  is  shown  in  fig.  6.  The  voltage  at  peak  maximum 
indicates  a  number  of  165  junctions.  A  comparison  with  the  stack  height  of  300  nm 
shows  that  all  intrinsic  junctions  in  the  stack  radiate  incoherently.  This  observation 
conforms  with  previous  results  in  BSCCO  single  crystals. 

Fig.  7  shows  the  I-V  characteristic  of  a  T1  (2223)  thin  film  at  T  =  4.2  K.  Mi¬ 
crowave  emission  was  detected  at  11.3  GHz  and  24.2  GHz.  Peaks  at  ±156  fiV  (11.3 
GHz)  and  ±332  fj,V  (24.2  GHz)  result  from  simultaneous  emission  of  6  junctions. 

This  was  confirmed  at  different  detection  frequencies  in  the  range  from  10.95  GHz 
to  11.62  GHz  as  shown  in  fig.  8  . 
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Fig  5.  I-V  characteristic  of  a  T1  (2223)  step  stack.  The  stack  of  230  nm  height  contains  130  intrinsic 
Josephson  junctions  of  thickness  17.8  A  each.  The  inset  shows  the  first  branches  of  the  curve  on  a 
larger  scale. 


I 

(mA) 


Fig  6  Overdamped  I-V  characteristic  of  a  Tl  (2223)  thin  film  at  T  =  90  K  (left  scale)  and 
detected  microwave  power  at  f  =  11.3  GHz  (right  scale).  The  voltage  at  peak  maximum  corresonds 
to  incoherent  emission  of  N  =  165  junctions. 
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Fig.  7.  I-V  characteristic  of  a  T1  (2223)  thin  film  step  stack  at  T  =  4.2  K  (upper  panel),  detected 
microwave  power  at  f  =  11.3  GHz  (middle  panel)  and  detected  microwave  power  at  f  =  24.2  GHz 
(lower  panel). 


f  (GHz) 


Fig.  8.  Voltage  at  peak  maximum  vs.  frequency.  The  solid  line  denotes  the  slope  of  the  voltage  shift 
for  6  junctions 
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With  increasing  detection  frequency  the  peak  position  shifts  towards  higher  vol¬ 
tages  with  a  slope  as  determined  from  voltage  frequency  relation  (1)  with  N  =  6. 

4.  Conclusions 

By  nonresonant  detection  up  to  95  GHz  we  were  able  to  observe  microwave  emis¬ 
sion  of  intrinsic  Josephson  junctions  over  one  whole  frequency  decade.  The  narrow 
emission  linewidth  of  sample  #  Na  (fig.  4)  gives  evidence  for  the  observation  of  phase¬ 
locking  at  93.7  GHz.  For  the  first  time,  thin  films  of  TBCCO  could  be  structured  with 
appropriate  length  scales  to  observe  intrinsic  Josephson  effects  with  current  transport 
perpendicular  to  the  Cu02  layers.  Thin  film  technology  will  provide  the  possibility 
to  fabricate  intrinsic  Josephson  stacks  with  a  very  small  parameter  spread.  In  these 
step  stacks,  we  were  able  to  detect  microwave  emission  from  6  intrinsic  Josephson 
junctions  over  more  than  one  octave  in  frequency. 
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ABSTRACT 

For  the  first  time  we  observed  intrinsic  Josephson  effect  for  current  flow  perpendicu¬ 
lar  to  the  Cu02  ~  planes  in  HTC  thin  films.  Tl-Ba-Ca-Cu-0  thin  films  have  been 
deposited  on  step  edge  LaA103  substrates.  Due  to  the  special  preparation  process, 
microbridges  across  such  steps  act  as  stacks  of  intrinsic  Josephson  Junctions  with 
current  flow  perpendicular  to  the  Cu02  -  planes  (STEP  STACK  JUNCTION).  Up 
to  130  individual  junctions  could  be  observed  exhibiting  high  ICR jg  products  up 
to  30  mV.  Phase  locked  microwave  emission  peaks  of  substacks  as  well  as  broad 
emission  of  the  whole  stack  could  be  detected  for  frequencies  of  11  GHz  and  24 
GHz. 


1.  Introduction 

High  temperature  superconductors  of  the  Bi-  and  Tl-  system  exhibit  a  strong 
anisotropy  of  their  superconducting  parameters.  Reason  for  this  is  the  layered  cry¬ 
stal  structure  of  these  substances.  The  superconducting  Cu02  -  planes  are  separated 
by  relatively  thick  layers  of  the  other  metal  compounds  and  therefore  relatively  weak 
coupled.  Single  crystal  samples  should  therefore  behave  as  a  stack  of  intrinsic  Joseph¬ 
son  Junctions  as  could  be  observed  by  Kleiner  and  Muller1.  Here  the  Cu02-planes 
act  as  superconducting  electrodes,  the  interlayers  as  tunnel  barriers. 

Due  to  the  technological  fortune  of  applications  of  such  Josephson  contact  types,  a 
great  progress  would  arise  from  transfering  the  basic  single  crystal  experiments  to 
thin  film  technology.  Thin  film  samples  would  offer  easier  handling,  standarizeable 
sample  preparation  and  especially  the  possibility  to  integrate  such  junctions  into  cryo- 
electronic  devices. 

This  motivated  us  to  realize  such  intrinsic  stacks  in  thin  films  approaching  the  pro- 
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blem  by  making  use  of  the  special  growth  behaviour  of  Tl-Ba-Ca-Cu-0  thin  films 
across  step  edge  substrates. 


2.  Sample  Preparation 

Tl-Ba-Ca-Cu-0  thin  films  were  deposited  on  LaAlOa  substrates  by  a  two  step  pro¬ 
cess  established  in  our  institute  by  Manzel  and  Bruchlos  already  described  in  detail 
elsewhere2.  In  a  first  stage,  an  amorphous  precursor  is  deposited  by  high  rate  sputte¬ 
ring.  The  Ba  :  Ca  :  Cu  -  cation  composition  of  the  target  is  that  of  the  later  desired 
superconductor  film  phase,  e.g.  2:2:3  for  the  Tl(2223)  compound,  hence  at  high  rates 
and  optimum  Ar/C>2  -  pressure  there  is  a  1:1  transfer  from  target  to  substrate.  This 
precursor  is  then  annealed  at  temperatures  of  860°  C  to  880°  C  in  a  sealed  furnace 
in  T10*  containing  atmosphere,  allowing  the  Thallium  to  incorporate  and  the  film  to 
build  up  the  TBCCO  -  structure.  Essential  for  pure  phased  films  with  low  surface 
roughness,  sharp  x(T)  -  transition  and  high  Ic  is  not  only  a  short  annealing  time  at 
the  appropriate  temperature  for  the  desired  phase  but  also  a  slow,  controlled  cool 
down  with  a  rate  of  1  K/min. 


IPHT  JENA 


Fig.  1.  SEM  top  view  of  a  TBCCO  thin  film  on  a  step  edge  LaAI03  subtrate  (  step  slope  30°  ) 
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In  this  work  most  samples  were  prepared  as  TI(2212)  phase,  hence  this  offers  a 
wider  annealing  temperature  range  and  therefore  greater  chances  for  optimizing  film 
quality.  Furthermore,  the  annealing  temperature  is  lower  than  that  of  the  Tl(2223) 
phase,  and  therefore  not  as  close  to  the  melting  point  of  the  HTC-film  -  crucial  espe¬ 
cially  for  very  thin  films  necessary  for  this  work.  Samples  were  successfully  deposited 
on  either  MgO,  SrTiC>3  and  LaAlC>3  -  subtrates  with  equal  quality.  In  SEM  -  surveys 
(fig.  1),  one  can  see  the  films  to  consist  of  intergrown  grains  with  diameters  between 
10  pLin  and  100  fi m  .  XRD  analysis  reveals  that  the  films  are  single  phased  Tl(2212). 
Pole  figures  even  of  samples  deposited  on  substrates  with  a  vicinal  face  of  5°  show 
that  almost  all  the  grains  are  not  only  perfectly  oriented  in  c  -  direction  but  also 
in  the  a  -  direction.  Superconducting  films  could  be  prepared  down  to  200  nm  film 
height.  The  Tc  derived  from  x(T)  -  measurements  is  typically  100  K,  with  ATC  = 
IK.  Nevertheless,  there  is  a  slight  decrease  of  Tc  for  very  thin  films  down  to  95  K. 

It  could  be  observed  that  the  double  textured  coarse  grained  structure  of  these  TBC- 
CO  films  results  in  an  overgrowth  across  substrate  steps  without  changes  in  orientati¬ 
on.  Obviously,  to  have  any  current  flow  across  stacks  at  the  step  edge  in  c  -  direction, 
the  substrate  step  has  to  be  higher  than  or  at  least  as  high  as  the  film  thickness.  As 
discussed  above,  the  film  height  could  not  be  reduced  to  less  than  200  nm.  Thin  films 
of  reproducible  quality  have  heights  of  250  nm  to  300  nm.  Therefore  the  substrate 
step  has  to  be  at  least  400  nm  high.  To  achieve  the  desired  perpendicular  stacks  of 
TBCCO  layers  with  current  flow  only  parallel  to  the  c  -  direction,  the  slope  angle 
of  the  substrate  step  has  to  be  as  steep  as  possible.  For  small  slope  angles  flux  flow 
effects  will  wipe  out  any  intrinsic  Josephson  effect.  Our  experiments  show  ,  that  a 
slope  angle  of  greater  than  60°  is  required.  For  preparation  of  Josephson  Junctions, 
step  edges  were  patterned  into  (100)LaA103  -  substrates  by  ion  beam  etching  with 
Cr-  or  Ti-  metal  masks.  AFM  and  SEM  surveys  reveal  that  these  steps  had  heights 
of  400  to  500  nm  and  slope  angles  between  60°  and  75°  . 

After  film  deposition,  microbridges  were  patterned  into  the  samples  across  the  step. 
As  the  boundary  between  two  grains  may  be  the  source  for  some  kind  of  misfit  which 
ougth  to  be  avoided  especially  on  the  microbridge  area,  these  have  to  be  kept  as  small 
as  possible.  In  our  case  the  bridge  length  is  only  24  fim  .  Patterning  was  performed 
either  by  dry  etching  in  Argon  (bridge  widths  3  ,6  ,12  and  24  /zm  )  or  by  laser  beam 
patterning  (bridge  width  >  6  fim  ).  It  furthermore  turned  out,  that  microbridges 
with  effective  widths  larger  than  12  ^m  not  only  showed  too  high  Ic,  but  also  include 
possible  low  resistive  grain  boundary  junction  effects.  Laser  patterning  was  also  used 
to  narrow  dry  etched  bridges  which  exhibited  too  high  Ic  and  therefore  did  not  act  as 
Josphson  Junctions. 
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3.  Results 


3.1.  Current  -  Voltage  Characteristics 

I-V-curves  of  these  step  stack  junctions  reveal  very  high  Ic  values  up  to  8  mA 
and  also  R N  values  up  to  1.5  kH  (on  different  samples).  The  observed  maximum 
IcRat  was  27  mV.  Principally,  two  types  of  I-V-curves  could  be  distinguished.  One 
class  of  samples  exhibit  a  RSJ  -  like  curve  which  is  nonhysteretic,  as  shown  in  figure 
5.  Other  samples  displayed  a  strong  hysteresis  and  furthermore  also  characteristic 
voltage  jumps  of  some  10  millivolts  in  the  resistive  branch  of  the  curve.  By  carefully 
tuning  the  current,  we  could  resolve  many  branches  as  plotted  in  figure  2.  In  this 
sample  (V40al)  130  of  these  branches  could  be  counted.  These  have  regular,  but 
nevertheless  decreasing  voltage  distances  ranging  from  26  mV  for  the  first  jump  down 
to  5  mV.  The  I-V-curve  ends  with  a  typical  quasiparticle  injection  shape  allready 
observed  at  intrinsic  single  crystal  junctions  1. 


Fig.  2.  I-V  characteristic  of  a  step  stack  junction  with  130  uniform  branches 
The  insert  is  a  zoom  on  the  first  13  branches. 


We  associate  each  of  these  branches  with  the  switching  of  a  single  intrinsic  junction 
to  the  resistive  state.  As  described  above  and  sketched  in  figure  3,  the  height  of  the 
superconducting  film  is  lower  than  that  of  the  subtrate  step. 
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Fig.  3.  Model  of  step  stack  film  growth  across  a  substrate  step  and  current  flow 


As  a  consequence  of  the  special  two  step  formation  process  we  expect  that  a  perpendi¬ 
cular  stack  will  build  up  along  the  substrate  step.  This  could  preferably  be  uniform  in 
dimensions  but  might  probably  consist  of  some  substacks  of  slightly  different  heights 
and  cross  sections.  Such  substeps  could  be  observed  in  SEM  topviews  (fig.  4). 

As  the  slope  of  the  substrate  step  is  less  than  90°  (  typically  60°  )  but  the  open  front 
of  the  stack  appears  almost  perpendicular  in  SEM  surveys,  the  area  of  the  intrinsic 
layers  will  increase  from  the  bottom  of  the  stack  to  the  top.  We  ascribe  this  as  a 
reason  for  the  relatively  wide  voltage  spread  of  the  branches. 

As  one  confirmation  for  our  model  one  can  perform  a  simple  comparison:  For  sample 
V40al  the  film  height  was  280  nm  at  a  substrate  step  of  500  nm.  From  preparation 
parameters  we  expect  a  step  stack  height  of  220  nm.  On  the  other  hand,  multiplying 
the  number  of  observed  branches  (130)  with  the  spacing  between  the  intrinsic  Cu02 
-  planes  of  1.78  nm  for  the  TBCCO(2223),  one  ends  up  with  230  nm.  We  therefo¬ 
re  believe  to  have  observed  all  intrinsic  junctions  in  this  stack,  one  after  the  other 
switching  to  the  resistive  state. 
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Fig.  4.  SEM  top  view  of  a  TBCCO  step  stack  junction  on  a  LaAlC>3  subtrate  (  bridge  width  6/xm  ) 


3.2.  Microwave  Emission 

The  observed  voltage  jumps  for  a  single  junction  of  a  stack  are  as  in  sample  V40al 
between  5  and  25  mV.  According  to  the  Josephson  frequency  -  voltage  relation: 

F  =  ^U  (1) 

emitted  microwave  would  be  at  frequencies  in  the  THz  range.  For  such  samples, 
radiation  at  lower  frequencies  (GHz  range)  would  only  be  expected  at  temperatures 
very  close  to  Tc,  where  the  energy  gap  is  strongly  suppressed  or  for  intrinsically  shun¬ 
ted  arrays.  The  radiometers  used  detect  the  microwave  power  emitted  into  free  space 
at  frequencies  of  11  GHz  and  24  GHz.  The  sample  is  mounted  in  front  of  a  horn 
antenna  as  decribed  elsewhere  in  detail3. 

Nevertheless,  for  a  number  of  our  samples  microwave  radiation  could  be  detected 
in  the  11  GHz  range  even  at  low  temperatures.  On  one  sample,  we  observed  two  wide 
peaks  with  maxima  at  1.9  mV  and  2.9  mV  due  to  many  contacts  (60  or  100)  emitting 
incoherently.  At  higher  temperatures  (90  K)  the  spectrum  has  a  broad  peak  with  ^a 
maximum  corresponding  to  160  emitting  junctions  (i.e.  virtually  all  in  this  stack)  . 
More  interesting  is  the  sample  shown  in  figure  5  (V38a). 


(nv)  d  I'fi'v)  d 
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Fig.  5.  I-V  characteristics  of  sample  V38a  (top)  .  detected  microwave  power  at  F=  11.3  GHz 
(middle)  and  F=24.2  GHz  (bottom) 
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At  11.3  GHz  detector  frequency,  we  register  two  sharp  peaks  at  100)uV  and  155/zV  . 
The  second  peak  could  also  be  detected  at  24.2  GHz  at  332/zV  .  For  N  junctions  in 
series  (1)  changes  to: 

U  =  NF±  (2) 

This  therefore  gives  alsmost  exactly  4  junctions  for  the  lower  peak  and  6  junctions 
radiating  synchronized  for  the  second  peak.  As  expected  with  increasing  number 
of  junctions,  the  peak  width  decreases.  The  number  of  emitting  junctions  was  also 
determined  by  observing  the  shift  of  the  voltage  peak  as  a  function  of  changing  the 
detector  frequency  as  dicussed  by  Schlenga3. 

Source  of  this  radiation  is  to  our  opinion  a  relatively  uniform  substack.  Additio¬ 
nal  intrinsic  high  Ohmic  shunting  could  explain  the  low  frequency. 


4.  Conclusion 

By  making  use  of  the  special  growth  behaviour  of  a  two  step  preparation  process  of 
TBCCO  thin  films  deposited  across  a  step  edge  substrate  we  succeeded  in  developing 
stacks  of  up  to  130  intrinsic  Josephson  Junctions  (step  stack  junctions).  For  some 
samples,  we  were  able  to  detect  synchronized  microwave  emission  for  6  junctions  at 
different  frequencies. 

Acknowledgements 


This  work  was  supported  by  the  German  BMFT  under  grant  13N6131 


References 


1.  R.  Kleiner  and  P.  Muller,  Phys.  Rev.  B49  (1994)  1327 

2.  M.  Manzel  et  al .,phys.  stat.  sol.  (a)  128  (1991)  175 
M.  Manzel  et  al.,  Physica  C  201  (1992)  337 

3.  K.  Schlenga  et  al.  this  conference 


Chapter  7 

Junction  Arrays 


315 


DYNAMICS  OF  CLASSICAL 
TWO-DIMENSIONAL  JOSEPHSON  ARRAYS 


MIGUEL  OCTAVIO 

Centro  de  Fi'sica,  Institute  Venezolano  de  Investigaciones  Cienttficas,  Apartado  21827, 
Caracas  1020 A,  Venezuela. 


ABSTRACT 

We  review  the  basic  properties  of  two-dimensional  arrays  of  classical  Josephson 
junctions  both  in  the  absence  and  in  the  presence  of  an  applied  magnetic  field. 
When  no  field  is  present,  the  properties  of  the  system  do  not  differ  significantly 
from  those  of  a  single  junction.  For  applied  fields  that  are  commensurate  with  the 
network  such  that  the  flux  per  plaquette  is  /  =  p/q,  where  p  and  q  are  integers, 
the  ground  state  of  the  system  is  formed  by  a  superlattice  of  q  X  q  cells  which 
contain  vortices.  The  presence  of  this  vortex  superlattice  modifies  both  the  dc  and 
rf  properties  of  the  system.  In  the  presence  of  an  rf  drive,  Giant  Shapiro  steps 
are  observed  at  Nhl//2e,  where  N  is  the  number  of  junctions  in  the  array  in  the 
direction  of  the  dc  current.  More  surprisingly,  additional  fractional-Giant  Shapiro 
steps  appear  at  voltages  (N j q)hu /2e  for  each  value  of  f  —  p/ q~  These  fractional 
steps  arise  from  the  synchronization  of  the  drive  to  the  motion  of  the  superlattice. 
For  underdamped  junctions,  we  find  that  the  I-V  characteristics  are  unusual.  As  /3C 
is  increased  the  I-V  characteristics  have  two  very  distinct  regimes.  At  low  voltages, 
the  dynamics  are  dominated  by  the  motion  of  the  vortex  superlattice,  while  at  high 
voltages  they  are  dominated  by  the  oscillations  of  the  junctions.  To  understand 
these  regimes,  we  construct  a  mechanical  analog.  The  mechanical  analog  of  a 
massive  particle  moving  in  a  two-dimensional  potential  allows  for  the  understanding 
of  the  dynamics  of  the  system  and  clearly  shows  how  the  novel  dynamics  arise  from 
the  additional  degree  of  freedom. 


1.  Introduction 

Two-dimensional  Josephson  junctions  arrays  are  good  model  systems  for  the  study 
of  the  thermodynamic  properties  of  excitations  in  two-dimensional  systems.  The  abil¬ 
ity  to  tailor  the  properties  of  these  arrays  when  they  are  microfabricated  has  allowed 
for  the  study  of  the  Kosterlitz-Thouless  vortex-unbinding  transition  and  the  effects  of 
frustration  and  disorder  on  this  transition  l.  In  these  studies,  what  is  of  interest  is  the 
near  equilibrium  properties  or  thermodynamic  properties  which  take  place  with  only 
a  small  current  flowing  through  the  system.  A  completely  different  regime  occurs  at 
large  currents,  when  the  current  flowing  through  the  array  is  comparable  with  the 
critical  current  of  the  Josephson  array.  In  this  regime,  each  of  the  junctions  in  the 
system  behaves  like  a  non-linear  oscillator.  If  this  nonlinear  collection  of  oscillators 
is  coupled  through  the  application  of  a  magnetic  field,  the  arrays  turn  out  to  ex¬ 
hibit  a  rich  variety  of  new  nonlinear  phenomena  associated  now  with  the  motion  of  a 
vortex  superlattice  for  fields  commensurate  with  the  basic  structure  of  the  lattice  of 


junctions.  Furthermore,  this  collection  of  oscillators  may  under  certain  circumstances 
oscillate  coherently  which  is  of  considerable  interest  for  applications. 

In  this  paper,  we  review  what  has  been  learned  about  the  dynamical  properties 
of  two-dimensional  Josephson  arrays.  First,  we  briefly  introduce  those  basic  ther¬ 
modynamic  properties  which  are  important  to  understanding  these  dynamics.  We 
then  discuss  how  arrays  can  exhibit  giant  and  fractional  giant  steps  when  they  are 
irradiated  with  ac  radiation  and  how  this  behavior  originates  in  the  motion  of  the 
vortex  superlattice  for  commensurate  magnetic  fields.  We  also  show  how  these  ideas 
are  confirmed  experimentally  by  changing  the  direction  of  current  injection  into  the 
arrays.  We  also  study  in  detail  the  effects  of  capacitance  on  the  dynamic  properties 
of  the  arrays.  In  this  case,  the  arrays  can  become  chaotic  and  exhibit  two  different 
regimes  depending  on  whether  the  vortex  superlattice  (flux-flow)  or  the  junctions 
dominate  the  dynamics.  Finally,  we  briefly  discuss  the  possible  use  of  arrays  as  radi¬ 
ation  sources. 

2.  Basic  Array  Properties 

A  two-dimensional  square  array  of  Josephson  junctions  is  shown  in  Fig.  1.  The 
array  has  lattice  constant  a  and  junctions  are  located  at  each  vertical  and  horizontal 


a 


Fig.  1.  Schematic  diagram  of  a  square  array.  The  crosses  indicate  the  junctions  and  a  is  the  lattice 
size. 

bond.  The  array  is  M  X  N  where  M  is  the  number  of  rows  of  junctions  and  N  is  the 
number  of  columns.  Junctions  are  connected  to  superconducting  islands  at  each  node 
of  the  array.  The  array  is  biased  by  a  current  I  =  Mi  as  shown  in  the  figure.  The 
basic  unit  cell  of  the  array  going  around  the  connected  paths  is  called  a  plaquette. 

In  the  absence  of  a  magnetic  field  and  at  T  =  0,  assuming  there  are  no  inductive 
effects  and  the  array  is  perfectly  uniform  (that  is  we  neglect  the  disorder  present  in 
real  arrays)  any  current  fed  into  the  array  will  flow  uniformly  from  one  side  of  the 
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array  to  the  other,  with  no  current  flow  occurring  in  the  vertical  junctions.  Then,  the 
total  voltage  drop  across  the  array  will  simply  be  V  =  NV-,  where  Vi  is  the  voltage 
across  each  individual  junction.  However,  this  system  of  nonlinear  elements  may 
have  more  complicated  solutions,  since  in  the  presence  of  a  voltage  each  junction’s 
phase  will  oscillate  in  time  and  the  solutions  will  not  necessarily  be  stable.  While 
this  problem  of  stability  is  interesting  in  its  own  right,  what  makes  arrays  so  novel 
is  the  variety  of  new  phenomena  that  may  be  observed  whenever  thermal  effects  or 
magnetic  effects  are  present.  As  discussed  below,  in  both  of  these  cases  vortices  may 
occur  in  the  system  leading  to  novel  dynamical  properties. 

While  in  the  absence  of  a  field  and  at  T  =  0  the  existence  of  a  vortex  will  not 
be  energetically  favored,  in  the  presence  of  a  field  the  physics  of  the  system  changes 
completely.  First  of  all,  the  system  is  a  multiply  connected  superconductor  so  that 
fluxoid  quantization  imposes  a  constraint  on  the  possible  values  that  the  gauge  in¬ 
variant  phase  7  can  have  around  any  loop  in  the  array,  so  that 

2tt 

7 i  —  —  (mod27r)  =  27r/(mod27r)  =  2w(f  —  n ).  (1) 

plaquette  0 

where  /  =  Ba2/$0  is  called  the  frustration  index,  B  is  the  applied  magnetic  field, 
n  is  an  integer  and  a  is  the  lattice  constant.  While  the  magnetic  field  imposes  a 
constraint  on  the  system,  the  value  of  n  will  be  that  which  minimizes  the  free  energy 
of  the  system.  If  we  neglect  capacitive  effects  as  is  the  case  for  overdamped  arrays, 
the  Hamiltonian  of  the  array  is  given  by 

H  =  -£Ej  cos(<f>j  -&-§!-/  A  .  dr)  (2) 

<ij>  Ji 

where  Ej  is  the  Josephson  coupling  energy,  the  sum  is  over  nearest  neighbors  only 
and  i  and  j  are  the  indices  of  two  islands.  Note  that  this  Hamiltonian  is  just  like  that 
of  the  XY  model  for  a  system  of  spins  in  two  dimensions. 

Minimization  of  the  Hamiltonian  of  Eq.  2,  shows  that  in  the  absence  of  a  field 
the  energy  is  minimized  by  having  all  phases  be  equal  to  each  other.  In  contrast, 
if  a  field  is  present  minimization  of  the  energy  favors  the  presence  of  vortices  in  the 
system  in  which  the  phases  change  by  27r  as  one  goes  around  any  closed  loop  of  the 
system.  These  phase  differences  in  the  system  will  induce  circulating  currents  forming 
a  whirlpool  of  current.  This  vortex,  in  contrast  to  that  found  in  superconductors,  has 
no  normal  core  in  the  center. 

The  phase  diagram  for  an  array  as  a  function  of  temperature  and  phase  can  be 
quite  complicated  as  shown  in  the  schematic  of  Fig.  2.  When  /  =  0  and  7  =  0,  the 
system  exhibits  a  vortex  binding  phase- transition  at  Tkt.  Above  this  temperature 
free  vortices  and  anti-vortices  are  present  in  the  system.  Below  Tkt  these  vortices 
bind  together  and  form  pairs.  The  introduction  of  a  current  in  the  system  will  unbind 
these  pairs  and  in  general  will  induce  vortex  flow.  What  is  of  interest  from  the  point 
of  view  of  dynamics  is  what  happens  for  certain  applied  magnetic  fields  at  T  =  0, 
shown  as  solid  lines  in  Fig.  2. 
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Fig.  2.  Phase  diagram  in  the  temperature,  current,  and  frustation  space. 

Whenever  the  applied  field  is  such  that  the  frustration  index  /  =p/q,  the  ground 
state  configuration  of  the  system  consists  of  a  superlattice  of  vortices  with  a  basic 
unit  cell  of  size  q  x  q  as  shown  in  Fig.  3.  This  superlattice  will  move  if  a  current 
is  present  and  is  quite  rigid,  that  is  the  current  flowing  though  the  array  has  to  be 
sufficiently  large  to  move  the  whole  superlattice. 


Fig.  3.  Ground  state  configuration  for  f  =  1/2  (left)  and  /  =  1/3  (right). 
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3.  rf  Response  of  Arrays 


3.1.  Giant  Shapiro  Steps 

If  an  array  in  zero  magnetic  field  is  rf  biased  at  T  =  0,  the  system  will  respond 
just  like  a  single  junction  with  applied  current  Iext/N.  Since  voltages  in  series  add, 
the  total  voltage  drop  across  the  array  will  be  N  times  the  Josephson  voltage  of  each 
junction.  Then  if  the  individual  junctions  synchronize  to  an  external  rf  drive  with 
frequency  i/,  this  will  lead  to  so-called  giant  Shapiro  steps  at  voltages 


V  =  N 


nhu 

“27 


(3) 


as  shown  in  Fig.  4  taken  from  Sohn  et  al.  2,  where  the  dynamic  resistance  dV/dl  as 
a  function  of  the  voltage  is  presented  for  various  values  of  /.  In  the  dV/dl  plot  the 
minima  in  the  dynamic  resistance  correspond  to  each  step.  Giant  Shapiro  steps  were 
first  observed  in  SNS  arrays  of  Pb-Cu-Pb  junctions  by  Leeman  et  al  3.  Similar  results 
have  been  observed  in  various  types  of  arrays  (Lee  et  al  4  and  Hebboul  and  Garland 


Fig.  4.  Dynamic  resistance  as  a  function  of  the  normalize  voltage  for  various  /  values. 

While  giant  Shapiro  steps  are  expected  from  Eq.  3,  one  should  not  lose  sight  of  the 
fact  that  this  was  obtained  assuming  that  all  junctions  were  identical  and  currents 
distributed  themselves  uniformly  across  the  array.  It  is  yet  unclear  whether  their 
observation  in  real,  disordered,  microfabricated  arrays  implies  that  the  coupling  of 
the  junctions  in  the  planar  array  in  some  way  stabilizes  this  solution  or  whether  what 
is  observed  reflects  the  intrinsic  disorder  of  the  array. 

If  the  description  given  by  Eq.  3  were  all  that  was  required  to  understand  theses 
arrays  in  zero  field,  giant  Shapiro  step  widths  should  be  very  much  like  those  of  single 
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junctions  both  in  their  frequency  and  power  dependence.  However,  simulations  6 
show  this  not  to  be  the  case  as  shown  in  Fig  5.  In  contrast  to  the  behavior  seen 
in  single  junctions,  the  power  dependence  of  the  rf  induced  steps  does  not  decrease 
monotonically  but  may  show  anomalies  such  as  the  progressive  reduction  of  the  second 
lobe  in  the  power  dependence  as  the  frequency  is  increased.  These  anomalies  are  a 
result  of  the  higher  degree  of  freedom  of  the  system  and  may  be  understood  in  simple 
terms  as  shown  later  in  the  paper. 


Fig.  5.  Step  widths  for  the  critical  current  for  /  =  1/2  and  0  =  1  (Top)  and  0  =  3  (Bottom). 


3.2.  Fractional  Giant  Shapiro  Steps 

While  the  giant  Shapiro  steps  in  zero  field  described  above  were  expected  to  occur 
if  an  array  could  be  fabricated  with  sufficient  uniformity,  it  was  truly  surprising  that 
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additional  “fractional  giant  Shapiro  steps”  were  observed  by  Benz  et  al.  7  at  voltages 


nhu 

"27’ 


n  —  0, 1,2, . . . 


(4) 


when  the  high-frequency  response  was  measured  in  a  magnetic  field  corresponding 
to  /  =  pfq  flux  quanta  per  unit  cell,  where  p  and  q  are  integers.  This  experimental 
observation  is  shown  in  Fig.  4  for  /  =  1/2  and  f  =  1/3  for  the  same  temperature,  rf 
amplitude  and  frequency.  One  can  see  both  giant  and  the  novel  fractional  steps. 
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Fig.  6.  Top:  Voltages  across  two  consecutive  horizontal  junctions  as  a  function  of  time.  Bottom: 
Ground  state  configurations  at  the  point  A ,  B ,  C,  and  D  in  the  top  figure. 


Since  for  /  =  0  no  subharmonic  giant  steps  are  observed  when  inductive  effects 
are  unimportant,  as  is  expected  for  SNS  junctions,  the  fractional  giant  steps  must 
originate  in  the  collective  behavior  of  the  junctions  in  the  presence  of  the  strongly 
commensurate  field  (Benz  et  al.  7).  Simulations,  using  as  a  model  for  the  array 
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a  network  of  Josephson  junctions  described  by  RSJ  elements,  show  fractional  giant 
steps  in  the  I-V  characteristic  (Lee  et  al.  8  and  Free  et  al.  9)  and  show  how  the 
motion  of  the  vortex  superlattice  is  responsible  for  their  existence. (Free  et  al  9). 

To  understand  the  origin  of  the  fractional  steps,  consider  first  the  case  of  the  first 
giant  step  which  occurs  for  /  =  0.  On  this  step,  during  one  rf  cycle  of  the  external 
drive,  each  of  the  phase  differences  across  the  horizontal  junctions  in  the  array  will 
advance  by  exactly  in  synchrony  with  the  drive,  thus  leading  to  a  step  at  N  times 
that  of  a  single  junction  since  they  are  all  in  phase  and  synchrony.  Since  there  is  no 
magnetic  field  there  will  be  no  phase  difference  across  the  vertical  junctions. 

Consider  now  the  case  /  =  1/2.  The  ground  state  corresponds  to  a  2  x  2  cell,  in 
which  currents  flow  in  the  counter  clockwise  direction  in  all  the  diagonal  plaquettes 
as  in  Fig.  3(a).  These  can  be  thought  of  as  vortices  that  will  move  collectively  in  the 
direction  perpendicular  to  the  dc  current,  due  to  the  Lorentz  force.  In  Fig.  6  (Top), 
we  show  the  voltages  across  two  consecutive  horizontal  junctions  of  the  2x2  unit 
cell  labeled  a  and  7  when  the  system  is  on  the  fractional  giant  step  n  =  1,  q  =  2  in 
Eq.  4.  Note  first  that  the  period  of  the  oscillation  of  the  two  junctions  is  two  times 
that  of  the  rf  drive.  In  addition,  while  the  waveform  of  all  the  junctions  is  exactly 
the  same,  they  are  out  of  phase  with  each  other  by  one  period  of  the  rf  drive.  This 
means  that  even  though  the  junctions  are  out  of  phase,  the  average  period  for  the 
2x2  cell  is  the  same  as  the  period  of  the  rf  drive.  In  terms  of  the  phases  of  the 
individual  junctions,  Fig.  6  (Bottom)  shows  the  evolution  of  the  ground  state  as  a 
function  of  time.  Starting  from  the  ground  state,  after  one  period  the  rf  drive,  the 
vortex  superlattice  has  moved  one  unit  cell,  due  to  the  Lorentz  force,  in  the  direction 
perpendicular  to  the  dc  current.  Thus,  it  takes  q  periods  of  the  rf  drive  to  go  back  to 
the  original  configuration  of  the  ground  state  as  shown  in  Fig.  6  (Bottom).  In  terms 
of  the  gauge  invariant  phases  across  each  junction,  during  each  period  of  the  rf  drive, 
the  phase  only  changes  by  7r  each  rf  cycle,  taking  two  periods  of  the  rf  drive  to  change 
by  2tt.  In  terms  of  the  Josephson  voltage  relationship,  this  means  that  the  phases 
evolve  by  27t  in  two  periods  of  the  rf  drive  or  w  =  27 r/(qT),  leading  to  the  fractional 
steps.  One  may  also  think  of  this  subharmonic  response  of  the  system  to  the  rf  drive 
as  a  spatial  bifurcation,  since  the  spatial  distribution  of  the  vortices  is  what  induces 
the  subharmonic  response. 

This  picture  can  be  extended  to  the  full  sequence  of  fractional  giant  steps  for  any 
value  of  f  =  p/q.  It  is  known  that  the  ground  state  of  the  system  is  spatially  periodic 
with  a  qxq  unit  cells.  (Only  the  /  =  1/2  case  provides  some  ambiguity,  since  in  this 
case  all  plaquettes  contain  a  circulating  current,  so  that  the  system  ’’contains”  vortices 
of  opposite  polarity  in  alternating  diagonals.).  Then,  the  sequence  of  fractional  giant 
steps  with  n  =  1  and  q  =  2,3,4,...,  corresponds  to  the  phase-locking  of  the  rf 
drive  to  the  motion  of  the  vortex  superlattice  which  has  to  move  q  times  in  order  to 
synchronize  with  the  rf  drive,  at  this  point  all  phases  have  changed  by  exactly  27r. 
Higher  order  steps  simply  correspond  to  the  synchronization  of  the  rf  drive  to  the  27m 
change  in  the  phase  differences  across  the  junctions,  in  the  case  of  the  giant  harmonic 
steps,  and  an  average  of  nir  for  the  fractional  harmonic  steps. 

The  correctness  of  this  picture  can  be  ascertained  from  experiments  (Sohn  et  al.10) 
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in  which  the  orientation  of  the  current  injection  was  varied.  If  the  picture  of  a  vortex 
superlattice  moving  in  the  direction  perpendicular  to  the  current  motion  is  correct, 
then  injection  of  the  current  in  an  array  in  which  is  oriented  in  the  [11]  direction 
should  result  in  the  disappearance  of  the  fractional  giant  steps,  since  after  each  cycle 
the  superlattice  will  be  in  the  same  configuration  after  one  rf  cycle.  Sohn  et  al  10 
found  this  to  be  the  case  as  shown  in  Fig.  7  where  we  show  the  same  plot  as  in  Fig. 
4.  but  for  an  array  oriented  in  the  [11]  direction.  In  fact,  Sohn  et  al  10  also  performed 
experiments  for  an  array  in  which  the  current  was  injected  at  a  15°  angle  and  found 
that  the  fractional  Giant  steps  were  weaker  than  those  of  the  current  injection  in  the 
[10]  direction.  These  experiments  confirm  the  essential  picture  of  the  spatial  origin 
of  the  steps. 


Fig.  7.  Differential  resistance  as  a  function  of  the  normalized  voltage  for  three  different  frustrations 
in  an  array  oriented  in  the  [11]  direction. 

4.  Underdamped  Josephson  Arrays  and  the  Potential  Model 

Up  to  this  point,  we  have  considered  only  arrays  of  overdamped  Josephson- 
junctions  in  which  the  devices  are  junctions  of  the  SNS  type.  The  question  arises 
as  to  what  if  any  differences  exist  between  an  array  of  overdamped  junctions  and  an 
array  of  overdamped  junctions,  since  it  is  known  that  in  single  junctions  underdamped 
junctions  have  rich  dynamical  behavior.  Rather  than  simulating  a  full  array,  we  will 
consider  the  case  of  /  =  1/2.  One  can  extend  to  underdamped  arrays  the  reduced 
description  of  Rzchowski  et  al  11 ,  which  allows  for  the  fast  exploration  of  parameter 
space.  We  find  that  underdamped  arrays  show  interesting  phenomena  even  in  the 
absence  of  an  rf  field.  As  (3C  is  increased  the  I-V  characteristics  develop  two  distinct 
regimes  at  low  and  high  voltages.  Even  more  interesting  is  that  this  allows  us  to  find 
an  analog  for  the  system  which  is  quite  useful  for  the  understanding  its  dynamics. 

To  model  the  underdamped  arrays  12 ,  we  assume  the  ground  state  symmetry  for 
/  =  1/2  shown  in  Fig.  3  for  the  gauge-invariant  phase-differences.  Each  junction 
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is  assumed  to  obey  the  RCSJ  equation,  to  include  the  effect  of  capacitance  One  can 
then  write  three  equations  for  the  gauge-invariant  phases  from  fluxoid  quantization, 
charge  conservation  at  the  central  node  and  net  current  across  the  2x2  cell 


I 

Fig.  8.  I-V  characteristics  for  a)  flc  =  2  and  b)  j3c  —  5. 


a  +  7  +  2(3  =  7r, 

_  a  ,  a  ,  d~1 


(mod27r) 


~  2"ir  ”  2sm/?  +  (3C +  -JT  +  sin7  +  +  sina  =  0 


nr  n  ^7  .  <Pa  da 

Iju  =  P'W  +  *  + s,n^  -  &  -  &  ~  sin ° 


(5) 

(«) 

(7) 


where  /  is  the  total  applied  current  normalized  to  the  array  critical  current  Ic  =  2 ic 
where  ic  is  the  single  junction  critical  current.  It  is  convenient  to  use  the  variables 
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r]  =  (cx  +  7)/\/2  and  £  =  (<*  —  7)/2  for  whose  motion  one  finds  from  (5)-(7): 

n  dU&r,)  d£ 

P°dT2  ~  di  dr 


d?r)  dU((,r})  dr) 

Pcdr2  “  d(  dr 


(9) 


where  U(£,  rj)  describes  a  particle  of  mass  (3C  sliding  down  the  gradient  of  the  poten¬ 
tials  the  presence  of  friction  and  is  given  by: 


Ufa)  = 


—  cos 


__cos7?_sin_+_„ 


(10) 


Fig.  8  shows  the  I-V  curve  for  (3C  =  2  and  j3c  =  5  for  comparison.  For  (3C  =  2  there 
is  a  dramatic  change.  The  I-V  curve  is  divided  into  two  distinct  regions,  separated  by 
a  jump  at  Ijlc  ~  0.915.  In  the  low  voltage  region,  the  differential  resistance  depends 
on  I  and  j3c.  Above  the  jump,  the  I-V  curve  approaches  the  Ohmic  asymptote  much 
faster  than  for  (3C  -  0;  the  differential  resistance  is  essentially  constant.  At  higher 
values  of  we  have  found  that  the  I-V  characteristics  still  contain  two  different 
regions.  As  f3c  is  increased,  the  low  voltage  region  contains  additional  structure  with 
hysteresis  being  present.  At  the  same  time,  the  hysteresis  between  the  low  and  high 
voltage  regions,  which  was  barely  discernible  for  /3C  =  2,  become  quite  large  for  larger 
/?c  values. 

Detailed  examination  of  the  voltage  waveforms  reveal  12  that  in  the  low  voltage 
regime,  the  dynamics  are  dominated  by  the  vortex  motion,  i.e.  the  voltage  waveform 
contains  large  pulses  every  time  a  vortex  moves  across.  At  high  voltages  the  waveforms 
are  like  those  of  single  junctions. 

Further  physical  insight  can  be  obtained  by  the  equivalence  of  Eqs.  (8)-(10)  to 
the  equation  of  motion  of  a  particle.  In  Figs.  9  (a)  and  (b)  we  plot  the  potential  in 
the  —t)  direction  together  with  two  trajectories.  The  tilt  of  the  potential  in  the  -rj 
direction  is  proportional  to  /,  while  the  velocity  of  the  particle  is  proportional  to  the 
voltage  across  the  array.  For  low  /3C,  the  frictional  force  dominates  and  the  particle 
follows  the  gradient  of  the  potential.  For  Iflc  <  y/2  —  1,  U((,i 7)  has  local  minima,  in 
which  the  particle  can  be  trapped.  With  increasing  /?c,  the  influence  of  inertia  grows, 
and  the  path  of  the  particle  now  also  contains  parts  moving  uphill.  The  trajectories 
are  quite  complex;  they  become  unstable  at  certain  current  values,  a  jump  occurs  in 
the  I-V  curve  and  chaotic-like  solutions  may  be  present. 

The  large  hysteretic  jump  between  the  low  voltage  and  high  voltage  regimes  is 
the  analog  of  the  row  switching  observed  by  Van  der  Zant  et  al  13.  This  jump  can 
be  understood  as  follows:  For  low  voltages,  the  particle  follows  the  side  valleys  of  the 
potential.  With  increasing  I  and  j3c,  the  trajectory  moves  closer  to  the  crest  of  the 
hill  separating  two  side  valleys.  At  the  jump,  the  particle  is  fast  enough  to  overcome 
the  hill  and  no  longer  has  to  follow  the  side  valleys.  This  allows  the  speed  to  increase 
in  the  —rj  direction  and  the  voltage  increases. 


326 


Half-integer  Shapiro  steps  can  also  be  understood  in  terms  of  the  mechanical 
analog.  Along  trajectories  of  the  type  shown  in  Fig.  9  (a),  the  period  of  dr]/dt  is  half 
that  of  the  individual  phases.  In  this  sense,  a  half-integer  step  of  the  /  =  1/2  array 
corresponds  to  an  integer  step  of  a  single  junction.  The  presence  of  the  extra  degree  of 
freedom  £,  allows  for  trajectories  which  have  no  counterpart  in  single  junctions.  This 
is  the  origin  of  the  anomalies  of  the  power  dependence  of  Shapiro  steps,  as  well  as 
the  fact  that  half-integer  steps  decrease  faster  with  frequency  than  the  integer  steps. 


Fig.  9.  Motion  of  the  particle  in  the  potential  for  two  points  in  the  I-V  curve  below  and  above  the 
jump. 

The  anomalies  shown  in  Fig.  4,  can  be  understood  as  follows.  In  a  single  junction, 
the  lobes  in  the  power  dependence  of  the  Shapiro  steps  correspond  to  the  number 
of  wells  of  the  washboard  potential  visited  in  a  single  rf  cycle.  In  the  case  of  the 
array  for  /  =  1/2,  there  is  an  extra  degree  of  freedom.  As  the  frequency  is  increased, 
locking  onto  the  half-integer  step  motion  becomes  more  difficult  (that  is  the  range 
of  stability  is  reduced)  thus  reducing  the  lobe  amplitude  and  thus  the  anomaly.  At 
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high  frequencies  the  motion  follows  only  the  —77  direction  and  thus  is  just  like  a  single 
junction  leading  to  the  classical  dependence  of  step  widths  on  power. 

5.  Conclusions 

In  conclusion,  we  have  shown  that  two-dimensional  arrays  can  exhibit  rich  dy¬ 
namics  that  are  interesting  and  novel.  We  have  ignored  important  effects  such  as  the 
fact  that  in  most  arrays  one  can’t  usually  neglect  inductance  as  their  size  is  smaller 
than  the  Josephson  penetration  depth.  As  shown  by  Lee  et  al1 2 3 4 5 6 7 8 9 10,  self-fields  can  induce 
fractional  giant  Shapiro  steps  even  in  zero  magnetic  field  if  the  sample  is  smaller  than 
the  penetration  depth.  By  including  a  ground  plane  in  their  experiment  they  were 
able  to  show  the  correctness  of  this  picture  as  the  rf  induced  steps  disappeared  with 
the  ground  plane.  Dominguez  and  Jose  14  also  showed  that  giant  Shapiro  steps  may 
exist  if  there  is  disorder  in  the  sample.  Finally,  Phillips  et  al  15  have  done  extensive 
studies  using  simulations  in  which  the  effect  of  all  inductances  was  included  and  how 
this  affects  the  giant  Shapiro  steps.  Even  more  complicated  effects  may  be  observed 
in  arrays  of  underdamped  junctions  where  the  inductance  of  the  individual  junctions 
is  important.  However,  these  additional  effects  do  not  change  the  essential  picture  of 
the  origin  of  the  fractional  giant  steps  in  two-dimensional  Josephson  arrays. 
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IN  THE  PRESENCE  OF  A  MAGNETIC  FIELD 
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ABSTRACT 

We  have  decomposed  a  2D  array  of  N  X  M  short  overdamped  Josephson  junctions 
into  N  rows  of  M  elements  coupled  to  each  other.  For  the  single  row  we  develop 
an  approximate  analytic  solution  for  relatively  high  bias  and  low  magnetic  field 
that  captures  most  of  the  features  of  the  system  when  compared  with  numerical 
simulations.  By  coupling  two  rows  we  show  that  the  magnetic  field  is  responsible 
for  phase  locking,  i.e.,  in  the  zero  magnetic  field  limit  there  is  an  arbitrary  phase 
shift  between  the  solutions  of  the  two  rows,  whereas  this  arbitrariness  is  removed 
by  the  presence  of  a  magnetic  field.  This  suggests  that  the  neutral  stability  of 
bare  2D  arrays,  which  is  a  drawback  for  the  practical  applications  of  such  arrays 
as  local  oscillators  in  the  millimeter  and  submillimeter  region,  might  be  avoided 
by  the  application  of  a  weak  magnetic  field.  The  effect  of  a  spread  of  the  critical 
currents  is  also  considered. 


1.  Introduction 

Two-dimensional  Josephson  Junctions  Arrays  (JJA)  have  been  proposed  as  an 
alternative  to  one-dimensional  series  arrays  for  microwave  generation1,2.  One  reason 
for  considering  two-dimensional  arrays  is  that  one-dimensional  arrays  suffer  a  fun¬ 
damental  problem,  if  either  there  is  no  external  load  -  what  we  call  a  bare  array  -  or 
if  the  load  is  purely  resistive  and  the  junctions  have  negligible  capacitance.  Namely, 
the  in-phase  state  is  neutrally  stable,  i.e.  the  phase  relation  between  the  oscillators 
can  be  arbitrary  so  that  any  perturbation  leads  to  a  different  configuration3.  On 
the  other  hand  it  was  proven  4,6  that  also  the  in-phase  solution  of  two-dimensional 
arrays  is  neutrally  stable,  thus  suggesting  that  something  should  be  modified  to 
achieve  a  stable  solution. 

To  remove  the  neutral  stability,  we  suggest  (and  describe  in  detail  elsewhere6) 
the  following  idea.  By  applying  a  magnetic  field,  the  boundary  conditions  are 
modified,  which  prevents  the  in-phase  state  from  setting  in.  Numerical  simulations 
show  that  the  new  state  is  dynamically  stable.  Here,  we  will  give  an  analytical 
argument  (but  not  a  rigorous  proof)  that  this  is  plausible.  This  same  approach  can 
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Fig.  1.  An  elementary  cell  of  the  array.  Each  cross  denotes  a  Josephson  junction. 


furnish  an  approximate  solution  for  the  dynamics  of  a  two-dimensional  JJA  in  the 
presence  of  a  magnetic  field.  Finally,  the  case  of  arrays  formed  by  junctions  of  non 
uniform  critical  current  will  be  discussed. 

2.  The  Analytical  Approach 

One  of  the  questions  that  we  want  to  address  in  this  work  is  the  effect  of  non 
identical  junctions.  As  will  be  shown  later,  two-dimensional  JJA  are  characterized 
by  three  parameters:  J0,  R  (the  critical  current  and  the  normal  resistance  of  the 
junctions,  respectively),  and  L  (the  self  inductance  of  the  superconducting  loops). 
The  first  quantity  can  be  considered  the  most  important  because  the  resistance  and 
the  inductance  of  the  loops  can  be  fabricated  with  a  smaller  range  of  tolerance.  We 
therefore  assume  that  the  critical  currents  of  the  junctions  are  not  identical: 

Vl‘oJ  =  Io(  1  +  0  (1) 

=  -fo(l  +  «")  (2) 

(here  V  and  H  refer  to  vertical  and  horizontal  junctions,  Respectively;  the  index  l,j 
specifies  a  node,  see  Fig.  l).  An  appropriate  model  for  two-dimensional  square  JJA 
in  the  presence  of  a  magnetic  field  is  the  following  set  of  differential  equations  for 

the  junctions  in  the  interior  of  the  array7  (Vij  and  Hij  denote  the  Josephson  phase 

difference,  and  overdots  indicate  time  derivative): 

Vitj  =  -  (1  +  tfj)  sin  Vu  +  7  + 

~  2 Vi,j  +  +  Hu  -  Hiii+ 1  +  Hi-i  j+i  -  (3) 

Pi 

Hu  =  -(1  +  6*)s\nHltj  + 
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1  -  2fl,j  +  fljj-i  +  Vu  -  VMti  +  V,+1J-.,  -  V,.,--!]  (4) 

Pi 

The  boundary  conditions  are  ( N  denotes  the  total  number  of  vertical  junctions  and 
M  the  total  number  of  horizontal  junctions): 

Vij  =  —  (l  +  sin  Viti  +  7  —  >7  + 

-JV2j  -  VU  +  HU  -  H1J+1]  j  =  1, M  -  1 
Pi 

VN,j  =  -  (1  +  ^N,j)  sin  VN,J  +  1  +  V  + 

~  Hn- i,j+i  +  3  =  1>  •••> M  -  1 

Pi 

Hi,i  =  -  (1  +  6 g)  sin  Hltj  +  rj  A 

h,,2  -  Hia  +  Vu  -  Vl+W]  (  =  1, JV  -  1 
Pi 

Hl,M  =  ~  (1  “1“  M )  s^n  H l,M  ~~  V  "b 

—[Hi  m- i  -  Hi  m  ~  Vi,m- i  +  ^i+i,M-i]  *  =  1>  ^  -  1 

Pi 

Here,  7  =  Ib/Io  is  the  normalized  bias  current,  Pi  =  2kLIq/$o  is  the  usual  SQUID 
parameter,  tf  =  $e/LI0  is  the  normalized  external  flux  per  elementary  cell  ($e),  and 
the  unit  of  time  is  h/2eRI0. 

The  main  assumption  necessary  to  derive  this  model  is  that  the  magnetic  field 
generated  by  the  current  flowing  in  each  junction  is  supposed  to  be  confined  in 
the  two  adjacent  cells  (nearest  neighbor  approximation)  instead  of  considering  the 
whole  inductance  matrix  8'9. 

In  this  section  we  will  assume  the  array  is  uniform  (^j  =  0).  The  method 

used  to  tackle  this  set  of  equations  is  to  decompose  the  array  into  rows  (i.e.,  we 
consider  an  N  X  2  array  ).  The  dynamics  of  each  row  is,  to  first  approximation, 
further  simplified  by  assuming  that  the  horizontal  junctions  are  inactive.  In  the 
limit  of  high  bias  current  it  is  possible  to  use  a  harmonic  balance  method  to  derive 
the  equation  of  motion  for  the  vertical  junctions.  More  precisely,  we  assume  that 
the  solution  of  Eq.  (3)  is  of  the  form 

Viti(t)  =  6ifi  A  vt  +  Av  sin  (0i>o  +  vt)  +  Bv  cos  (0j)O  +  vt)  (9) 

This  expression  contains  four  parameters,  but  in  order  to  satisfy  the  boundary 
conditions  we  must  have  0j,o  =  It) Pi-  The  other  three  quantities  v ,  Av,  and  Bv 
may  be  found  by  substituion  of  Eq.(9)  into  Eq.(3)  and  enforcing  the  balance  of  the 
constants  and  of  the  first  harmonic.  In  the  limit  of  7  >>  1  we  find 

1 

1 


(5) 

(6) 

(7) 

(8) 


v  ~  7,  Av  ~  0  Bx 


(10) 
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Fig.  2.  Time  evolution  of  the  instantaneous  voltage  across  two  vertical  junctions  in  the  same  column 
for  a )TJ  =  0  and  b);;  =  7r/4.  Parameters  of  the  simulations  are:  M  =  3,  N  =  10,  1  =  5, 

Pi  =  1,1  =  2.0. 


In  the  next  step  of  the  calculation,  we  substitute  this  result  for  the  behavior  of  the 
vertical  junctions  into  Eq.(4)  in  order  to  solve  for  the  behavior  of  the  horizontal 
junctions.  It  is  easy  to  show  that  Hij  =  — -H/.iJ  using  this  and  assuming  a  solution 
of  the  form: 


=  Ho  +  Ah  sin  (0j)O  +  vt )  +  Bh  cos  (0jiO  +  v£)  (11) 

we  determine  the  coefficients  H0 ,  Ah  and  Bh  again  using  harmonic  balance.  The 
constant  balance  yields: 

sin  =  (12) 

The  physical  meaning  of  this  constant  is  analogous  to  the  classical  SQUID  phase 
shift  induced  by  a  magnetic  field  trapped  in  the  loop10;  the  factor  2  takes  into 
account  the  fact  that  in  this  case  there  are  4  rather  than  2  junctions  for  each 
elementary  loop.  In  the  limit  of  high  bias  current  (7  >>  1)  and  no  trapped  magnetic 
field  (H0  =  0)  one  gets: 


Ah  = 

1 

—  sin  r]pi 

+  2)2 

Pi  +  2 

Bh  = 

1 

—  sin  rf  Pi 

A73(A+2) 

.  A +2 

+  ~(1  -  cos  Pi) 
Pi 

+  ^(1  -  cos  77$) 


vPi 

1  (Pi  +  2) 


(13) 


(14) 
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Fig.  3.  Average  voltage  across  the  upper  (solid  line)  and  lower  (dotted  line)  rows  of  the  array  for 
a)  6}  =  0.05  and  b)  6^  =  0.1.  Parameters  of  the  simulations  are:  M  =  3,  N  —  10,  =  1, 

7  =  2. 


When  the  applied  magnetic  field  vanishes  ( r)  =  0)  the  horizontal  junctions  are 
inactive.  Even  when  the  magnetic  field  is  present  the  amplitudes  of  the  oscillations 
for  the  horizontal  junctions  are  much  smaller  than  those  of  the  vertical  junctions. 
Finally,  the  horizontal  junctions  do  not  overturn,  but  just  oscillate  around  the 
equilibrium  point  H0. 

The  same  scheme  is  repeated  for  the  system  of  two  rows  (an  N  x  3  array),  where 
now  the  solution  of  the  first  row  is  supposed  to  drive  the  junctions  in  the  second 
row,  i.e.,  V}( i,  Hit i,  and  Hi j  are  given  by  Eq.s  (9-14)  and  the  horizontal  junction 
Hii3  is  supposed  to  be  inactive.  Under  these  assumptions  it  is  possible  to  estimate 
the  behavior  of  the  junctions  in  the  second  row.  As  usual  the  solution  is  assumed 
to  be  of  the  type 

Vi t2{t)  —  6it0  +  6  +  vt  +  Av  sin  (0jto  +  6  +  vt )  +  Bv  cos  (0^0  +  6  +  vt).  (15) 

By  means  of  harmonic  balance  we  can  determine  the  three  parameters  6,  Av,  and 
Bv.  In  particular  it  is  possible  to  prove  that  the  phase  shift  6  between  the  two  rows  is 
arbitrary  when  the  magnetic  field  is  set  to  zero,  and  is  fixed  when  the  magnetic  field 
is  not  zero.  This  is  the  main  result  of  the  approach:  it  suggests  that  the  magnetic 
field  might  prove  to  be  effective  in  removing  the  arbitrary  shift  between  the  two 
rows  that  is  the  signature  of  the  neutral  stability.  In  fact  numerical  simulations  (see 
Fig.  2)  show  that  the  phase  of  the  upper  and  lower  rows  are  essentially  uncorrelated 
if  the  magnetic  field  is  zero,  and  are  phase-locked  if  the  magnetic  field  is  turned  on. 
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3.  The  Non-uniform  Case 

To  investigate  the  non-uniform  case  we  make  the  further  simplifying  assumptions 
that:  1)  The  array  consists  of  only  two  rows;  2)  Defects  are  present  only  in  vertical 
junctions;  and  3)  Defects  are  the  same  along  a  row  (i.e.,  6^  =  =  ...  =  6n,j  = 

SY).  Figure  3a  shows  the  behavior  of  the  average  voltage  across  each  row  Vj  = 
l/N  Vitj  as  a  function  of  the  external  magnetic  field,  for  a  certain  spread  of  the 
parameters  =  0.05,  «527  =0).  We  see  that  for  a  certain  range  of  the  parameters 
the  magnetic  field  is  able  to  lock  together  the  voltages  of  the  two  rows.  In  constrast, 
the  average  voltage  across  the  rows  are  different  when  the  magnetic  field  is  0. 

Figure  3b  shows  a  similar  behavior  for  a  larger  spread  of  the  criticals  currents 
—  o.l,  6%  =0).  In  this  case  it  is  evident  that  the  two  rows  somehow  interact 
but  are  never  locked  together. 

To  further  investigate  the  mechanism  of  the  locking  between  the  rows,  Fig.  4 
shows  the  oscillations  of  the  voltage  in  two  adjacent  vertical  junctions  belonging  to 
the  same  column.  In  Fig.  4a  there  is  no  spread  between  the  two  critical  currents, 
and  the  phase  difference  between  the  two  junctions  (in  the  asymptotic  regime)  is  0. 
In  Fig  4b  a  spread  of  6 X  =  0.05  has  been  introduced,  and  the  phase  shift  between 
the  rows  becomes  apparent.  Finally,  Fig.  4c  shows  a  case  of  intermediate  spread 
=  0.03),  and  it  is  clear  that  the  phase  shift  is  decreased,  as  expected.  Finally, 
we  note  that  our  results  seem  to  indicate  that  a  spread  of  parameters  is  not  able 
to  lock  together  the  rows  in  the  absence  of  magnetic  field.  In  other  words,  we  have 
checked  that  changing  the  critical  current  of  one  row  alone  is  insufficient  to  break 
the  symmetry  that  is  responsible  for  the  neutral  stability  of  two-dimensional  JJA. 
A  systematic  search  for  the  types  of  non-uniformities  -  if  any  -  that  could  lead 
to  a  stabilization  of  the  array  dynamics  is  worthwhile  and  potentially  important. 
Unfortunately,  at  this  point  our  simulations  suggest  that  a  spread  between  two  rows 
seems  to  be  ineffective. 

4.  Conclusions 

The  problem  of  a  two-dimensional  array  of  Josephson  junctions  can  be  conve¬ 
niently  separated  into  the  problem  of  rows  of  Josephson  junctions  coupled  each 
other.  This  separation  has  proved  to  be  useful  in  allowing  us  to  obtain  an  ap¬ 
proximate  solution  for  the  dynamics  of  the  array  and  to  furnish  a  first  hint  of  the 
conditions  that  break  the  symmetry  that  causes  the  neutral  stability  of  bare  two- 
dimensional  arrays.  For  the  more  complicated  case  of  non-uniform  arrays  we  have 
not  produced  any  analytical  results,  but  even  so  the  separation  into  rows  is  con¬ 
ceptually  useful.  However,  numerical  simulations  show  an  interesting  behavior:  for 
certain  values  of  the  magnetic  field  and  of  the  spread  of  critical  currents  it  is  possi¬ 
ble  to  achieve  a  phase  locked  state,  even  if  the  natural  oscillation  frequencies  of  the 
two  rows  are  different. 
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ABSTRACT 

Subharmonic  Shapiro  Steps  (SSS)  are  commonly  observed  in  current  biased  arrays 
of  superconducting  junctions  when  their  single  junction-like  behavior  is  per¬ 
turbed  by  the  introduction  of  disorder,  frustration  or  current  inhomogeneities.  A 
microscopic  insight  is  compulsory  in  order  to  obtain  a  full  description  of  the  dy¬ 
namics  of  these  arrays.  In  particular  we  show  that  the  determination  of  the  average 
voltage  of  a  Shapiro  Step  does  not  define  univocally  the  state  of  the  system  that,  on 
the  other  hand,  may  depend  on  the  initial  configuration  of  the  phases  and  on  the 
experimental  protocol  that  has  been  followed.  Dynamical  states  having  different 
vortex  configurations  and  showing  domain  walls  are  possible.  In  order  to  have  a 
better  insight  into  the  physical  conditions  needed  to  generate  these  states  we  have 
focused  ourselves  on  the  effect  of  the  geometry  of  the  array  investigating  the  dy¬ 
namical  behavior  of  very  simple  systems  like  the  superconducting  junction  ladders. 
They  turn  out  to  be  systems  where  the  properties  of  larger  square  arrays  can  be 
found  and  studied. 


1.  Introduction 

Shapiro  Steps,  observed  in  current  biased  arrays  of  superconducting  junctions  1,2,3> 
are  an  example  of  locking  between  an  external  periodic,  force  (the  acrinjected  Current) 
and  the  intrinsic  frequency  of  the  system  r. 

Giant  Shapiro  Steps  (GSS),  appearing  at  voltage  <  V  >~  n (where  v  is  the 
frequency  of  the  ac  external  current,  Ny  the  number  of  junctions  along  the  direction 
of  this  bias  current  and  n  any  integer  number)  are  the  trivial  generalization  of  the 
Shapiro  Steps  found  in  a  single  junction.  If  by  any  means  the  symmetry  along  the 
direction  perpendicular  to  that  of  the  incoming  current  breaks,  locking  on  non-trivial 
dynamical  states  is  observed’  and  evidenced  by  the  appearance  of  half-integer  or  Sub¬ 
harmonic  Shapiro  Steps  (SSS)2’6.  Under  these  conditions  the  array  cannot  be  reduced 
to  an  effective  1-dimensional  system,  and  a  2D- cooperative  behaviour  comes  into  play. 

In  general,  the  SSS  are  interpreted  as  caused  by  a  coherent  displacement  of  super- 
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arrays  of  vortices  commensurate  to  the  array  dimension  6’7.  However,  this  inter¬ 
pretation  is  somewhat  contradicted  by  the  numerical  simulations  of  the  dynamical 
behaviour  of  a  single  plaquette  8,  a  ladder  9  and  of  small  square  arrays  10 ,  which 
show  locked  states  at  fractional  values  of  the  normalized  voltage  corresponding  to 
commensurate  vortex  arrays  larger  than  the  one  considered  for  the  simulation. 

In  this  paper  we  will  first  comment  on  some  of  the  conditions  under  which  SSS 
appear  (application  of  an  external  magnetic  field,  introduction  of  disorder,  non- 
uniformity  in  the  injected  current).  Then  we  will  also  show  that  a  microscopical 
study  is  of  a  fundamental  importance  in  order  to  have  a  deeper  insight  into  the  dy¬ 
namical  states  of  the  superconducting  junction  arrays.  Such  a  local  view  may  be 
relevant  to  the  interpretation  of  experiments  that  monitor  the  vortex  dynamics  on  a 
microscopic  scale.  Finally  we  will  present  a  study  on  the  influence  of  the  lattice  size 
and  geometry  (single  plaquettes,  ladders  perpendicular  or  parallel  to  the  direction  of 
the  current,  square  lattices)  in  the  presence  of  an  external  magnetic  field. 

2.  The  Model 

We  have  simulated  an  array  of  overdamped  Josephson  junctions,  the  dynamics  of 
which  is  described  by  the  set  of  coupled  equations  11 

£  +  Icsin{$i  -  +  Aij)  =  £  (external),  (1) 

j  R*  j 

where  i,j  stand  for  nearest-neighbour  points,  Vij  is  the  voltage  across  the  junction, 
shunted  by  a  resistance  Rij ,  and  Ic  is  the  critical  current.  is  the  circulation 
of  the  vector  potential  between  i  and  j.  The  frustration  is  defined  in  terms  of  the 
external  magnetic  field  B  as  /  =  BS/$0,  where  S  is  the  plaquette  surface,  and  $0 
the  fundamental  quantum  flux.  Vy  is  given  by  the  Josephson  relation 

|  (2) 

The  array  is  biased  by  an  external  current  iext  =  idc  +  ws in(27rz/£),  with  iac  =  l.We 
take  it  parallel  to  the  y  axis.  Time  is  measured  in  units  of  the  adimensional  quantity 
tjr j  with  r  =  hj  (2 eIcR). 

We  have  fixed  u  =  0.1.  The  physical  quantities  have  been  recorded  at  the  steady 
state,  after  a  transient  time  of  1000  -  2000r.  Every  magnitude  is  averaged  after 
1000  —  5000r,  depending  on  the  array  size. 

3.  Conditions  for  the  Appearance  of  SSS 

As  stated  above,  the  necessary  and  sufficient  physical  condition  required  to  observe 
SSS  is  the  existence  of  a  mechanism  that  breaks  the  homogeneous  laminar  flux  of  the 
injected  current.  In  fact,  SSS  have  been  found  in  systems  with  inhomogeneous  current 
disorder  and  frustration;  in  this  last  case,  a  devil  staircase  structure,  with  a  fractal 
dimension  D  =  0.88  10  has  been  observed. 


339 

We  now  consider  a  different  mechanism.  Fig.  1  shows  the  I-V  curves  obtained  by- 
introducing  non  uniform  external  current.  As  expected,  SSS  appear.  It  is  worthwhile 
to  remark  that  2D  arrays  are  convenient  systems  also  to  study  the  effect  of  inhomo¬ 
geneities  on  a  single  extended  junction,  thing  that  may  turn  out  to  be  very  useful  also 
for  the  investigations  of  the  step  junction  based  on  the  high  Tc  superconducting  thin 
films.  We  stress  that  in  the  ordered  homogeneous  case  no  fractional  Shapiro  steps  are 
seen. 
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Fig.  1.  I-V  plot  for  a  7x7  array  with  non  uniform  injected  current.  This  has  the  form  iext(x )  — 
g(x)  [t</c  -f  iac  sin  (27Ti4)],  where  g(x )  =  1  -f  At  *  sin(7r x/Npx)  ( Npx  is  the  number  of 
plaquettes  along  the  X  axis,  in  this  case  equal  to  6).  At  varies  from  0  — ►  0.5. 
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4.  Univocitxty  of  the  Microscopic  States 

The  most  pronounced  SSS  are  those  for  which,  during  the  dynamical  evolution,  the 
vortices  arrange  themselves  in  configurations  that  are  commensurate  to  the  network 
geometry.  Usually,  it  is  assumed  that  the  width  of  the  Shapiro  Steps  is  related  to 
the  extension  of  the  attraction  basin  of  a  certain  dynamical  state.  We  will  show 
that  within  a  given  plateau  the  microscopic  state  of  the  system  is  not  univocally 
determined,  but  different  states  with  different  values  of  the  energy  are  allowed. 

We  will  restrict  ourselves  to  the  dynamical  states  accessible  to  a  system  with 
frustration  /  =  1/2  at  the  <  V  >=  1/2  Shapiro  Step.  We  consider  a  square  array 
with  periodic  boundary  conditions. 

Following  the  current  model  6  one  would  expect  this  locked  state  to  be  described 
by  a  checkerboard  vortex  superlattice,  the  elementary  cell  of  which  consists  on  2*2  pla- 
quettes,  moving  transversally  respect  to  the  direction  of  the  external  current.  More¬ 
over,  when  the  external  current  is  zero,  interned  currents  and  gauge-invariant  phases 
should  exhibit  a  staircase  symmetry  (i.e.  along  any  staircase  definable  on  the  array, 
see  the  inset  of  fig.  2,  these  microscopical  quantities  remain  constant).  Indeed, this 
results  to  be  one  of  the  states  accessible  to  the  system:  the  ground  state.  For  this  spe¬ 
cific  state,  if  we  neglect  the  currents  along  links  close  to  the  injection  and  extraction 
edges,  all  the  evolution  curves  of  the  currents  flowing  along  a  staircase  links  group 
into  two  families,  depending  on  the  vertical  or  horizontal  direction  of  the  link  (see  fig. 
2).  One  can  see  that  the  dynamical  configuration  of  this  state  is  strictly  connected 
to  that  expected  in  the  case  with  null  external  current:  in  fact,  if  we  substrate  to  the 
y-currents  the  term  iexternai  we  obtain  an  almost  perfect  superposition  between  the 
curves  belonging  to  both  families. 
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Fig.  2.  4*4  cell  array  with  periodic  boundary  conditions,  /  =  1/2.  Currents  along  the  links 

belonging  to  the  largest  staircase  of  the  array,  drawn  on  the  small  top  picture.  As  reported  in  the 
text  they  group  quite  nicely  in  two  families,  if  one  neglects  the  last  horizontal  current  (thick  points). 
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Pig.  3.  4*4  cell  array  with  periodic  boundary  conditions,  /  =  1/2.  a)  Energy  of  the  array  averaged 
over  one  period-time  for  different  values  of  the  biased  current  with  the  system  locked  on  the  first 
half-integer  Shapiro  Step  Ejoeephscm  >  —  COS  ($»  ~  $j  +  Aij)).  b)  Example  of  the 

microscopic  configurations  corresponding  to  the  four  parabola  appearing  in  fig.  2a).  On  the  left: 
plaquettes  with  clockwise  Josephson  current  chirality  are  represented  with  large  dashed  squares, 
counterclock  wise  Josephson  chirality  by  large  white  squares,  no  defined  Josephson  chirality  by 
small  dashed  squares;  on  the  right,  positive  current  circuitations  are  represented  by  large  dashed 
squares. 

The  superconducting  array,  however,  does  not  always  set  univocally  in  the  above 
described  state.  We  have  simulated  different  kinds  of  experimental  situations.  In  one 
of  these,  after  have  raised  the  value  of  idc  we  let  the  system  evolve  starting  from  the 
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phase  configuration  reached  with  the  previous  value  of  the  bias  current;  for  the  first 
idc  the  gauge-invariant  phases  were  forced  either  in  the  zero-current  /  =  1/2  ground- 
state  configuration  12  or  randomly  chosen.  According  to  another  possible  procedure 
one  can  initialize  the  phases,  in  any  one  of  the  above  described  configuration,  for  ev¬ 
ery  value  of  idc •  The  result  is  that  several  states  may  be  reached,  with  energies  lying 
on  different  parabolas.  In  our  4*4  cell  system  we  have  observed  four  different  parabo¬ 
las,  corresponding  respectively  (in  order  of  increasing  energy)  to  a  checkerboard-like 
vortex  configurations  with  no  domains,  with  one  domain  wall  placed  at  the  centre  of 
the  array,  with  one  domain  wall  displaced  at  the  top  or  at  the  bottom  of  the  array 
and  with  two  domain  walls. 

These  observations  may  be  relevant  for  the  interpretation  of  the  experiments  that 
aim  to  investigate  the  array  dynamics  on  a  microscopic  scale  13 .  Indeed  as  for  the 
static  case  14  it  seems  to  us  very  improbable  that  a  fully  developed  ground  state  could 
be  observable  all  over  the  sample.  This  could  be  a  consequence  of  localized  defects, 
of  the  free  boundary  condition  the  particular  protocol  followed  in  cooling  down  the 
sample. 

We  also  stress  that  although  temperature  fluctuations  may  help,  in  general,  in 
erasing  some  of  the  dynamical  attractors  15 ,  in  the  cases  considered  here  they  seem 
not  to  be  very  effective,  at  least  up  to  values  of  the  temperature  KT/  J  —  10 

5.  From  Discretized  Large  Junctions  to  Large  Arrays 

We  now  turn  to  the  following  question:  to  which  extent  can  we  scale  down  the 
system  and  still  observe  the  properties  found  in  large  2 D  systems?  Which  is  the 
influence  of  the  size  and  the  geometry  of  the  lattice  on  the  appearance  of  the  dynamical 
features  we  have  detected  in  square  arrays? 

In  order  to  answer  these  questions  we  decided  to  perform  a  microscopic  study  of 
the  dynamics  of  an  array  of  small  size  subjected  to  an  external  field  with  a  frustration 
f.  We  want  to  investigate  the  relationship  between  the  commensurability  of  /  with  the 
dimensions  of  the  array  and  the  generation  of  domains  showing  coherent  dynamical 
behaviour  (SS). 

First  we  consider  horizontal  ladders  of  plaquettes  (arrays  with  Nx 2  sites).  For 
a  frustration  /  =  1/q  the  minimum  array  commensurable  with  f  is  composed  by  q 
plaquettes.  Now  let  us  impose  periodic  boundary  conditions  to  this  commensurate 
array,  in  order  to  simulate  an  infinite  ladder.  Under  these  conditions  the  expected 
features  are  exactly  reproduced:  Only  Shapiro  steps  with  <  V  >=  ^  are  observed 
and  a  microscopic  analysis  shows  configurations  with  one  vortex  every  q  plaquettes 
moving  at  constant  velocity.  In  fact  all  the  physical  quantities  (currents,  gauge  in¬ 
variant  phases  and  so  on)  show  a  periodic  behaviour  with  a  period  equal  to  qT ,  where 
T  =  -  is  the  period  of  the  external  current.  If  we  take  a  stroboscopic  look  at  these 
microscopic  quantities  every  Tr,  we  observe  that  the  single  plaquette  behavior  repeats 
itself  exactly  on  the  next  one  after  after  the  same  Tr  time  period. 

Let  us  consider  ladders  with  free  boundary  conditions,  still  commensurable  with 
/.  The  p/r  (r  ^  q)  steps  coexist  with  p/q  ones.  As  N  -+  oo  the  behaviour  of  the 
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system  tends  to  that  of  the  infinite  ladder  array,  and  the  non  commensurable  steps 
become  smaller  and  smaller.  On  ladders  with  a  number  of  plaquettes  different  from 
nq ,  we  observe  both  kinds  of  SSS,  and  non-commensurable  ones  survive  even  for  very 
large  arrays. 

These  perpendicular  ladders,  thus,  show  many  of  the  characteristic  features  of  the 
square  arrays  and  constitute  an  adequate  laboratory  where  the  behaviour  of  a  large 
square  array  can  be  studied,  at  least  qualitatively,  with  the  advantages  of  spending 
a  much  smaller  amount  of  CPU  time.  As  an  example  in  fig.  4  we  show  the  effect  of 
injecting  a  non  uniform  current. 


Fig.  4.  The  effect  of  non-uniform  injected  current,  such  as  described  in  figure  1,  in  horizontal 
ladders  (free  boundary  conditions).  We  note  that  in  the  larger  array  (with  12  plaquettes,  thus 
allowing  super-lattices  with  2,  3  and  4  cells)  platteaus  appear  at  <  V  >=  n/4  and  <  V  >=  n/3 
and  the  platteau  at<Vr  >=1/2  is  amplified. 

We  now  turn  to  ladders  parallel  to  the  direction  of  the  bias  current  (e.g.  vertical 
ones).  When  plotting  <  Ej03t.phton  >  versus  idc  the  existence  of  SS  is  indicated  by  the 
observation  of  energetic  states  that  may  lie  on  more  than  one  parabola.  Thus,  even 
for  very  small  systems  (ladders  with  3  or  4  plaquettes)  we  find  that,  along  the  same 
Shapiro  Step,  several  states  are  possible.  This  is  the  same  scenario  observed  for  the 
2D  arrays,  and  points  out  again  for  a  non-univocal  determination  of  the  state  of  the 
system  from  its  <  V  >  16. 
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Fig.  5.  Horizontal  ladder  with  25*2  sites  (24  plaquettes).  We  show  the  temporal  evolution  of  the 
current  circuitations  with  a  non-uniform  injected  current  as  that  defined  in  figure  1  (  Al  =  0.1),  on 
the  <  V  >=  1/2  Shapiro  Step.  A  pair  vortex-antivortex  appears  in  the  centre  of  the  ladder,  and 
they  move  towards  opposite  directions  till  reaching  the  edges  of  the  array,  where  they  disappear. 
After  that  (the  behaviour  is  perfectly  periodic)  a  new  pair  appears  again. 

Axis  x  represents  the  position  of  the  plaquettes;  axis  y,  the  time;  axis  z,  the  circuitation. 

6.  Conclusions 

We  have  shown  that,  on  square  arrays,  a  very  rich  “zoology”  is  found  when  they  are 
studied  microscopically.  In  particular  the  dynamical  basins  (known  as  Shapiro  Steps) 
where  the  system  is  found  for  certain  values  of  the  bias  current  are  not  univocally 
defined  by  giving  the  value  of  <  V  >. 

We  have  also  studied  very  simple  systems  (ladders  of  plaquettes)  in  order  to  verify 
the  relevance  of  parameters  like  the  frustration,  the  dimension  and  geometry  of  the 
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array  on  their  dynamical  behaviour  with  the  aim  of  clarify  that  of  square  arrays. 

In  parallel  ladders  we  were  able  to  reproduce  the  amplification  of  the  SS  width  of 
some  locked  states,  (those  with  <  V  >=  for  which  there  exists  a  commensurability 
between  the  value  of  /  and  the  length  of  the  ladder.  In  particular  in  the  case  of  infinite 
ladders,  the  dynamical  behavior  results  controlled  by  the  uniform  motion  of  vortex 
superlattices  with  a  lattice  period  of  q  plaquettes.  Non  commensurability  or  border 
effects  lead  to  the  formation  of  domain  walls  with  the  consequent  development  of 
vortex  superlattices  with  a  non  commensurable  lattice  period.  As  a  general  remark 
we  would  like  to  stress  that  the  effect  of  increasing  the  dimension  of  the  ladder  is  to 
enforce  the  SS  corresponding  to  vortex  configurations  commensurate  to  the  length  of 
the  array. 

On  the  other  hand,  in  perpendicular  ladders  we  observed  the  existence  of  differ¬ 
ent  microscopic  states  for  the  same  value  of  <  V  >,  states  that  turned  out  to  be 
characterized  by  the  presence  of  a  variable  number  of  domain-walls. 
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ABSTRACT 

2D  arrays  of  superconducting  junctions  are  interesting  model  systems  tor  many  physical 
phenomena.  The  description  of  their  physical  properties  achievable  through  the  numerical 
simulations  may  depend:  a)  on  the  a  priori  approximations  enclosed  in  the  theoretical 
model  used  for  the  simulations  and  b)  on  the  particular  "experimental"  protocol  followed. 
We  show  here  that  in  order  to  describe  properly  the  magnetic  status  of  the  arrays  one  has 
to  use  the  full  inductance  matrix  and  to  specify  clearly  the  approach  and  the  protocol 
followed  to  perform  the  computer  simulations. 


1.  Introduction 

2D  arrays  of  superconducting  junctions  are  already  on  their  own  very  interesting 
systems  both  on  the  fundamental  and  on  the  technological  points  of  view1.  In  addition,  in 
the  recent  past,  they  has  been  chosen  also  as  model  systems  to  study  the  physical 
properties  of  the  granular  superconductors2,  including  the  High  Tc  materials3  that,  as  well 
known  now,  may  present  even  nested  networks  of  junctions4.  Since  few  years  a 
continuously  increasing  number  of  papers  has  been  devoted  to  the  study  of  the  magnetic 
properties  of  2D  arrays  of  superconducting  junctions.  Following  the  pioneer  works  by 
Ebner  and  Stroud2,  and  Morgesten,  Muller  and  Bednorz3  we  have  first  studied  in  details 
the  equilibrium  magnetic  hysteresis  loops  of  these  model  systems5.  Our  simplified 
description  however:  a)  did  not  take  into  account  the  correction  to  the  local  field  due  to  the 
screening  currents,  and  thus  were  restricted  essentially  to  the  narrow  temperature  range 
below  the  critical  temperature  for  which  the  array  penetration  depth,  Xj_,  can  be  considered 
infinite  and  the  screening  extremely  weak;  b)  was  focused  basically  on  what  we  may  call 
the  "geometrical"  magnetism  of  the  array  (i.e.  on  that  part  of  the  magnetic  properties  that 
depends  only  on  the  geometry  of  the  system)6  and  did  not  look  after  the  effects  of  the 
temperature  (thermal  fluctuations  and  variation  of  the  junction  coupling  energy),  effects  that 
we  will  also  neglect  in  this  paper. 

In  the  following  we  will  also  avoid  to  discuss  the  dependence  of  the  coupling  junction 
energy  on  the  intensity  of  the  magnetic  field  so  that  we  will  focus  our  attention  basically  on 
the  consequences  of  the  approximation  (a). 
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When  the  temperature  is  decreased  somewhat  below  the  critical  one,  such  an 
approximation  is  not  any  longer  valid  and  the  introduction  of  a  corrective  term  for  the 
screening  currents  is  compulsory.  In  the  recent  past  there  have  been  many  works  realized 
on  the  basis  of  the  above  consideration;  almost  everywhere  the  magnetic  properties  of  the 
superconducting  junction  arrays7'12  have  been  worked  out  by  making  use  of  a  dynamical 
approach  basically  derived  in  ref.  13.  The  main  draw  back  of  this  approach  is  that  since  the 
"static"  properties,  like  the  magnetic  hysteresis  loop,  are  calculated  at  an  arbitrary  time  they 
can  only  represent,  at  the  best,  the  steady  state  limit  of  the  dynamical  evolution  and,  thus, 
might  not  coincide  with  those  calculated  at  the  equilibrium.  In  some  of  these  papers  the 
effect  of  the  screening  currents  has  been  taken  into  account  by  introducing  an  average  cell 
self-inductance7'9,  but  the  texts  of  these  papers  do  not  allow  us  to  understand  if  the  internal 
field  has  been  allowed  to  relax  to  the  "equilibrium"  at  each  time  step.  After  the  observation 
of  Jose  and  Dominguez10  about  the  need  of  considering  at  least  also  the  near-neighbors 
mutual  inductances,  many  groups  have  included  in  their  model  the  contribution  to  the 
internal  field  derived  from  a  more  o  less  full  mutual  inductance  matrix1 U^Mfcut  stiu  in  the 
framework  of  a  dynamical  model.  Only  recently  the  full  inductance  matrix  has  been 
introduced  into  the  framework  of  a  static  approach  to  calculate  the  magnetic  properties  of 
the  arrays,  in  order  to  investigate  either  the  one-vortex  magnetic  properties15  or  more 
collective  quantities  like  the  magnetization  loops16.  In  this  paper  we  want  to  address  three 
questions:  how  relevant  is  the  use  of  the  full  inductance  matrix  to  calculate  the  magnetic 
properties  of  the  array  (as  an  example  we  will  consider  the  effect  on  the  value  of  the  lower 
critical  field  of  the  array)?  How  similar  are  the  magnetic  states  of  the  array  (i.e.  the  vortex 
configurations)  obtained  following  the  dynamical  approach  with  those  obtained  following 
the  static  one?  And  finally  how  relevant  can  be  the  '’experimental"  conditions?  In  the 
following  we  will  answer  these  questions  using  only  simulations  done  at  T  =  0,  but  the 
indications  we  have  allow  us  to  state  that  the  basic  conclusions  drawn  here  maintain  their 
validity  still  at  somewhat  higher  temperatures. 

2.  Model 

As  usual,  in  the  static  approach  we  consider  a  square  array  and  assign  a  single  phase, 
<j>i,  at  each  knot  (we  consider  here  point  junctions,  but  it  would  be  very  easy  to  generalize 
this  model  to  extended  junctions;  indeed  the  array  itself  can  be  considered  as  an  extended 
junction).  Each  knot  interacts  directly  only  with  its  first  four  nearest-neighbors  and  the 
resulting  XY  Hamiltonian  is  the  following17: 

H  =  -  J  Zij  cos  (  cj>i  -  <f>j  +  A  ij) 
where  A  jj  is  the  vector  potential  term. 

The  main  difference  with  our  previous  simulations5’6  is  that  now  the  A  jj  contribution  is 
composed  by  two  distinct  terms  (the  second  one  allows  for  the  long  range  interaction 
between  the  currents): 

A  ij  =  2jt/<J>o  Ji  J  (A  ext  (r)  +  A  int  0*)  ]  dr  =  A  ij;ext  +  A  ij  ;int 

where 


19 


A  ij;ext  =  f  =  (S*B/<I>o) 

A  ij;int  =  /<o  a  /  2d>0  (2  mn;ij  Imn  ffmn;ij  +  self); 

of  course 

B  ext  =  =  V  x  A  ext 


B  int  =  B  -  B  ext  =  V  x  A  jnt 


the  external  field  is  applied  in  the  z  direction  and  the  gauge  is  such  that: 

Aijjext  =  (JtB/Oo)(xi  yj  -  xj  yi) 

f  is  the  frustration,  S  the  surface  of  the  plaquette,  B  the  total  magnetic  field  and  <£>0  the 
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Fig.  1  -  a)  Lower  critical  fields,  fcis,  obtained  by  making  use  of  the  full  inductance  matrix  as  function  of 
the  g  factor  for  superconducting  junction  arrays  of  different  sizes  {in  plaquettes):  3x3  (triangles),  7x7 
(circles),  8x8  (rhombi)  and  15x15  (squares),  b)  As  for  fig.  2a  but  normalized  to  the  size  of  the  array  in 
cells,  c)  fcis  obtained  making  use  only  of  the  self  inductance  normalized  to  the  size  of  the  array;  symbols 
like  for  the  previous  figures,  d)  fci  as  function  of  the  size  of  the  array:  g  =  0  (rhombi),  g  =  0.015  only  self 
inductance  (circles),  g  =  0.015  full  inductance  matrix  (triangles). 


elemental  flux  quanta,  ff  is  the  factor  form  that  depends  only  on  the  distance  between  the 
sites,  and  Imn  is  the  current  that  flows  in  the  mth-nth  link  and  it  is  normalized  to  Ic  = 
Ej*2rr/<$0,  with  Ej  the  coupling  energy. 
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As  a  consequence  one  can  define  a  quantity  g  such  that : 

g  =  Ej  a  /  2<J>0“  =  1  /  8n2Xl 

where  Xj_  can  be  considered  as  a  sort  of  penetration  depth  of  the  array;  for  g  =  0  one 
recovers  the  limit  Aj_  =  go. 

The  simulations  we  performed  following  the  dynamical  approach  are  based  on  a 
standard  model18  modified  to  include  the  correction  to  the  internal  field  due  to  the  full 
inductance  matrix;  in  our  runs  we  let  the  magnetic  field  relax  at  each  time  step,  until  the 
relative  change  of  the  total  field  becomes  less  than  one  part  on  10 A 

3.  Results  and  discussion 

Let  us  start  with  the  first  question  raised  in  the  introduction:  how  relevant  is  the  use  of 
the  full  inductance  matrix  to  calculate  the  magnetic  properties  of  the  array?  Although  it  may 
not  be  important  for  the  determination  of  some  of  the  array  properties  15-19  it  is  certainly 
relevant  to  the  determination  of  the  lower  critical  field,  fcl-  In  fig.  1  we  show  the  influence 
that  the  Aij;int  term  has  on  fcl.  From  the  row  data  of  fig.  la  one  immediately  sees  that  fcj 
undergoes  substantial  changes  with  increasing  g.  In  particular,  for  very  low  values  of  g  we 
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Fig.  2  -  3x8  cell-arrav;  examples  of  magnetic  hysteresis  loops  for  different  g  values  (full  inductance 
matrix):  a)  g  =  0,  b)  g  =  0.001,  c)  g  =  0.007,  d)  g  =  0.015 
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observe  a  plateau  that  correspond  to  the  limit  X|_  =  It  is  worth  noting  that  the  fcl  attains 
the  plateau  value  when  Xj_  becomes  of  the  order  of  the  array  size  (that  is  equivalent  to  have 
X±  =  oo),  so  that  this  value  is  reached  before,  as  expected,  in  the  case  of  the  smaller 
arrays.  Figures  lb  and  lc  put  in  evidence  the  relevance  of  making  use  of  the  full  inductance 
matrix.  After  normalization  to  the  size  of  the  array  (in  cells)  the  data  of  fig.  la  nicely  overlap 
(with  the  exception  of  the  3x3  cell-array,  that  has  been  slightly  shifted)  up  to  the  limit 
where  Xj_  can  be  still  considered  infinite;  than  the  curves  spread  away,  fig.  lb.  This 
spreading  is  not  observed  in  fig.  lc,  where  the  lower  critical  fields  have  been  obtained 
taking  into  account  only  the  self-inductance.  Another  way  to  work  out  the  relevance  of  the 
full-inductance  matrix  is  to  plot  fcj  vs  the  size  of  the  array,  fig.  Id.  Looking  at  this  figure 
one  can  conclude  that  both  the  data  obtained  either  without  corrective  terms  or  using  only 
the  self  inductance  decrease  inversely  with  the  size  of  the  array  (that  is  equivalent  to  say 
that  there  exist  a  critical  size  of  the  array  for  which  fcl  is  equal  to  zero);  on  the  other  hand 
the  slope  of  the  data  obtained  employing  the  full-inductance  matrix  tends  to  slow  down 
with  the  size  of  the  array,  suggesting  the  existence  of  an  asymptotic  value  for  fcl  -  This 
conjecture  has  to  be  checked  on  arrays  of  larger  size. 


a)  8x8  ZFC  g  =  0  b)  8x8  ZFC  g  =  0.015 


c)  8x8  FC  g  =  0  d)  8x8  FC  g  =  0.015 

Fig.3  -  Vortices  configurations  at  f  =  0.5  obtained,  as  described  in  text,  for:  a)  ZFC  static  procedure  and  g  = 
0;  b)  ZFC  static  procedure  and  g  =  0.015  (full  inductance  matrix);  c)  FC  static  procedure  and  g  =  0;  d)  FC 
static  procedure  and  g  =  0.015  (full  inductance  matrix); 
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Examples  of  magnetic  hysteresis  loops  for  different  g  values  are  reported  in  fig.  2. 
These  are  loops  obtained  at  the  equilibrium  by  means  of  the  static  approach  and  following  a 
procedure  experimentally  called  zero  field  cooling,  ZFC,  that  is:  first  the  sample  is  cooled 
down  in  zero  magnetic  field,  then  the  magnetic  field  is  switched  on  and  increased  step  by 
step  paying  attention  to  achieve  the  state  of  equilibrium  for  each  new  value  of  the  field.  The 
influence  that  the  use  of  the  full  inductance  matrix  can  have  on  the  vortices  configuration  at 
f  =  0.5  is  put  in  evidence  by  the  couple  of  figures  3a-3b.  Surprisingly  no  differences  are 
detected  in  the  case  of  the  field  cooling,  FC,  procedure,  figures  3c-3d.  In  this  procedure 
first  the  magnetic  field  is  switched  on  and  then  the  sample  is  cooled  down.  Fig.  3  answers 
to  the  third  question  of  paragraph  1:  how  relevant  can  be  the  experimental  conditions? 

It  remains  still  to  answer  the  second  question  raised  in  the  introduction:  how  similar 
are  the  vortices  configuration  obtained  following  a  dynamical  approach  with  those 
obtained 


a)  8x8  FC  g  =  0 
dynamic  -  parallel 


dynamic  -  random 


Fig.  4  -  Vortices  configurations  at  f  =  0.5  obtained  following  a  a)  FC  dynamic  procedure  with  g  =  0  and 
phases  initially  aligned;  b)  FC  dynamic  approach  with  g  =  0  and  phases  initially  random  distributed;  these 
two  configurations  settled  on  firmly  respectively  after  200t  and  300x  with  x  =  h/2eRIc 


following  the  static  one?  Fig.  4  tell  us  that  at  T  =  0  they  are  very  dissimilar  notwithstanding 
with  the  stringent  requirement  we  imposed  to  the  relaxation  of  the  internal  magnetic  field. 
Moreover  fig.  4  shows  that  the  vortices  configuration  attained  may  be  different  even  if  we 
simply  start  the  simulation  from  two  different  initial  phase  configurations. 

We  stress  that  in  our  simulations,  at  T  =  0,  we  observed  always  the  formation  of  domains. 
A  more  quantitative  analysis  of  our  findings  will  appear  in  a  paper  to  come. 
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ABSTRACT 

We  show  that  the  recent  finding  of  a  paramagnetic  Meissner  effect  on  polycrys¬ 
talline  samples  of  High-Tc  cuprates  can  be  interpreted  on  the  basis  of  a  traditional 
analysis  of  a  superconducting  ring  interrupted  by  Josephson  junctions.  In  fact,  this 
system  is  the  simplest  junction  array  model  for  granular  superconductors.  By  the 
analysis  of  the  potential  energy  of  this  simple  network,  we  show  that  the  field  cooled 
magnetization  exhibits  paramagnetic  responses,  depending  on  the  strength  of  the 
applied  field. 


1.  Introduction 

Recently,  several  groups1,2  have  observed  a  positive  field  cooled  susceptibility  at 
very  low  values  of  the  applied  magnetic  fields  in  high  temperature  superconducting 
BiSrCaCuO  ceramic  systems.  This  behavior  is  referred  to  as  paramagnetic  Meissner 
effect  in  the  literature,  to  stress  its  anomaly  when  compared  to  the  usual  diamagnetic 
response  of  traditional  superconductors.  The  appearance  of  spontaneous  magnetic 
moments  might  evoke  exotic  properties  of  the  superconducting  state,  like  the  as¬ 
sumption  of  d—  wave  pairing  in  High-Tc  superconductors.  In  the  latter  hypothesis, 
the  7r-contacts  present  in  granular  superconductors  are  responsible  for  spontaneous 
currents  and  magnetic  moments3,4. 

We  propose  a  classical  explanation  for  the  appearance  of  spontaneous  paramag¬ 
netic  moments,  on  the  basis  of  a  simple  representation  of  poly  crystalline  ceramic 
systems  in  terms  of  superconducting  islands  coupled  by  Josephson  junctions.  In  fact, 
granular  superconductors  can  be  modeled  by  means  of  a  network  of  weak  links,  rep¬ 
resented  by  Josephson  junctions.  We  study  the  simplest  of  such  systems;  namely,  a 
superconducting  ring  interrupted  by  N  junctions.  For  this  system  we  analyze  the  sta¬ 
tionary  states  in  presence  of  magnetic  field,  and  calculate  the  temperature  dependence 
of  the  d.c.  susceptibility. 

2.  The  model 

The  Gibbs  potential  energy  for  a  superconducting  loop  containing  N  Josephson 
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junctions  in  series  is  given  by5’6: 


N 


jfc=l 


n*  o 

2n 


(1  -  COS  (j) Jfc)  + 


($L  -  $L)2 

2  L 


(1) 


where  7°  is  the  maximum  Josephson  current  of  the  ^-junctions,  fa  the  gauge  invariant 
superconducting  phase  difference  and  <&0  the  magnetic  flux  quantum.  The  external 
magnetic  field  H  is  applied  along  the  normal  to  the  loop,  with  area  Sl,  and  produces 
a  geometrical  flux  ‘xt  =  VoHSl-  L  is  the  inductance  associated  to  the  loop. 

When  the  external  field  is  applied,  the  flux  $L  linked  to  the  loop  is  given  by: 

*L  =  +  LU  (2) 


where  I  is  the  induced  screening  current. 

The  phase  difference  across  the  junction  is  related  to  the  effective  flux  in  the  loop 
by  the  fluxoid  quantization  condition: 

N  27T#L 

5>  +  ^-  =  am/.  (3) 

k=l 

where  nj  is  an  integer  which  is  linked  to  the  number  of  magnetic  flux  quanta  trapped 
in  the  loop,  when  cooling  down  the  system  from  T  >  Tc  to  T  <  Tc. 

We  study  the  stationary  magnetic  states  of  this  system  after  field  cooling  by 
finding  the  absolute  minimum  of  the  energy  G  with  respect  to  the  flux  <1>L,  for  each 
fixed  value  of 

Taking  into  account  a  non  negligible  thickness  of  the  superconducting  ring,  the 
total  flux  $  is  the  sum  of  the  flux  into  the  material  (intragranular  flux  $s)  and  the 
flux  into  the  hole  (intergranular  flux  $N), 

$  =  $s  +  $N.  (4) 


The  flux  $s  is  due  to  the  penetration  of  the  external  field  in  a  thickness  proportional 
to  the  magnetic  depth7.  Then  the  total  magnetization  has  two  contributions:  the 
diamagnetic  effect  of  the  superconducting  material  and  the  magnetic  effect  of  the 
hole.  The  d.c.  magnetic  susceptibility  of  the  system  can  be  easily  defined  as: 


47TXL  = 


$eXt  ’ 


(5) 


where  4>cxt  is  the  flux  generated  on  the  total  area  S  =  SL  +  Ss. 

From  eq.(4)  and  eq.(5)  we  calculate  the  temperature  dependence  of  the  total  d.c. 
susceptibility  as  follows8: 


47tx(T)  =  (47txl  +  1)<*(T)  -  1,  (6) 

where  a(T)  =  SL(T)/S  is  the  normal  fraction  of  the  sample,  being  SL(T)  the  effective 
area  of  the  normal  region  (  area  of  the  loop  plus  the  field  penetrated  area  of  the 
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Fig.  1.  A3>  VS.  $ext  curves  calculated  for  different  values  of  the  SQUID  parameter 

(3  =  27rZr/°/$o  and  N  =  1.  When  $exf  is  in  the  range  7i$o  >  ®ext  >  (n-  l/2)$0 
the  internal  flux  is  larger  than  the  applied  flux.  This  effect  is  larger  for  increasing  /?(T). 


superconducting  material).  We  fix  the  values  of  the  normal  fraction  a(T)  at  T  =  0  K 
and  T  —  Tc,  and,  for  intermediate  temperatures,  we  assume  a(T)  to  have  an  empiric 
behavior,  tied  to  the  penetration  of  the  magnetic  field  in  the  superconducting  region. 


3.  Results 


The  analysis  of  the  stationary  magnetic  states  of  the  network  is  carried  out  for 
different  values  of  the  SQUID  parameter  (3  =  2ftLI®l$o-  In  order  to  specify  the 
temperature  dependence  of  the  maximum  critical  current,  we  use  the  Ambegaokar- 
Baratoff  equation: 


being  RN  the  normal  resistence  of  the  junction.  The  temperature  dependence  of 
the  gap  energy  A(T)  is  given  in  ref. (9).  In  the  calculations,  all  the  junctions  are 
supposed  to  be  identical,  so  that  no  inhomogeneity  of  the  maximum  critical  current 
is  considered.  We  start  by  considering  only  one  junction  in  the  ring. 

Fig.l  shows  the  dependence  of  the  flux  A$,  defined  as 


A$  —  ^ext) 


(8) 


$min  being  the  flux  at  the  absolute  minimum  point  of  G,  as  a  function  of  the  external 
flux  $exf-  Both  A<&  and  $exl  are  normalized  to  the  magnetic  flux  quantum.  If  $ext 
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Fig.  2.  A$  VS.  $ext  curves  calculated  for  /3  —  10  and  N  =  3,  referred  to  the  three  possible 
values  of  the  number  nj  of  the  trapped  flux  quanta.  The  arrows  show  the  path  corresponding  to 
the  flux  at  the  absolute  minimum  point  of  G:  depending  to  $ext,  it  switches  through  the  3  curves 
caracterized  by  a  different  parameter  nj. 


lies  in  the  ranges  rc$0  >  ®ext  >  {n  —  l/2)$0,  with  n  integer,  the  system  shows  a 
paramagnetic  behavior,  evaluated  from  eq.(5).  This  effect  is  larger  for  increasing 
/3(T).  In  the  higher  inductance  limit,  a  situation  in  which  the  applied  flux  is  +  e) 
corresponds  to  a  magnetic  flux  of  $o  through  the  ring. 

If  N  junctions  are  in  the  ring,  there  are  N  different  G{$)  curves  for  a  fixed  value 
of  $e;r(,  each  one  characterized  by  a  different  nj.  By  plotting  all  these  curves,  it  is 
easy  to  see  that  the  absolute  minimum  of  G  corresponds  to  a  different  n  f  for  different 
ranges  of  the  external  field. 

In  fig. 2  the  dependence  A$  vs.  $>ext  for  the  three  possible  values  of  nj  when 
N  =  3  is  given.  The  path  followed  by  the  absolute  minumum  of  G  is  shown  by  the 
arrows.  This  absolute  minimum  point  moves  through  the  n/-different  curves,  so  that, 
during  each  field  cooling,  the  system  traps  the  number  of  magnetic  flux  quanta  that 
minimizes  its  energy  at  that  fixed  field.  We  notice  that  the  same  magnetic  response 
of  the  single  junction  loop  is  reproduced. 

In  order  to  calculate  the  total  field  cooled  d.c.  susceptibility  x  (eq.7),  we  take  into 
account  the  two  contributions  (one  from  the  intragranular  flux  $5  and  the  other  one 
from  intergranular  <&;v),  and  we  use  the  eq.(7). 

In  fig.3  is  reported  the  behavior  of  %  for  a  ring  with  one  junction  as  a  function  of  the 
temperature  T,  for  different  values  of  the  normalized  external  magnetic  flux  <&extl§ 0- 
Here  q-q,  the  normal  fraction  at  zero  temperature,  is  0.8  and  the  SQUID  parameter 
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Fig.  3.  Total  field  cooled  susceptibility  versus  T,  calculated  for  different  values  of  the  normalized 
external  magnetic  flux  $ext /$o-  Here  a0  =  0.8  and/3  =  10.  Each  curve  reports  the  corresponding 
normalized  flux  value. 


Fig.  4.  Total  field  cooled  susceptibility  when  the  ring  is  interrupted  by  3  junctions.  The  same  values 
for  ao  and  /3  are  choosen. 
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(3  is  10.  We  notice  that,  for  high  value  of  the  external  flux,  the  diamagnetic  behavior 
is  always  dominant.  In  addition,  we  notice  that  for  4>exf  going  to  zero  the  system 
always  shows  a  diamagnetic  behavior  independently  of  (3.  Therefore,  for  extremely 
low  values  of  the  applied  field,  we  expect  a  diamagnetic  experimental  response. 

The  same  analysis,  carried  out  when  three  junctions  are  in  the  ring  (fig.4),  shows 
that  the  same  properties  survive  even  if  the  ring  is  interrupted  by  more  than  one 
junction. 

In  conclusion,  we  show  that  the  analysis  of  the  magnetic  response  of  a  simple 
model  consisting  of  a  superconducting  loop  with  Josephson  junctions  can  reproduce, 
at  least  qualitatively,  the  same  positive  field-cooling  d.c.  susceptibility  detected  in 
High-Tc  ceramic  superconductors  for  low  field  ranges.  In  order  to  describe  real  system, 
however,  more  complex  models  must  be  analyzed.  A  work  on  a  two-dimensional 
array  consisting  of  an  ensemble  of  loops  with  a  given  distribution  of  inductances  is  in 
progress. 
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ABSTRACT 

We  present  spatially  resolved  studies  of  vortex  dynamics  in  two-dimensional 
Josephson-junction  arrays.  For  bias  currents  smaller  than  the  array  critical  cur¬ 
rent,  a  small  local  thermal  perturbation  at  the  array  boundaries  lowers  the  vortex 
entry  barrier  and  the  array  switches  to  the  resistive  state.  For  bias  currents  slightly 
above  the  array  critical  current,  vortices  and  antivortices  are  nucleated  at  opposite 
edges  of  the  array.  An  alternating  crossing  vortex  motion  is  observed  experimen¬ 
tally. 


1.  Introduction 

In  two-dimensional  (2D)  Josephson-junction  arrays,  vortices  play  a  central  role  for 
the  static  and  dynamic  properties.1  In  the  static  case,  several  vortex  configurations, 
depending  on  a  perpendicular  applied  magnetic  field  are  discussed  in  the  literature. 
For  a  direct  observation  of  these  configurations,  spatially  resolved  measurements  are 
necessary.  Runge  and  Pannetier2  used  magnetic  decoration,  where  small  particles  of  a 
magnetic  material  are  deposited  on  the  sample,  yielding  an  image  of  the  local  magnetic 
field  variation.  Hallen  et  al.3  used  scanning  Hall  probes  and  Vu  et  al.4  used  scanning 
SQUID  microscopy.  Both  methods  directly  measure  the  local  magnetic  fields  of  the 
vortices.  Depending  on  the  applied  magnetic  field,  regions  of  periodically  arranged 
vortices  seperated  by  domain  walls  are  observed. 2,3,4  In  Refs.  5,s,  we  have  reported  on 
imaging  results  of  the  vortex  dynamics  in  2D  arrays.  We  have  discussed  the  vortex 
dynamics  in  2D  arrays  in  close  analogy  to  the  dynamics  of  Abrikosov  vortices  in  the 
current-induced  resistive  state  of  thin-film  type-II  superconductors.7,8 

2.  Experimental  Procedures 

2.1.  Samples 

Figure  1  shows  a  typical  array  geometry.  The  arrays  consist  of  square  networks 
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of  superconducting  wires  (Nb  and  PblnAu)  with  Josephson  junctions  placed  between 
the  line  crossings.  The  Nb/AlOx/Nb  junctions  (area  w5/imx5H  have  critical 
currents  on  the  order  of  ic  =  150  ftA.  Typically,  the  la-spread  in  ic  is  less  than 
3  %.9’10  Each  of  the  junctions  is  externally  shunted  with  an  InAu  resistor  Rs  of  about 
1.5  ft,  so  the  McCumber  parameter  is  /3cj  =  2; ricRs2C/$0  <  0.7;9  $o  =  V2^i s 
flux  quantum.  The  Josephson  coupling  energy  Ej  -  %ic/2e  is  about  Ej  «  10  20  J  and 
is  5  to  6  orders  of  magnitude  larger  than  the  charging  energy  Ec  =  e2/ (2  C)  {C  is  the 
junction  capacitance).  Hence,  we  deal  with  the  classical  limit,  where  charging  effects 
can  be  neglected.11  The  bias  current  is  fed  to  each  of  the  array  columns  through  InAu 
feeding  resistors  (not  shown  in  Fig.  1)  of  about  0.5  ft  each.  In  2D  superconducting 
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Fig.  1.  Sketch  of  a  typical  array  geometry  with  N  columns  of  M  junctions.  The  arrays  consist  of 
square  networks  of  superconducting  wires  with  Josephson  junctions  placed  between  the  line  crossings. 
Each  junction  is  symbolized  by  a  cross.  The  notation  of  the  x  and  y  direction  is  shown.  The  do-bias 
current  flows  along  the  x-axis.  The  array  voltage  drop  along  the  whole  array  is  measured  in  the 
same  direction. 

arrays,  flux  quantization  has  to  be  taken  into  account  so  that  the  total  sum  of  the 
junction  phase  differences  (j>  around  a  loop  is  related  to  the  flux  $  passing  through 
the  loop  by 

V  6  =  -27t—  +  27m,  (1) 

loop 

where  n  is  an  integer.  There  are  two  contributions  to  =  <$>ext  +  where  $ext 
is  due  to  an  external  magnetic  field  perpendicular  to  the  array,  and  5>tJ-  is  the  self- 
induced  flux  through  the  cell  (i,  j)  due  to  the  currents  in  the  array.12  The  frustration 
/  =  Ba2/$ o  is  defined  as  the  normalized  applied  flux  per  unit  cell.  B  is  the  externally 
applied  magnetic  field.  The  size  of  the  square  array  unit  cell  is  a  ~  16.7  /zm.  The 
electromagnetic  radius  of  the  vortex  is  given  by  the  magnetic  penetration  depth 

A±  =  $0/(2*720*0),  (2) 
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where  //0  is  the  permeability  of  the  free  space.13  For  our  arrays,  X±  <  a. 

2.2.  Electron  beam  imaging 

Low  temperature  scanning  electron  microscopy  (LTSEM)  enables  the  spatially 
resolved  investigation  of  superconducting  devices  and  circuits  during  their  operation 
at  liquid  helium  temperatures.  The  basic  principles  are  described  in  Ref.14.  The 
essential  points  are  the  following:  the  sample  film  (on  top  of  the  substrate)  is  directly 
irradiated  with  an  electron  beam.  The  bottom  side  of  the  substrate  is  in  contact  with 
a  liquid  helium  bath,  thereby  ensuring  effective  sample  cooling.  The  temperature  T 
of  the  sample  is  about  5  K.  The  electron  beam  focused  at  the  coordinates  ( Xo,yo )  on 
the  sample  surface  acts  as  a  local  heat  source.  The  lateral  dimension  of  the  thermally 
perturbed  area  near  (x0,  yQ)  determines  the  spatial  resolution  of  our  images.  This 
resolution  is  estimated  to  be  about  3  //m  for  the  samples  used  in  the  present  studies. 
Typical  values  for  the  beam  voltage  and  current  are  25  kV  and  100  pA,  respectively, 
yielding  a  local  temperature  increment  of  about  1  K. 

The  difference  of  the  time  scales  of  the  array  dynamics  and  of  the  scanning  pro¬ 
cedure  is  important.  The  junction  oscillation  period  is  on  the  order  of  10  ps,  whereas 
the  decay  time  of  the  beam-induced  thermal  perturbation  is  about  100  ns.14  During 
scanning,  the  electron  beam  typically  stays  3  ms  at  each  position.  Hence,  the  mea¬ 
sured  sample  response  to  the  beam  irradiation  represents  time-averaged  information 
on  the  time  scale  of  the  Josephson  dynamics. 

The  sample  is  shielded  from  dc  and  ac  magnetic  fields  by  means  of  //-metal  screens 
at  both  room  and  liquid-helium  temperature.  Measuring  the  critical  current  as  a  func¬ 
tion  of  the  externally  applied  magnetic  field  R,  we  estimated  the  residual  magnetic 
field  to  be  smaller  than  700  nT.  This  value  corresponds  to  a  frustration  /  <  1/10. 
During  our  measurements,  the  electron  beam  is  scanned  across  the  current-biased  ar¬ 
ray.  The  beam  is  chopped  at  a  frequency  of  20  kHz,  and  the  change  in  array  voltage 
Ay(ro,  yo)  induced  by  the  beam  is  phase-sensitively  recorded  using  a  lock-in  tech¬ 
nique.  Near  the  beam  focus,  the  junction  is  heated  from  about  5  K  to  6  K,  which 
reduces  the  junction  critical  current  ic  by  about  20%.  In  these  experiments,  the  local 
heating  induces  an  array  voltage  signal  AV(xo,y0)  <  10//V. 

3.  Experimental  Results  and  Discussion 

In  this  section  we  present  results  of  our  spatially  resolved  investigations  on  two- 
dimensional  Josephson-junction  arrays. 
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Fig.  2.  Gray  value  representation  of  the  voltage  image  AV(xo,t/o)  of  a  10  X  10  array  without 
groundplane  at  T  M  5K .  The  array  is  biased  at  /&  «  0.9  Ic.  The  dc  bias  current  flows  horizontally 
through  the  array.  The  array  boundaries  lie  between  0  flm  and  150  fl m  in  both  directions.  A  positive 
(negative)  electron  beam  induced  voltage  signal  AV (#o,  t/o)  is  indicated  by  the  dark  (bright)  areas, 
whereas  AV(:Eo,t/o)  «  0  is  shown  by  the  area  surrounding  the  array.  The  signal  level  |AV|  is 
about  100  nV.  The  rows  of  the  feeding  resistors  are  marked  by  arrows. 


3.1.  The  Subcritical  Region:  h  <  Ic 

First,  we  report  on  measurements  where  the  bias  current  h  was  chosen  smaller 
than  the  critical  current  Ic  of  the  array. 

Figure  2  shows  the  voltage  image  AV(x0,y0)  for  a  10x10  array.  The  array  is 
biased  at  «  0.9  mA.  The  array  critical  current  is  Ic  «  1  mA.  Since  h  <  h-,  the 
sample  is  in  the  zero- voltage  state  without  e-beam  irradiation.  In  Fig.  2,  a  positive 
(negative)  signal  Al/(x0,  j/o)  is  indicated  by  the  dark  (bright)  areas,  whereas  the  zero 
signal  is  shown  by  the  gray  level  in  the  area  surrounding  the  array. 

Figure  2  is  explained  by  edge  nucleation  of  vortices  induced  by  the  self-field  of  the 
array’s  dc-bias  current.  The  array’s  self-field  is  strongly  peaked  at  the  edges  of  the 
array  (parallel  to  the  bias  current)  and  is  antisymmetric  with  respect  to  the  array 
center  axis.  Since  for  these  studies  Aj.  <  a,  each  magnetic  flux  quantum  is  confined 
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Fig.  3.  Sketch  of  the  energy  U(y )  of  a  single  vortex  versus  the  ^-coordinate  for  a  bias  current 
smaller  than  the  array  critical  current. 

to  one  unit  cell.  When  the  array  is  biased  below  Ic ,  the  current-induced  vortices  are 
pinned  at  the  array  edges.  One  edge  of  the  array  supports  vortices,  the  opposite  side 
antivortices.  The  entrance  barrier  Eb ,  which  prevents  the  vortices  from  entering  the 
array,  can  be  calculated  from  the  Gibbs  energy  of  a  single  vortex  in  the  array.5,15 

Figure  3  shows  a  sketch  of  the  Gibbs  energy  U(y)  and  Eb  for  bias  currents  smaller 
than  the  critical  current.  Eb  is  decreasing  with  increasing  temperature  T. 

When  the  electron  beam  heats  a  junction  at  the  edge  of  the  array,  Eb  may  be 
decreased  below  0,  and  the  vortices  enter  into  the  array.  The  vortices  move  per¬ 
pendicular  to  the  bias  current  and  produce  a  voltage  across  the  array.  This  process 
gives  rise  to  voltage  signals  -f-AF(a:o,S/o)  at  each  junction  where  vortices  have  formed 
and  are  depinned  by  the  local  heating  due  to  the  electron  beam.  From  the  spatial 
dependence  of  AV(j/fl)  we  conclude  that  X±  <  a. 

In  Fig.  2,  voltage  signals  AV  <  0  of  about  -5  nV  are  observed  at  the  positions 
of  the  feeding  resistors  (marked  by  arrows).  The  resistance  change  A R  =  AV/4  is 
about  —5  /iO.  The  origin  of  these  signals  is  unclear. 

Summarizing,  for  4  <  7C,  we  observed  electron-beam-induced  vortex  motion. 

3.2.  The  Alternating  Crossing  Vortex  Motion  (ACVM) 

Second,  we  report  on  measurements,  where  the  bias  current  4  was  chosen  slightly 
above  the  critical  current. 
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Fig.  4.  Gray  value  representation  of  the  voltage  image  AV(xo,  yo)  of  a  20X10  array  with  a 
superconducting  groundplane  at  T  ~  5  K.  The  array  is  biased  at  Jj>  ~  1.25  mA  and  a  corresponding 
voltage  of  3  mV.  The  array  critical  current  is  Ic  «  750  fiA.  The  dc  bias  current  flows  horizontally 
through  the  array.  The  array  boundaries  lie  between  0  fim  and  150  fim  in  y-direction  and 
between  0  fJLm  and  315  fim  in  the  x-direction.  A  positive  (negative)  electron  beam  induced  signal 
AV(x0,yo)  is  indicated  by  the  dark  (bright)  areas,  whereas  AF|3:o,!/o)  ~  0  is  shown  by  the 
gray  value  of  the  areas  surrounding  the  array.  The  signal  level  |AV|  is  about  5  (iV . 

During  their  nucleation  at  the  edges  of  the  array,  the  vortices  experience  a  Lorentz 
force  perpendicular  to  the  external  current. 

Figure  4  shows  an  imaging  result  for  a  20  X  10  array.  In  simple  terms,  this  can  be 
explained  as  follows:  when  a  vortex  moves  across  a  junction,  this  junction  phase  slips 
and  the  resulting  voltage  drop  causes  dissipation.  When  the  electron  beam  is  focussed 
at  a  junction  where  vortices  are  moving  across,  the  vortex  motion  is  changed  due  to 
the  junction  critical  current  reduction  caused  by  the  e-beam.  No  voltage  signal  is 
observed  when  the  e-beam  is  focussed  at  a  junction  at  which  no  vortices  are  crossing. 
The  imaging  thus  resolves  the  vortex  tracks.  From  a  more  detailed  quantitative 
analysis  of  our  imaging,5  we  calculate  that  the  junctions  where  vortices  enter  the 
array  give  a  positive  voltage  signal  A.V(xo,yo )  (dark  areas  in  Fig.  4).  A  negative 
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voltage  change  AV(a:o,  Vo)  (bright  areas  in  Fig.  4)  is  measured  at  the  positions  where 
the  vortices  leave  the  array. 

Inspection  of  Fig.  4  shows  that  for  the  bulk  of  the  array,  vortices  are  nucleated  at 
the  upper  edge  and  anti-vortices  at  the  lower  edge  of  the  array.  They  subsequently 
move  through  the  array,  perpendicular  to  the  bias  current,  until  they  reach  the  op¬ 
posite  boundary,  where  they  leave  the  array.  Along  the  current  direction  there  is  a 
strong  tendency  to  alternate  between  the  direction  of  the  vortex/antivortex  motion. 
We  call  this  behavior  alternating  crossing  vortex  motion  (ACVM).  Such  alternation 
is  favored  due  to  the  repulsion  between  vortices  of  the  same  vorticity  and  attraction 
between  vortices  of  opposite  vorticity. 

For  bias  currents  very  close  to,  but  larger  than  Ic,  we  did  not  observe  the  ACVM 
but  an  uncorrelated  vortex  motion.  With  increasing  the  ACVM  area  grows,  starting 
from  the  inner  part  of  the  array.  Increasing  /&  beyond  the  region  where  the  ACVM  is 
observed,  the  vortex  density  is  increased  and  we  observe  a  more  complicated  vortex 
motion.  6 

Recent  numerical  simulations  based  on  the  actual  array  parameters  16  have  repro¬ 
duced  the  ACVM. 
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ABSTRACT 

Most  of  the  experimental  studies  of  the  static  and  dynamical  states  in  Josephson 
junctions  are  limited  to  measuring  the  current-voltage  characteristic  under  vari¬ 
ous  experimental  conditions,  which,  however,  only  provides  a  spatially  averaged 
information  on  the  processes  inside  the  junction.  We  have  therefore  constructed  a 
simple  and  reliable  Cryogenic  Scanning  Laser  Microscope  for  in-situ,  spatially  re¬ 
solved  investigations  of  Josephson  junctions.  Usually  the  dynamical  processes  are 
very  sensitive  to  external  noise,  making  it  essential  for  a  microscope  of  this  kind  to 
have  a  very  low  noise  level.  This  is  met  in  combination  with  the  demands  for  a  high 
spatial  resolution  using  a  laser  beam  emitted  from  a  3.5  fi m  diameter  optical  fiber 
mounted  on  a  piezoelectric  scanner.  Recent  measurements  on  static  and  dynamical 
states  of  Josephson  junctions  are  presented  and  discussed. 


1.  Introduction 

Due  to  recent  improvements  in  the  fabrication  of  integrated  superconducting  cir¬ 
cuits  based  on  Josephson  tunnel  junctions  it  has  become  important  to  understand  in 
detail  the  very  complex  dynamics  on  which  their  operation  is  based.  For  many  years 
the  only  way  to  characterize  the  junctions  has  been  to  investigate  their  dc  properties 
under  various  experimental  conditions,  like  measuring  the  current-voltage  (IV)  char¬ 
acteristic  and  the  critical  current  as  function  of  magnetic  field  ( IC(H )).  Such  integral 
experiments  do  not  provide  direct  spatially  resolved  information  on  the  dynamics  of 
this  highly  nonlinear  device. 

Several  attempts  have  been  made  to  overcome  this.  Already  in  1983  Scheuermann 
et  al.1  designed  the  first  scanning  laser  microscope  consisting  of  two  parts:  (i)  A 
room  temperature  optical  setup  with  a  helium-neon  laser  and  focusing  optics,  and 
(ii)  a  standard  optical  cryostat  with  windows  providing  access  for  the  laser  beam 
to  the  sample  which  is  positioned  on  a  cold  finger  in  the  vacuum  space.  Josephson 
junctions  with  various  geometries  were  investigated  in  the  static  state  by  measuring 
the  reduction  of  the  critical  current  caused  by  heating  the  junction  with  a  15-20  fim 
diameter  laser  spot2. 

Doderer  et  al.3  utilized  a  conventional  scanning  electron  microscope  (SEM)  in 
which  the  standard  sample  holder  was  replaced  by  a  small  liquid  helium  cryostat. 
The  electron  beam  can  be  focused  within  a  hundred  nanometers  so  used  as  heating 
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source  the  resolution  is  limited  only  by  the  relevant  thermal  heating  length  which 
usually  is  1-3  fim  for  Nb/AlOx/Nb  Josephson  tunnel  junctions  on  silicon  substrates. 
The  sample  is  mounted  on  a  sapphire  disk  separating  the  SEM  vacuum  space  from 
the  liquid  helium  in  the  cryostat.  The  scanning  is  performed  by  moving  the  electron 
beam  with  magnetical  mirrors. 

We  have  constructed  a  Cryogenic  Scanning  Laser  Microscope  (CSLM)  relying 
on  the  detection  of  the  electrical  response  of  the  circuit  to  a  very  localized  heating 
induced  by  irradiation  with  675  nm  wavelength  light  from  a  AlGalnP  semiconductor 
laser  mounted  with  an  optical  fiber.  The  scanning  is  performed  by  moving  the  fiber  tip 
(kept  a  few  micrometers  above  the  chip)  with  a  novel  piezoelectric  scanner,  specially 
designed  to  meet  the  requirements  for  a  large  scanning  range  area.  A  scanning  range 
well  above  500  fim  has  been  demonstrated  at  4.2  K. 

Sec.  2  introduces  the  relevant  physical  models  for  CSLM  experiments  on  a  long 
Josephson  tunnel  junction,  i.e.  with  a  length  L  Aj,  the  Josephson  penetration 
length.  In  Sec.  3  we  give  an  overview  of  the  microscope  design  and  the  experimental 
setup.  In  Sec.  4  we  present  and  discuss  the  results.  Sec.  5  concludes  the  paper. 


2.  A  model  for  localized  laser  heating  on  superconductors 

When  light  with  an  energy  hf  much  larger  than  the  energy  gab  A  is  irradiated 
on  a  superconductor  the  photons  will  split  the  Cooper  pairs  and  excite  the  hereby 
generated  quasiparticles  to  high-lying  states.  Within  a  few  picoseconds,  the  quasi¬ 
particles  relax  to  the  bottom  of  the  conduction  band  in  a  phonon  avalenche  where 
they  eventually  undergo  a  recombination  process  to  form  Cooper  pairs  accompanied 
by  an  additional  phonon  emission.  The  phonons  may  break  other  pairs  before  they 
leave  the  film  and  spread  into  the  substrate.  For  materials  like  Nb  and  Pb  the  phonon 
lifetime  is  shorter  than  the  quasiparticle  lifetime4.  Furthermore,  in  the  limit  of  high 
phonon  trapping,  it  can  be  shown  that  the  nonequilibrium  structure  generated  by  the 
laser  beam  can  be  adequately  described  by  an  effective  temperature  structure.  Here 
we  will  for  simplicity  assume  that  the  only  effect  of  the  beam  irradiation  is  a  local 
rise  in  the  temperature  at  the  laser-spot. 

Let  us  consider  a  two-dimensional  film  of  thickness  d  deposited  on  a  substrate 
which  has  the  bath  temperature  Tb.  By  assuming  that  the  local  temperature  T  of  the 
film  depends  only  on  the  distance  r  from  the  point  of  irradiation,  we  get  the  following 
heat  diffusion  equation  in  the  stationary  case: 


,d2T 


dr 2 


^  +  ’f)+^(T-Tt)  =  ir 


SA 


(1) 


where  k  is  the  heat  conductivity  per  volume  of  the  film  and  a  the  heat  transfer 
coefficient  per  area  between  the  substrate  and  the  superconducting  film.  Sa  ^a(^) 
is  the  power  per  unit  surface  area  of  the  Gaussian  beam,  i.e. 


5*(r)  =  ^Poe 


-2  rVwl 


(2) 
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where  wq  is  the  Gaussian  beam  radius  and  P0  the  optical  power.  The  final  resolu¬ 
tion  of  the  microscope  measured  as  the  full  width  half  maximum  of  the  temperature 
distribution  then  depends  on  a  combination  of  w0  and  the  thermal  healing  length 


Vo  = 


(3) 


Typically  rjo  —  1-3  /xm  for  Nb/AlOx/Nb-junctions  on  silicon  substrates5  and  w0  =  2- 
2.5  fim  for  laser  beams  from  flat  cleaved  fiber  ends  just  outside  the  near-field  region6. 
This  gives  a  resolution  of  4-5  /x m  in  agreement  with  experiments.  It  should  be  noted 
that  w0  may  be  significantly  improved  in  a  very  simple  way  by  fabricating  small  lenses 
directly  at  the  end  of  the  fiber  or  by  shaping  the  end  of  the  fiber  itself,  wq  <  1.0  /xm 
has  been  reported7. 

We  assumed  before  that  the  silicon  substrate  itself  works  as  a  thermal  reservoir. 
This  assumption  has  been  tested  by  locally  heating  a  12x6x0.625  mm  large  substrate 
with  the  laser  beam  from  the  single  mode  fiber  and  measure  the  reduction  of  the 
overall  gap  voltage  of  a  Nb/AlOx/Nb  long  Josephson  junction  as  function  of  power 
and  the  distance  between  the  fiber  and  the  junction.  The  reduction  of  the  gap  voltage 
was  found  to  depend  linearly  on  the  optical  power.  By  applying  650  fi W  optical  power, 
the  largest  available  power  for  our  system  and  more  than  10  times  the  power  usually 
needed  in  our  experiments,  we  saw  a  reduction  of  the  gap  voltage  of  the  order  of  1 
/xV,  corresponding  to  an  increase  in  temperature  in  the  low  mK  range.  This  reduction 
was  independent  of  the  distance  between  laser  beam  and  junction.  From  this  we  may 
conclude  that  the  silicon  chip  works  as  a  excellent  thermal  reservoir. 


3.  The  microscope 

The  CSLM  is  mounted  with  a  damped  spring  system  to  the  bottom  flange  of  a 
standard  cryogenic  test  probe  in  order  to  reduce  interference  from  extraneous  mechan¬ 
ical  vibrations.  The  probe  with  built-in  electronics  may  be  used  in  helium  cryostats 
or  directly  immersed  in  an  ordinary  liquid  helium  transport  vessel.  In  this  way  we 
can  mount  and  thermally  cycle  samples  several  times  per  day,  still  keeping  the  oper¬ 
ational  costs  low.  Cooling  from  273  K  to  4  K  takes  1  hour  with  the  use  of  1.5  1  liquid 
helium.  The  evaporation  rate  caused  by  the  microscope  during  experimental  runs  is 
only  30-40  ml/hour. 

A  schematic  diagram  of  the  experimental  setup  is  shown  in  Fig.  1.  A  personal 
computer  with  a  standard  A/D  interface  is  used  interactively  to  perform  the  scanning 
process.  The  signal  from  the  computer  is  led  to  a  pair  of  high-voltage  amplifiers  able 
to  deliver  a  voltage  swing  of  ±200  V  to  the  piezo-scanner  from  two  mutually  inverted 
outputs.  The  heating  source  is  a  commercially  available  laser  diode  mounted  to  a 
single  mode  optical  fiber  with  a  core  diameter  of  3.5  /mi.  The  optical  output  of  the 
laser  is  usually  modulated  in  the  frequency  range  4-8  kHz  by  the  signal  from  the 
reference  oscillator  in  the  lock-in  amplifier  which  is  also  used  for  detection  of  the 
response  signal  from  the  sample  under  investigation. 
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Fig.  1.  Experimental  setup  for  the  CSLM.  The  semiconductor  laser  output  power  is  modulated  by 
the  reference  oscillator  in  the  lock-in-amplifier. 


A  maximum  scan  rate  of  40  lines  per  second  is  given  by  the  software  and  not  by 
the  high-frequency  cut-off  of  the  piezo-scanner.  Normally  we  use  a  scan  rate  of  a  few 
lines  per  second  in  order  to  utilize  the  low-pass  filtering  of  the  output  signal  from  the 
lock-in  amplifier. 

In  order  to  achieve  this  relatively  large  scanning  range  we  have  implemented  a 
novel  piezoelectric  scanner  consisting  of  two  series-connected  cantilevered  bimorph 
actuators  mounted  perpendicular  to  each  other.  The  design  is  shown  in  Fig.  2.  By 
applying  a  voltage  V  to  one  outer  electrode  of  the  bimorph  and  —  V  to  the  other  and 
keeping  the  center  electrode  voltage  constant,  the  bimorph  will  bend  and  move  the 
fiber  tip  horizontally  with  respect  to  the  sample.  The  displacement  of  the  fiber  tip 
Axs(V)  (or  Ays(V))  is 


^  =  ($Tv{1  +  t)  (4) 

where  l  and  t  is  the  length  and  the  thickness  of  the  single  piezo-electric  plate,  re¬ 
spectively,  and  d3i  is  the  piezoelectric  constant.  The  total  scanning  range  is  then 
2Axs(Vr)  and  2 A ys{V)  respectively,  since  the  voltage  of  each  electrode  in  our  setup 
can  be  reversed  utilizing  the  dual  output  of  the  high  voltage  amplifiers.  The  piezoelec¬ 
tric  constant  d3i  depends  on  the  operating  temperature  and  it  is  therefore  necessary 
to  calibrate  the  bending  of  the  bimorph  at  the  actual  temperature.  By  utilizing  the 
optical  resonance  effect  between  the  flat  fiber  tip  and  the  sample  surface  when  the 
scanner  is  dilatated  by  employing  the  same  voltage  to  both  center  electrodes,  we  ob¬ 
serve  a  weak  modulation  of  the  response  signal  from  the  junction  corresponding  to  a 
periodicity  of  half  an  optical  wavelength  when  it  is  biased  in  the  thermal  tunneling 
regime.  For  the  piezoelectric  constant  we  find  d3 1  =  47  •  10-12  m/V  at  4.2  K,  which 
is  in  excellent  agreement  with  other  experiments8. 


Fig.  2.  The  piezo-scanner  consisting  of  two  cantilever  mounted  bimorph  actuators  oriented  per¬ 
pendicular  to  each  other.  Typical  dimensions  in  millimeters  are:  (lx,tx)  =  (42,0.35)  and 
(ly,ty)  =  (20,0.4). 


Fine  alignment  of  the  fiber  tip  relative  to  the  sample  is  performed  by  moving 
the  entire  piezoscanner  with  a  mechanical  alignment  system  that  during  experiments 
is  operated  from  the  top  of  the  cryoprobe.  The  vertical  alignment  (perpendicular 
to  the  sample  surface)  of  the  fiber  relative  to  the  sample  surface  is  performed  by 
a  differential  screw  moving  the  piezoscanner  50  fim  per  turn.  The  horizontal  fine- 
positioning  (parallel  to  the  sample  surface)  is  performed  by  two  spindle  driven  wedges 
made  so  that  one  turn  of  the  spindle  corresponds  to  80  /mi.  The  total  horizontal 
operating  range  is  3.5  mm  x  3.5  mm. 

The  beam  emanating  from  the  fiber  end  can  within  a  distance  of  20-30  pm  from 
here  be  considered  collimated,  so  as  long  as  the  sample  is  in  this  region,  vertical 
aligning  is  not  critical.  If  we  increase  the  distance  between  the  sample  surface  and 
the  fiber  end  to  50  /mi,  the  half  power  width  of  the  beam  is  only  6  /mi,  which  still  is 
usable  for  many  pratical  applications. 

4.  Measurements 


4-1-  Quasiparticle  tunneling  distribution 

Assume  that  a  long  Josephson  junction  is  current  biased  in  the  subgab  region, 
and  that  it  is  operated  in  the  weak  perturbation  limit.  It  can  then  be  shown  that  the 
change  in  measured  voltage  6V  as  function  of  beam  position  (a;,  y)  can  be  written  as9 


y ) 
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Fig.  3.  Quasiparticle  tunneling  distribution  of  a  5  fim  wide  inhomogeneous  long  Josephson  tunnel 
junction.  The  picture,  not  drawn  to  scale,  showing  a  sample  area  of  300  X  35  fi m2,  was  recorded 
in  7  min.  with  a  scan  rate  of  1.2  lines  per  second  in  an  8  bit  resolution.  Besides  demonstrating  a 
high  resolution,  it  also  proves  the  long  term  stability  of  the  CSLM.  The  arrows  mark  the  position 
and  the  direction  of  the  line-scan  shown  below  the  image. 


where  an  is  the  normal  state  conductance  and  tCQ  a  constant.  As  long  as  the  perturbed 
area  is  kept  small  compared  to  the  entire  junction  area,  dV/dl  is  the  differential 
resistance  of  the  unperturbed  junction  at  the  bias  point,  /&.  Fig.  3  shows  an  image 
of  a  part  of  a  5  ^m  wide  and  500  fi m  long  Josephson  junction  fabricated  with  5 
fim  wide  inhomogeneities  placed  with  a  mutual  distance  of  100  fim.  The  voltage 
response  reflects  the  variation  of  the  quasiparticle  tunneling  conductance  caused  by 
the  inhomogeneities  as  expected  from  Eq.  (5).  Dark  regions  correspond  to  minimum 
response  signal,  white  to  maximum.  The  arrows  mark  the  direction  and  position  of 
the  linescan  shown  below. 

If  the  junction  is  biased  at  the  gap,  its  local  variation  can  no  longer  be  neglected 
and  it  can  be  shown  that  the  change  in  the  quasiparticle  tunneling  current,  6Iqp 
reflects  the  local  gap  voltage.  Therefore  when  scanning  a  long  Josephson  junction 
having  a  spatially  inhomogeneous  gap,  only  those  regions  where  Vbias  =  2  A {x,y)/e 
yield  a  large  signal.  Hence,  the  spatial  distribution  of  the  gap  state  inside  the  junction 
can  be  measured  by  recording  a  series  of  scans  at  different  bias  points.  It  can  be  shown 
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Fig.  4.  a)-Sketch  of  the  junction  in  the  scanning  window.  The  horizontal  arrow  indicates  the  scan 
direction  in  b)  and  c).  b)-Voltage  response  from  the  junction  when  biased  in  the  subgab  regime  at 
V  =  2.4  mV  below  the  gab  voltage  but  above  the  flux  flow  region.  c)-Voltage  response  with  the 
junction  biased  at  0.7  mV  with  a  applied  magnetic  field. 


that  positions  where  we  observe  a  larger  quasiparticle  tunneling  conductance,  e.g.  a 
microshort,  correspond  to  a  lovering  of  the  gap  voltage9,10. 

4-2.  Flux  flow  oscillators 

The  unidirectional  viscous  flow  of  magnetic  flux  quanta  in  long  Josephson  junc¬ 
tions  with  high  damping  has  recently  been  suecesfully  used  for  the  development  of 
local  oscillators  for  fully  superconducting  integrated  sub-mm  wave  receivers11,12,13. 
The  CSLM  has  been  used  to  investigate  samples  containing  these  so-called  flux  flow 
oscillators  (FFO).  Fig.  4a  shows  a  sketch  of  the  500x5  (im 2  large  FFO  placed  in  the 
scanned  area.  Fig.  4b  shows  the  voltage  response  recorded  with  the  FFO  biased  near 
the  gap  voltage  at  2.4  mV  above  the  flux  flow  region.  The  voltage  response  shown 
in  Fig.  4c  is  obtained  with  a  bias  point  at  V  =  0.7  mV  below  the  flux  flow  region 
in  the  presence  of  a  magnetic  field.  It  is  noteworthy  that  the  distance  between  the 
peaks  (marked  with  vertical  arrows)  is  around  60  n m.  This  example  demonstrates 
that  we  without  any  special  precautions  are  able  to  in-situ  trace  out  a  dynamical 
state  of  the  flux  flow  oscillator.  This  work  is  in  progress.  Experiments  on  one-  and 
two-dimensional  arrays,  stacked  junctions  as  well  as  on  high-Tc  flux  flow  devices  are 
in  preparation. 
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5.  Concluding  Remarks 

We  have  constructed  a  novel  cryogenic  scanning  laser  microscope  where  in  contrast 
to  earlier  designs,  the  entire  microscope  including  sample  stage,  piezoelectric  scanner 
and  mechanical  alignment  system  is  maintained  at  low  temperatures  in  a  compact 
design.  Due  to  the  small  interference  from  electromagnetic  noise  and  mechanical 
vibrations,  the  microscope  is  well  suited  for  spatially  resolved  in  situ  experiments 
on  operating  Josephson  junction  circuits.  The  sample  can  be  directly  cooled  by  the 
cryogenic  liquid  (He  or  N2).  External  magnetic  fields  may  be  applied  without  influ¬ 
encing  neither  the  movement  of  the  fiber  tip  nor  the  spatial  resolution.  Experiments 
performed  on  various  geometries  of  long  Josephson  junctions  have  demonstrated  that 
the  CSLM  may  work  as  an  important  diagnostic  tool  in  the  development  of  fully 
integrated  superconducting  receiver  systems. 
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ABSTRACT 

The  concept  of  a  fully  integrated  superconducting  receiver  looks  very  attractive 
especially  for  sub-mm  astronomy  and  space  research  where  low  weight  and  volume  are 
required.  In  order  to  realize  a  fully  superconducting  receiver  one  should  integrate  on  a 
few  chips  the  different  planar  components:  a  SIS  mixer  detector  with  quasioptical 
antenna,  a  superconducting  local  oscillator  (LO),  an  intermediate  frequency  amplifier 
and  the  circuits  for  digitazing  of  down-converted  signals  and  their  real  time  processing. 
The  SIS  mixer  itself  is  undoubtedly  the  best  choice  as  low  noise  front-end  detector  at 
frequencies  from  100  to  1000  GHz;  its  noise  temperature  is  limited  only  by  the 
fundamental  quantum  value  -  hf/k.  All  other  components  for  proposed  integrated 
receiver  are  still  under  investigations.  One  of  the  best  LO  candidates  is  the  Flux-Flow 
Oscillator  (FFO)  based  on  unidirectional  and  viscous  flow  of  magnetic  vortexes  in  a 
long  Josephson  tunnel  junction  with  high  damping.  The  frequency  of  the  Flux-Flow 
Oscillator  (FFO)  can  be  tuned  in  a  wide  range  and  is  limited  only  by  the 
superconducting  gap  frequency;  moreover  the  FFO  provides  sufficient  output  power  to 
pump  SIS  array  mixers.  In  combination  this  is  why  the  simple  and  reliable  FFO  looks 
so  promising  as  local  oscillator  for  integrated  submillimeter  wave  receivers. 

Superconducting  FFO,  integrated  on  the  same  chip  with  the  microwave  detector, 
have  been  investigated  in  the  frequency  range  100  -  850  GHz.  The  possibility  of 
adjusting  the  FFO  frequency  and  power  by  changing  the  magnetic  field  and  /or  the  bias 
current  has  been  demonstrated  and  an  available  microwave  power  as  high  as  5  |iW  has 
been  detected  at  440  GHz.  A  front-end  noise  temperature  of  85  K  has  been  measured  at 
140  GHz  for  a  wavequide  integrated  receiver  with  a  FFO. 

A  first  implementation  of  a  real  integrated  quasioptical  receiver  for  frequencies  up 
to  500  GHz  is  described.  The  one-chip  receiver  comprises  a  double  dipole  antenna,  SIS 
mixer  and  Josephson  FFO  with  matching  circuits.  The  results  of  extensive 
investigations  of  the  integrated  receiver  are  presented. 

*  Research  was  supported  in  part  by  the  International  Science  Foundation 
(Contract  MCH000),  the  Russian  Program  of  Fundamental  Research  (G  92-02-3484), 
NATO  (LG  921040),  and  the  Danish  Research  Academy. 
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1.  Introduction 

There  is  an  urgent  need  for  fully  integrated  receiver  in  the  field  of  sub-mm  space 
astronomy  where  low  weight,  power  consumption  and  volume  are  required.  The 
integrated  receiver  should  comprise  different  planar  components:  a  SIS  mixer  detector 
with  quasioptical  antenna,  a  superconducting  local  oscillator  (LO),  an  intermediate 
frequency  amplifier  and  the  circuits  for  digitization  of  down-converted  signals  and  their 
real  time  processing.  The  SIS  mixer  itself  is  undoubtedly  the  best  choice  for  a  low  noise 
front-end  detector  at  frequencies  from  100  to  1000  GHz.  In  the  past  few  years  SIS 
heterodyne  receivers  have  been  successfully  used  in  radio  astronomy  for  observation  of 
spectra  showing  the  lowest  possible  noise  temperature  in  the  mm  and  sub-mm  wave 
range.  The  noise  temperature  of  a  SIS  mixer  is  ultimately  limited  by  the  fundamental 
quantum  value  ~  hf/k  l.  All  other  components  for  proposed  integrated  receiver  are  still 
under  investigations. 

At  high  frequencies  (above  100  GHz)  the  lack  of  compact  and  easily  tuneable 
local  oscillators  is  a  serious  problem  that  motivates  the  direct  on-chip  integration  of  the 
superconducting  local  oscillator  with  the  SIS  mixer.  The  two  major  types  of  circuits 
which  have  been  successfully  used  for  the  mm  and  sub-mm  superconducting  LO: 
synchronous  arrays  of  the  lumped  Josephson  junctions2  * 4  and  long  Josephson  junctions 
where  fluxon  motion  takes  place5  * 8.  For  the  synchronous  arrays  large  output  power  (up 
to  40  pW)  has  been  obtained  at  frequencies  about  400  GHz  in  a  matched  load4;  but  no 
linewidth  narrower  than  10  MHz  has  been  measured  for  Josephson  10-junctions  array3. 
Two  different  modes  of  oscillations  in  long  tunnel  junctions  can  be  used  as  microwave 
source:  i)  resonant  soliton  motion  (at  weak  applied  magnetic  field  in  a  junction  with 
low  damping),  conventionally  this  device  is  called  the  soliton  oscillator;  ii) 
unidirectional  and  viscous  magnetic  flux-flow  (at  relatively  large  magnetic  field 
applied)  in  a  junction  with  high  damping.  The  soliton  oscillator  has  very  narrow 
linewidth5,  but  its  frequency  is  strictly  determined  by  the  junction  length.  Only  a 
relatively  small  power  can  be  delivered  to  the  load  in  this  case.  The  frequency  of  the 
Flux-Flow  Oscillator  (FFO)6  -  8  can  be  tuned  in  a  wide  frequency  range  and  is  limited 
only  by  the  superconducting  gap  frequency.  Moreover  the  FFO  provides  nearly 
sinusoidal  output  with  low  content  of  higher  harmonics  and  sufficient  power  to  pump 
SIS  array  mixers.  In  combination  this  is  why  the  FFO  in  our  opinion  looks  so  promising 
as  local  oscillator  for  integrated  submillimeter  wave  receivers. 

Superconducting  FFO,  integrated  on  the  same  chip  with  the  microwave  detector, 
have  been  investigated  over  the  frequency  range  100  -  450  GHz8  -  10.  The  possibility  of 
adjusting  the  FFO  frequency  and  rf  power  has  been  demonstrated  and  an  available 
microwave  power  as  high  as  0.3  pW  has  been  detected  at  375  GHz.  The  spectral 
linewidth  of  the  FFO  was  about  1  MHz,  as  has  been  inferred  from  different  mixing 
experiments8  '  10.  A  front-end  noise  temperature  (DSB)  of  85  K  of  a  wavequide 
receiver  with  FFO  has  been  achieved  at  140  GHz8. 
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Superconducting  intermediate  frequency  amplifiers  (fIF  ~  100  MHz)  have  been 
realized  on  the  base  of  dc  SQUIDs  with  noise  temperatures  about  1  K11*  12.  Important 
advantages  of  the  IF  SQUID  Amplifier  (SQA)  are:  i)  its  extremely  low  power 
dissipation  (<  1  nW);  ii)  its  small  size  (~1  mm^);  iii)  full  electrical  and  temperature 
compatibility  with  the  superconducting  sensitive  devices  such  as  Josephson  and  SIS 
mixers.  The  signal  frequency  of  the  SQA  can  be  considerably  raised  by  increasing  the 
frequency  of  "parametric  pump"  (e.g.  Josephson  frequency)  as  well  as  by  using  a  multi¬ 
loop  SQA  with  integrated  input  circuits.  In  order  to  increase  the  SQA  bandwidth  one 
can  use  a  parallel  combination  of  single  amplifiers  with  slightly  different  frequencies. 

A  superconducting  digital  correlator  might  be  used  as  a  back-end  device  for  a  fully 
integrated  receiver.  The  proposed  concept13  is  based  on  the  employing  the  ultrafast 
RSFQ  elements14’ 15  in  the  digital  sign  correlator  architecture  that  is  well  developed  for 
semiconductor  circuitry.  One  of  the  most  important  features  of  the  new  approach  is  a 
possibility  of  cascading  of  relatively  simple  "building  blocks"  (each  with  about  1000 
Josephson  junctions)  which  will  be  connected  only  by  low  frequency  (about  1  GHz) 
lines. 

The  integration  of  SIS  mixer,  planar  antenna  and  FFO  together  with  the  circuits 
for  analog  to  digital  conversion  and  real  time  data  processing  provides  an  excellent 
opportunity  for  the  realization  of  a  modular  satellite  cryogenic  receiver.  This  receiver 
will  have  according  to  our  estimations  unique  parameters:  low  noise  temperature  (only 
10  times  above  the  quantum  limit)  at  frequencies  possibly  as  high  as  700  GHz,  good 
spectral  resolution  (better  than  1  MHz  over  a  1  GHz  bandwidth),  and  low  power 
dissipation  (about  1  W),  and  high  reliability. 

In  this  report  the  results  of  a  comprehensive  study  of  the  dc  and  high  frequency 
properties  of  the  FFO  are  described.  The  first  encouraging  result  of  the  integration  of  a 
SIS  mixer  with  planar  quasioptical  antenna  and  a  FFO  for  frequency  around  500  GHz  is 
also  presented. 


2.  Fabrication  of  the  Integrated  Circuits 

The  technological  procedure  for  fabrication  of  high  quality  Nb-A10x-Nb  junctions 
and  integrated  circuits16’  17  is  based  on  well  known  Selective  Niobium  Etching  and 
Anodization  Process  (SNEAP)18’19.  Nb-A10x-Nb  trilayer  is  deposited  in  oil  free 
vacuum  system  equipped  with  DC  and  RF  magnetrons  and  a  liquid  nitrogen  Meisner 
trap.  The  background  pressure  in  this  configuration  typically  is  better  than  5 - 1 0-7  mbar. 
All  layers  were  deposited  on  substrates  thermally  attached  to  a  water-cooled  copper 
substrate  holder.  Nb  base  and  counter  electrodes  (thickness  d  =  200  nm  and  100  nm, 
respectively)  were  deposited  by  DC  magnetron  sputtering  (rate  v  =  3  nm/s  ),  A1  -  by  RF 
magnetron  sputtering  (v  =  0.2  nm/s  ). 

The  junction  area  was  defined  by  Reactive  Ion  Etching  (RIE)  in  a  mixture  of  CF4 
+  15%  O2.  In  order  to  decrease  the  stray  capacitance  SiO  (or  SiC>2)  layer  (d  =  250  nm) 
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was  used;  RIE  photoresist  pattern  was  employed  as  a  mask  for  the  SiO  (  Si02  )  layer 
lift-off  process  (self  alignment  contact).  After  RIE  but  before  insulator  deposition  a 
"light"  anodization  up  to  10  -  20  V  was  carried  out  to  avoid  microshorts  at  the  lateral 
sides  of  the  Nb  electrodes  that  could  be  insufficiently  covered  by  insulator  layer.  The 
final  step  of  junction  fabrication  is  the  Nb  wiring  electrode  deposition  (  d  =  400  nm  ) 
which  was  performed  after  RF  sputter  cleaning.  The  geometry  of  the  wiring  layer  was 
defined  by  lift-off  process. 

The  reproducible  fabrication  of  very  small  area  junctions  (about  1  Jim2)  by  optical 
photo-lithography  is  problematic  because  of  light  diffraction  during  photoresist 
exposure  at  so  small  dimensions.  To  overcome  this  problem  the  small  area  junctions 
are  prepared  in  a  two-step  procedure.  Firstly  a  comparatively  long  (length  about  10  pm) 
and  narrow  (width  about  1.3  pm)  junction  is  defined.  After  second  line  orthogonal  to  the 
long  junction  is  patterned;  and  the  square  junction  was  realized  on  the  crossing  of  the 
lines.  In  our  RIE  set-up  it  is  possible  to  provide  controllable  underetching  about  0.1  - 
0.3  pm  per  one  side  of  the  photoresist  stencil.  So  it  is  possible  to  decrease  the  linear 
dimensions  of  the  junctions  from  1.3  pm  (which  can  be  obtained  by  regular  optical 
lithography)  to  approximately  0.8-1  pm.  In  consequence  the  high  quality  submicron 
Nb-A10x-Nb  junctions  (areas  as  low  as  0.7  pm2  )  have  been  successfully  fabricated  and 
used  as  the  elements  of  superconducting  integrated  circuits. 

The  intrinsic  stress  in  the  junction  electrodes  deteriorates  a  junction  quality.  The 
relaxation  of  the  stress  during  Nb  patterning  leads  to  the  breakdown  of  a  tunnel  barrier 
and  creates  the  microshorts  which  shunt  the  SIS  junctions.  The  value  of  the  stress 
depends  on  the  dc  voltage  in  the  discharge  during  Nb  sputtering.  The  conditions  for 
preparation  of  the  stress-free  films  have  been  determined  in  special  experiments16.  The 
optimal  conditions  for  sputtering  of  zero-stress  Nb  films  in  our  case  are  realized  at 
300  W  power  and  10-2  mbar  argon  pressure  resulting  in  220  V  dc  voltage.  The  typical 
IV  curves  for  junctions  fabricated  at  optimal  conditions  are  shown  in  the  Fig.  1.  The 
IVC  of  the  series/parallel  array20  is  presented  in  Fig.  lb;  the  area  of  each  junction  in  the 
array  is  1  pm2  and  all  four  junctions  in  the  array  are  connected  in  parallel  for  dc  current. 
One  can  see  that  the  junctions  prepared  at  optimal  conditions  demonstrate  high  quality 
characteristics  with  an  subgap  to  normal  state  resistance  ratio  Rj/Rn  up  to  50  and  the 
gap  smearing  of  about  200  pV  even  for  junction  areas  as  small  as  1  pm2. 

For  Large  Scale  Integration  (LSI)  circuits  based  on  Nb-A10x-Nb  junctions  we 
have  developed  a  technological  process  for  multilayer  circuits  fabrication  and 
successfully  employed  it  for  the  preparation  of  the  RSFQ  and  microwave  micro- 
circuits  15,17,20  The  quality  of  the  insulation  layers  between  superconducting  electrodes 
is  serious  problem  for  LSI  circuits.  We  use  the  combination  of  the  double  layer  SiO 
(Si02)  film  and  "light"  anodization  up  to  10  -  20  V  to  obtain  good  insulation  between 
Nb  electrodes.  Special  experiments  have  shown  perfect  insulating  properties  even  for  a 
few  mm^  overlap  area  of  the  Nb  electrodes. 
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Automatic  System  of  Measurement  ft  Analysis 
U,mU  for  Tunnel  Junctions,  IKE  KAN 


I  ,nA 


Rn=  2.40  Rj^Rn=  60.12  Jg=  204.4  A.'cm* 

Ug  =  2.83  mU  dUg=  111.2  ft  U  Jc=  130.1  A/cm* 

I step =  1  Nauer=  1  463  paints 


Automatic  System  of  Measurement  &  Analysis 
UinM  for  Tunnel  Junctions,  IRE  RAN 


I  jrafcA 


Rn  =  21.73  Rj/Rn  =  47.19  Jg  = 2784 . 2  A/crn* 

Ug  =  2.80  mU  dUg  =  234.6  ftV  Jc  =  86.5  A/'em* 

Istep =  3  Naver=  1  180  points 


Fig.  1  IVCs  of  high  quality  Nb-A!Ox-Nb  junctions  fabricated  at  optimal  conditions,  and  measured 
by  data  acquisition  system: 

a)  IVC  of  large  area  junction.  Note  that  even  for  area  500  jim^  the  tunnel  oxide  is  uniform  and  of 
excellent  quality. 

b)  IVC  of  series/parallel  SIS  mixer  array.  The  array  comprises  four  1  fim^  area  junctions  which 
are  connected  in  parallel  for  dc  current.  It  should  be  noted  that  for  junction  area  as  low  as  1  jim^  the 
Rj/Rn  ratio  about  50  can  be  obtained  in  a  complicated  microwave  circuit  with  tuning  elements. 
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600  nm  microstrlp 
2x210  nm  Insulator 
100  nm  resistor 
360  nm  contactor 
100  nm  counter  electrode 


Al+AlOt,  6  nm  barrier 


Si0t  2x130  nm  Insulator 
NbgOg  20  nm  anodic  oxide 
Nb  200  nm  base  electrode 
AlgOjj  100  nm  Insulator  layer 

quaix  substrate 


Fig.  2  Schematic  cross-section  of  the  FFO  multilayer  integrated  circuit. 

The  schematic  cross  section  of  FFO  multilayer  structure  is  shown  in  the  Fig.  2. 
One  can  see  three  superconducting  layers:  two  Nb  electrodes  of  the  tunnel  junction  and 
the  Nb  film  of  the  superconducting  microstrip  (upper  left  Nb  layer);  the  Mo  (or  Ti) 
resistor  is  placed  on  the  Si02  insulator  layer  in  the  upper  part  of  the  circuit;  the  A1  oxide 
layer  has  been  used  for  protection  of  a  silicon  or  quartz  substrate  during  RIE.  The  total 
number  of  different  layers  in  these  circuits  may  be  as  high  as  1 1 . 


3.  Experimental  system 

For  a  comprehensive  study  of  the  FFO  properties  different  integrated  circuits 
comprising  long  Josephson  junctions  and  microwave  SIS  detectors  have  been  designed. 
Fig.  3  shows:  a)  a  cross-section;  b)  a  layout;  and  c)  a  simplified  equivalent  diagram  of 
one  of  the  tested  on-chip  integrated  circuit.  The  circuit  comprises  two  identical  FFOs 
(FFOl  -  "10"  and  FF02  -  "1 1";  junction  length,  L  =  200  pm,  width,  W  =  1.5  pm),  a  SIS 
mixer  array  detector  with  a  capacitance-tune-out  circuit  ("14",  area,  S  =  1.3  *  1.3  pm2), 
three  impedance  matching  transformers  ("9",  "12"  and  "13"),  and  a  fin-line  antenna 
("8").  The  tuning-out  inductance  for  the  two  SIS  junction  (parallel  dc  biased20)  array 
("  14")  and  the  transformers  ("  12",  "13")  were  designed  for  optimum  performance  at  450 
GHz.  All  microcircuits  had  three  superconducting  Nb  layers  and  two  double  insulating 
SiO  layers.  The  integrated  circuits  have  been  fabricated  with  a  technique  developed  for 
producing  SIS  mixer  elements  and  Rapid  Single  Flux  Quantum,  RSFQ,  digital 
devices17.  Details  of  the  circuit  design  and  experimental  set-up  will  be  described 
elsewhere21].  The  high  quality  Nb-A10x-Nb  tunnel  junctions  have  a  critical  current 
density,  jc  =  8  kA/cm2,  and  a  Josephson  penetration  depth,  Aj  =  4  pm.  The  product  of 
the  normal  state  resistance  and  the  junction  area,  Rn  S,  is  25  Q  pm2. 
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Fig.  3  Schematic  drawing  (a),  simplified  equivalent  diagram  (b)  and  central  part  (c)  of  the 
experimental  on-chip  integrated  circuit.  "1"  -  "7"  -  contact  pads;  ”8"  -  fin-line  antenna;  "9",  ”12",  "13"  - 
Chebyshev  impedance  matching  transformers;  "10"  -  FFOl;  "11"  -  FF02;  "14"  -  two  junction  SIS  array 
with  tuning-out  circuit. 


For  investigation  of  the  properties  of  the  autonomous  FFO  we  used  a  simplified 
version  of  the  described  above  integrated  circuit.  The  test  circuit  consists  of  two 
independent  parts;  each  comprises  identical  FFO  (length,  L  =  500  pm,  width,  W  = 
4.5  pm),  a  SIS  mixer  array  detector  (area,  S  =  1.1  *  1.1  pm2)  with  capacitance  tune-out 
elements  and  impedance  matching  transformer.  The  tuning-out  inductance  for  the  two 
SIS  junctions  array  (connected  in  parallel  for  both  dc  and  rf  currents)  and  two  step 
impedance  transformers  were  differently  designed:  one  for  wide-band  operation  around 
the  400  GHz  central  frequency  (circuit  WB);  and  other  one  for  600  GHz  frequency 
range  (HF). 
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4.  Properties  of  the  autonomous  FFOs 

Typical  FFO  I-V  characteristics  (IVC)  measured  for  the  test  circuits  WB  and  HF 
at  different  values  of  the  magnetic  field,  produced  by  a  current,  Jq  j  ,  through  a  control 
line  are  shown  in  Fig  4;  the  dependence  of  the  FFO  critical  current  Ic  on  control  line 
current  ^  j  is  presented  in  Fig.  5.  The  control  line  was  integrated  in  the  base  electrode 
of  the  FFO.  We  used  a  small  value  resistor  (R  <  1  Ohm)  incorporated  in  the  base 
electrode  in  order  to  disconnect  superconducting  film.  Both  the  usual  "overlap" 
geometry  and  geometry  with  special  "finger"  layout  for  uniform  bias  current 
distribution8  result  in  very  similar  IVCs  and  ^  (Icj  )  dependencies.  It  should  be  noted 
that  for  WB  and  HF  circuits  the  FFO  had  extended  overlap  (length  about  50  pm)6*  8 
where  bias  current  was  not  supplied.  These  unbiased  "tails"  considerably  decrease  the 
self-field  effects  and  results  in  very  steep  flux-flow  steps  in  the  IVCs. 


Fig.  4:  IV- 

characteristics  of  the 
FFO  at  different 
magnetic  fields 

produced  by  the 

integrated  control  line. 


0  '  1.0  '  Z0  '  3.0 

Voltage  (mV) 

The  peculiarities  of  the  IVCs  at  voltages  below  900  pV  are  typical  for  our  FFOs. 
They  are  fully  reproducible  and  might  be  explained  by  some  remain  of  external  or 
internal  resonances.  The  damping  parameter  a  is  very  low  for  our  junctions  (typically  a 
-0.01)  and  even  at  a  reduced  length  of  1  =  L/Aj  ~  100  we  have  non-pure  flux-flow 
regime  for  V  <  900  pV.  At  higher  voltages  the  surface  losses  of  the  films,  (3,  start  to  play 
a  more  significant  role,  because  of  strong  frequency  dependence  of  the  quality  factor  Qj: 
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Qj=  («  +  P*(f/fp)2  J-1,  (1) 

where  fp  is  the  maximum  plasma  frequency.  The  peculiarities  at  low  voltages  can  not  be 
attributed  to  resonances  in  the  external  microwave  system,  because  very  similar 
behaviour  is  observed  also  for  "naked"  FFOs  (not  integrated  with  transformers  and 
detectors). 


Control  line  current  (mA) 


Fig.  5  Dependence  of  the  FFO  critical 
current  on  control  line  current,  Ic  ] . 


Fig.  6  IVCs  of  the  SIS  detector  (wide 
band  design)  pumped  by  FFO  at  dirrerent 
frequencies. 


Numerous  experiments  where  microwave  power  was  detected  from  similar  FFOs 
by  different  SIS  elements  and  transformers  have  demonstrated  that  the  FFO  itself  can 
oscillate  in  a  very  wide  frequency  range.  The  IVCs  of  the  SIS  detector  (test  circuit  WB) 
pumped  by  the  FFO  at  different  frequencies  are  shown  in  Fig.  6.  One  can  see  that  there 
is  enough  power  to  pump  the  SIS  mixer  in  a  wide  frequency  range  from  250  up  to 
650  GHz,  especially  taking  into  account  that  microwave  detector  in  this  case  comprises 
two  parallel  connected  SIS  junctions.  The  highest  detectable  frequency  was  as  high  as 
850  GHz  significantly  above  the  gap  frequency,  fg  =  2eVg/h.  The  dependence  of  the  first 
Josephson  step  on  the  FFO  frequency  is  shown  in  Fig.  7  for  HF  integrated  test  circuit. 
The  SIS  detector  in  this  case  was  shunted  by  10  Ohm  resistor  what  simplify  the 
Josephson  steps  detection.  Note  the  well-defined  Riedel  peak  at  frequency  635  GHz  that 
corresponds  to  the  gap  voltage  of  the  junction,  Vg  =  2.63  mV. 
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The  possibility  of  FFO  microwave  power  adjustment  at  constant  frequency  is 
demonstrated  in  Fig.  8.  It  was  possible  to  tune  the  microwave  power  by  changing  of  the 
FFO  dc  bias  current  at  approximately  constant  FFO  voltage  (moving  mainly  along  the 
so-called  flux-flow  steps  (FFS)  or  velocity  matched  steps  (VMS)  see  Fig.  4).  The 
microwave  power  received  by  the  detector  was  measured  by  recording  of  the  critical 
current  and  Josephson  step  power-dependent  amplitude.  At  the  440  GHz  it  was  possible 
to  suppress  the  critical  current  of  the  shunted  junction  (Ic  =1.3  mA,  Rn  =  2.2  Ohm)  to 
zero  and  realize  the  maximum  amplitude  of  the  first  Josephson  step  AIj  =  0.55  mA.  It 
corresponds  to  an  amplitude  of  the  microwave  current  in  the  detector  Iw  ~  1.8  mA  and  a 
delivered  power  of  about  5  pW. 


FFO  frequency  (GHz) 


Fig.  7  Amplitude  of  the  first 
Josephson  step  for  HF  SIS  detector 
as  a  function  of  the  FFO  frequency. 


Fig.  8  SIS  IVCs 
measured  for  different  values  of 
the  FFO  dc  bias  current  at 
constant  FFO  frequency  f  = 
425  GHz. 


Voltage  (mV) 
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5.  Integrated  Receiver  Chip:  Design  and  Main  Parameters 

For  the  design  of  an  integrated  receiver  chip  several  (sometimes  contradictory) 
requirements  should  be  taken  into  account.  First  of  all  it  is  necessary  to  pump  a  SIS 
mixer  element  close  to  its  optimal  operational  point  ( oc  =  eV/hf  ~  1  at  signal  frequency). 
But  at  the  same  time  one  should  avoid  too  large  leakage  of  the  signal  power  to  the  LO 
port  so  that  the  major  part  of  the  received  by  antenna  signal  can  be  delivered  to  the 
detector.  It  means  that  the  coupling  of  the  FFO  to  the  SIS  element  should  be  not  too 
strong  to  provide  a  reasonable  isolation  between  the  signal  input  and  the  LO  circuit.  In 
addition  a  separate  control  line  for  suppression  of  the  supercurrent  and  thus  the 
Josephson  noise  in  the  SIS  mixer  should  be  placed  close  to  the  SIS  junction  and  in  such 
a  way  that  it  does  not  deteriorate  the  antenna  performance. 

With  extensive  numerical  calculations  a  suitable  circuit  was  chosen  and  its  main 
parameters  were  optimized.  We  use  a  single  SIS  junction  as  a  mixer  element  situated  in 
the  centre  of  a  double  dipole  antenna.  The  antenna  and  the  SIS  tuning  elements  are 
designed  for  a  central  frequency  of  450  GHz.  The  symmetry  of  the  antenna  allows  to 
introduce  additional  leads  positioned  opposite  to  the  IF  output  utilizing  the  same  "choke 
filter"  design.  These  leads  are  used  for  connecting  the  SIS  control  line  as  well  as  the 
ground  plane  for  the  microstrip  line  through  which  the  FFO  power  is  supplied.  The 
layout  of  the  central  part  of  the  receiver  chip  of  one  of  our  designs  (a)  as  well  as  an 
enlarged  view  of  the  antenna  and  mixer  with  tuning  circuits  (b)  are  shown  in  Fig.  9.  The 
integrated  receiver  chips  are  fabricated  on  4  mm  by  4  mm  and  0.15  -  0.2  mm  thick  glass 
or  crystalline  quartz  substrates.  Only  a  few  chips  have  been  fabricated  at  this  moment. 
The  chip  is  placed  on  the  flat  back  side  of  a  hyper-hemispherical  quartz  lens.  Ten  spring 
loaded  contacts  are  used  for  connecting  the  bias  and  the  control  lines  of  the  FFO  and 
SIS  mixer. 

The  integrated  circuits  are  fabricated  with  a  technique  developed  for  producing 
high  quality  Nb-A10x-Nb  SIS  mixers  and  RSFQ  digital  devices17.  Actually  only  two 
superconducting  Nb  layers  are  needed  in  the  new  design22  of  a  dc  block  between  FFO 
and  SIS  mixer  .  Both  SIS  and  FFO  junctions  were  fabricated  in  one  process  run;  the 
critical  current  density  is  in  the  range  of  5  -  8  kA/cm2  which  corresponds  to  a  specific 
resistivity  Rn*S  =  40  -  25  Ohm*|im2.  Different  designs  for  biasing  of  the  FFO  are 
used10;  the  long  Josephson  junctions  have  the  dimensions:  length,  L  =  450  pm;  width, 
W  =  3  pm.  A  control  line  in  the  base  electrode  is  employed  to  adjust  the  magnetic  field. 

An  attenuation  of  7  dB  (about  20  %  coupling)  between  FFO  and  SIS  is  realised  by 
using  an  impedance  mismatch  and  additional  coupling  resistors.  Injection  of  the  LO 
power  into  the  mixer  is  realized  in  two  different  ways:  either  i)  to  the  antenna  via  a 
resistor  placed  between  the  first  sections  of  the  choke  filter;  or  ii)  directly  to  the  SIS 
junction  in  the  centre  of  the  antenna.  Both  these  designs  result  in  less  than  30  %  leakage 
of  the  incoming  signal.  The  details  of  the  chip  design  and  calculations  will  be  described 
elsewhere22. 


Fig.  9.  A  photograph  of  the  chip:  a)  shows  from  bottom  left  to  upper  right:  FFO,  3  stage 
Chebyshev  transformer,  dc  block,  interconnecting  microstrip  line  lying  on  a  top  of  the  choke  filter,  double 
dipole  antenna;  b)  detail  of  the  antenna  and  mixer  with  tuning  circuit. 


6.  Test  of  the  Integrated  Receiver 

The  interconnecting  circuits  provide  a  reasonable  coupling  between  the  LO  and 
the  SIS  mixer  over  a  wide  frequency  range.  Fig.  10  shows  the  family  of  the  FFO  IVCs  at 
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different  currents  through  the  control  line.  The  ranges  where  the  FFO  pumping  leads  to 
more  than  20  %  suppression  of  the  SIS  gap  current  (pump  parameter  a  >  1)  are  marked 
by  horizontal  bars  at  different  bias  currents.  One  can  see  that  a  frequency  tuning  range 
as  large  as  21  %  has  been  obtained.  This  value  is  limited  by  the  SIS  mixer  tuning  and 
the  FFO  interface  circuits.  A  much  wider  operating  range  (up  to  800  GHz)  has  been 
observed10  for  the  same  FFO  followed  by  specially  designed  matching  circuit  and  a 
wideband  detector.  The  range  of  the  FFO  voltage  (i.e.  frequency)  tuning  by  the  control 
line  current  is  shown  in  the  inset  of  Fig.  10.  One  can  see  that  there  is  a  continuous 
tuning  range  from  350  up  to  700  GHz.  The  I-V  curves  of  the  SIS  mixer  pumped  by  FFO 
at  different  frequencies  within  the  mixer  tuning  range  are  show  in  Fig.  11.  A  pumping 
level  as  high  as  a  >  2  has  been  obtained  at  a  frequency  of  435  GHz. 


Fig.  10.  I-V  curves  of  the  FFO  at  different  control  line  currents  in  the  range  5-15  mA. 
Horizontal  bars  show  the  regions  where  pumping  of  the  SIS  junction  in  the  mixer  with  a  >  1  has  been 
obtained.  The  dependence  of  the  FFO  dc  voltage  on  the  control  line  current  at  a  bias  current  of  9  mA  is 
shown  in  the  inset. 
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Fig.  11.  I-V  characteristics  of  the  SIS  mixer  without  pumping  and  pumped  by  the  FFO  at  3 
different  frequencies  (FFO  bias  current  was  9  mA,  see  Fig.  10). 

The  output  power  of  the  FFO  can  be  adjusted  by  changing  the  bias  current  while 
keeping  the  frequency  constant  by  fine  tuning  the  magnetic  field.  Fig.  12  shows  the 
variation  of  the  critical  current  and  first  Josephson  step  of  the  SIS  junction  (at  FFO 
frequency  fpp0  =  450  GHz)  as  a  function  of  the  square  root  of  the  dc  power  applied  to 
the  FFO  (which  is  proportional  to  the  high  frequency  current  detected  by  the  SIS). 
This  value  is  calculated  from  the  expression  Pdc  =  Vppo  *  (Ib  -  IqP),  where  Ib  is  FFO 
bias  current  and  Iqp  =  5.5  mA  is  the  quasiparticle  current  which  value  is  subtracted 
from  Ib.  From  Fig.  12  one  can  see  that  the  critical  current  of  the  SIS  junction  is 
suppressed  to  zero  when  Pdc  is  about  7  pW  (it  corresponds  to  Ib  =  13  mA).  The  critical 
current  of  the  SIS  junction  is  57  (lA;  the  junction  was  shunted  by  a  16  Ohm  resistor.  It 
gives  Vc  =  Ic  *  Rn  ~  910  (iV,  and  a  normalized  pump  frequency  Q  =  hfppo/eVc  »  1.  In 
the  Resistively  Shunted  Junction  Model  (RSJM)  the  first  zero  of  the  ^(1^)  dependence 
takes  place  at  Iro  /Ic  =  2.5  (at  0=1)  see,  e.g.23.  It  means  that  Iqj  =  180  pA  and  the 
rf  power  delivered  to  the  SIS  junction  is  Pw  =  0.26  |xW.  It  should  be  emphasized  that 
these  values  are  measured  directly  in  the  SIS  mixer  integrated  with  planar  antenna. 
These  results  have  been  obtained  for  a  receiver  chip  design  with  direct  injection  of  the 
FFO  power  to  the  SIS  junction. 
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Fig.  12.  Critical  current  of  the  SIS  mixer  and  amplitude  of  its  first  Josephson  step  as  a  function  of 
FFO  dc  power  (see  text). 


The  suppression  of  the  Josephson  effect  by  the  integrated  SIS  control  line22  is 
demonstrated  in  Fig.  13  where  two  SIS  IVCs  are  shown  for  zero  magnetic  field  and  for 
the  second  minimum  of  the  critical  current.  The  inset  presents  the  dependence  of  the  SIS 
critical  current  on  the  control  line  current,  ISjS  c  j .  A  narrow  Nb  control  line  (width  ~ 
4  Jim)  can  carry  a  current  of  about  50  mA  without  switching  to  the  normal  state.  This 
current  is  sufficient  to  reach  the  first  minimum  of  ^(Isis  c.I.)  even  f°r  the  smallest 
tested  junctions  (S  ~  1  pm2). 

All  these  measurements  were  performed  at  4.2  K  in  a  liquid  He  cryostat  with  a 
specially  designed  cryoprobe.  It  should  be  noted  that  an  additional  resistor  was 
introduced  in  the  bottom  Nb  electrode  to  allow  the  magnetic  tuning  by  the  control  line. 
The  value  of  this  resistor  for  a  batch  that  was  fabricated  on  the  crystalline  quartz 
substrates  was  too  high.  It  gave  rise  to  a  considerable  overheating  and  made  most 
integrated  receiver  experiments  in  a  vacuum  cryostat  impossible  for  these  samples. 

Several  chips  have  been  tested  with  a  Fourier  Transform  Spectrometer  (FTS)  to 
check  the  performance  of  the  antenna  and  mixer  combination  (see  Fig.  14).  The  values 
obtained  for  the  central  frequency  and  the  bandwidth  (400  and  100  GHz  respectively) 
correspond  well  to  both  the  resonance  on  the  dc  I-V  curve  and  region  of  the  effective 
pumping  in  the  case  of  the  FFO  operation.  The  mixer  and  antenna  of  similar  design  have 
been  measured  in  a  vacuum  cryostat  with  external  local  oscillator.  An  uncorrected 
receiver  noise  temperature  (DSB)  as  low  as  300  K  has  been  obtained  at  430  GHz22. 
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Fig.  13. 1- V  curves  of  the  SIS  mixer  at  zero  magnetic  field  and  at  a  magnetic  field  corresponding  to 
the  second  minimum  of  the  SIS  critical  current.  The  magnetic  field  is  generated  by  a  current  through  the 
SIS  integrated  control  line.  The  dependence  of  the  SIS  critical  current  on  the  control  line  current  is  shown 
in  the  inset. 


Fig.  14.  Spectral  sensitivity  of  the  integrated  receiver  as  measured  by  Fourier  Transform 
Spectrometer.  Autonomous  SIS  I-V  curve  with  self  resonance  is  shown  in  the  Fig.  13. 
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7.  Conclusion 

We  have  presented  the  first  experimental  observation  of  the  Flux-Flow 
Oscillations  near  and  above  the  gap  frequency  with  a  power  level  sufficient  for  the 
pumping  of  the  SIS  mixer.  The  possibility  of  fine  tuning  the  FFO  frequency  and  power 
in  a  wide  range  (especially  for  f  >  500  GHz)  has  been  experimentally  demonstrated. 
Taking  into  account  the  moderate  linewidth  of  the  autonomous  FFOs  it  makes  these 
devices  one  of  the  main  candidates  for  integration  with  a  SIS  quasioptical  mixer  in 
planar  submillimeter  wave  receivers  for  space  application.  The  ability  of  the  FFO  to  be 
phase  locked  to  external  narrow  band  source  makes  these  oscillators  very  promising  also 
for  ground  based  submillimeter  radioastronomy. 

We  conclude  that  well  operating  integrated  500  GHz  receiver  chips  have  been 
designed,  fabricated  and  investigated.  We  have  shown  that  the  FFO  delivers  sufficient 
power  to  pump  an  integrated  SIS  mixer  placed  in  a  planar  antenna  without  considerable 
leakage  of  the  incoming  signal.  We  also  have  demonstrated  that  the  FFO  frequency  and 
power  can  be  precisely  tuned  over  a  wide  range.  The  integrated  control  line  has  been 
successfully  used  for  suppression  of  the  Josephson  noise  in  the  SIS  mixer. 


Acknowledgements 

The  authors  thank  A.M.  Baryshev,  G.M.  Fischer,  H.  Golstein,  Th.  de  Graauw, 
B.  H.  Larsen,  W.  Luinge,  H.  Schaeffer,  H.  van  de  Stadt,  and  A.V.  Ustinov  for  help  and 
fruitful  discussions. 


References 

1.  J.R.  Tucker,  M.J.  Feldman,  "Quantum  detection  at  millimeter  wavelengths,"  Rev. 
of  Mod.  Phys.  4  (1985)  1055. 

2.  A.K.  Jain,  K.K.  Likharev,  J.E.  Lukens  and  J.E.  Sauvageau  "Mutual  phase-locking 
in  Josephson  junction  arrays",  Physics  Reports  109  (1984)  309. 

3.  B.  Bi,  S.  Han,  and  J.E.  Lukens  "Distributed  Josephson  junction  arrays  as  local 
oscillators",  IEEE  Trans.  onAppl.  Superconduct.  3  (1993)  2303. 

4.  S.  Han,  B.  Bi,  W.  Zhang,  A.H.  Worsham,  and  J.E.  Lukens  "High  power 
submillimeter  wave  source  using  series  biased  linear  Josephson  effect  array", 
Proceedings  of  the  Fourth  International  Symposium  on  Space  Terahertz  Technology, 
UCLA,  Los-Angeles,  USA  (1993)  474. 


400 


5.  E.  Joergensen,  V.P.  Koshelets,  R.  Monaco,  J.  Mygind  and  M.R.  Samuelsen, 
"Thermal  fluctuations  in  resonant  motion  of  fluxons  on  a  Josephson  transmission  line, 
theory  and  experiment",  Phys.  Rev.  Let.  49  (1982)  1093. 

6.  T.  Nagatsuma,  K.  Enpuku,  F.  Irie,  and  K.  Yoshida,  "Flux-Flow  type  Josephson 
oscillator  for  millimeter  and  submillimeter  wave  region",  J.  Appl.  Phys.  54  (1983)  3302; 
see  also  Pt.  H:  J.  Appl.  Phys.  56  (1984)  3284;  Pt.  HI:  J.  Appl.  Phys.  58  (1985)  441; 
Pt.  IV:  J.  Appl  Phys.  63  (1988)  1 130. 

7.  A.V.  Ustinov,  T.  Doderer,  R.P.  Huebener,  J.  Mygind,  V.A.  Oboznov,  and  N.F. 
Pedersen,  "Multi-fluxon  effects  in  long  Josephson  junctions",  IEEE  Trans,  on  Appl. 
Supercond.  3  (1993)  2287. 

8.  Y.M.  Zhang,  D.  Winkler,  and  T.  Claeson,  "Linewidth  measurements  of  Josephson 
flux-flow  oscillators  in  the  band  280-330  GHz,"  Appl.  Phys.  Lett.  62  (1993)  3195,  see 
also  Proceedings  of  the  Fourth  International  Symposium  on  Space  Terahertz 
Technology,  UCLA,  Los-Angeles,  USA  (1993)  485. 

9.  V.P.  Koshelets,  A.V.  Shchukin,  S.V.  Shitov,  and  L.V.  Filippenko, 
"Superconducting  millimeter  wave  oscillators  and  SIS  mixers  integrated  on  a  chip," 
IEEE  Trans,  on  Appl.  Supercond.  3  (1993)  2524. 

10.  J.  Mygind,  V.P.  Koshelets,  A.V.  Shchukin,  S.V.  Shitov,  and  I.L.  Lapytskaya, 
"Properties  of  the  autonomous  and  injection  locked  Flux-Flow  Oscillators"  was 
presented  on  ASC-94,  Boston,  USA,  report  EQA-4  (1994) 

11.  C.  Hilbert,  and  J.  Clarke,  "DC  SQUID  as  a  radio  frequency  amlifier",  J.  Low 
Temp  Phys  61  (1985)  263. 

12.  M.A.  Tarasov,  V.Yu.  Belitsky,  G.V.  Prokopenko,  L.V.  Filippenko,  V.P.  Koshelets 
"DC  SQUID  RF  amplifier  with  external  mm-wave  pumping  and  its  testing  by  SIS 
junction  noise",  Super.  Sci.  Technology  4  (1991)  644. 

13.  E.B  Goldobin,  V.M.  Golomidov,  P.G.  Litskevitch,  and  V.P.  Koshelets, 
"Superconducting  digital  correlator  for  integrated  receivers,"  to  be  published 

14.  K.K.  Likharev  and  V.K.  Semenov.  "RSFQ  logic/memory  family:  a  new  Josephson 
junction  technology  for  sub  teraHertz  clock  frequency  digital  systems"  IEEE  Trans,  on 
Appl.  Supercond.  1  (1991)  3. 

15.  V.P.  Koshelets  "Single  Flux  Quantum  digital  devices",  Supercond.  Sci.  Technol. 
4(1991)555. 

16.  An.B.  Ermakov, V.P.  Koshelets,  S.A.  Kovtonyuk,  I.L.  Serpuchenko,  S.V.  Shitov, 
A.N.  Vystavkin  "Investigation  of  the  Nb-AlOx-Nb  junctions  and  mm  wave  mixers", 
Proceedings  ISEC-89,  Tokyo,  Japan  (1989)  294. 


401 


17.  V.P.Koshelets,  S.A.Kovtonyuk,  I.L.Serpuchenko,  L.V.Filippenko,  and 
A.V. Shchukin  "High  quality  Nb-A10x-Nb  tunnel  junctions  for  microwave  and  SFQ 
logic  devices",  IEEE  Trans.on  Magn.  MAG-27  (1991)  3141. 

18.  M.  Gurvich,  M.A.  Washington,  and  H.A.  Huggins  "High  quality  refractory 
Josephson  tunnel  junctions  utilizing  thin  A1  layers",  Appl.Phys.Lett.  42  (1983)  472. 

19.  T.  Imamura,  T.  Shiota,  and  S.  Hasuo  "Fabrication  of  high  quality  Nb/A10x-Al/Nb 
Josephson  junctions:  PtI  -  Sputtered  Nb  films  for  junctions  electrodes",  IEEE  Trans. 
Appl.  Supercond.  2  (1992)  1. 

20.  An.B.  Ermakov,  V.P.  Koshelets,  S.A.  Kovtonjuk,  S.V.  Shitov,  "Parallel  biased 
SIS  arrays  for  mm  wave  mixers:  Main  ideas  and  experimental  verification,"  IEEE 
Trans,  on  Magn.  MAG-27  (1991)  2642. 

21.  V.P.  Koshelets,  A.V.  Shchukin,  S.V.  Shitov,  I.L.  Lapitskaya,  and  J.  Mygind, 
"Integrated  flux  flow  Oscillators  for  Sub-mm  Wave  Receivers",  to  be  submitted  to  IEEE 
Trans .  on  Appl.  Supercond.  (1995). 

22.  S.V.  Shitov,  V.P.  Koshelets,  A.M.  Baryshev,  A.V.  Shchukin,  L.V.  Filippenko, 
and  I.L.  Lapytskaya,  "Superconducting  integrated  receiver  for  500  GHz  range,"  to  be 
published 

23.  K.K.  Likharev,  "Dynamics  of  Josephson  Junctions  and  Circuits ",  Gordon  and 
Breach  Science  Publishers,  New  York  (1986). 


403 


SUBMILLIMETER  WAVE  RADIATION  EMISSION 
FROM  FLUX  FLOW  OSCILLATORS 

A.  V.  SHCHUKIN  and  V.  P.  KOSHELETS 
Institute  of  Radio  Engineering  and  Electronics,  RAS 
Moscow  103907,  Russia 

and 

J.  MYGIND 

Physics  Department,  Technical  University  of  Denmark 
DK-2800  Lyngby,  Denmark 


ABSTRACT 

Long  Josephson  tunnel  junction  Flux  Flow  Oscillators  (FFO)  integrated  on  the 
same  chip  with  an  array  SIS  junction  mixer  detector  have  been  experimentally 
investigated  in  the  frequency  range  up  to  500  GHz.  Both  the  emitted  power  and 
the  frequency  of  the  FFO  can  be  varied  by  adjusting  the  dc  bias  current  and  the 
applied  dc  magnetic  field.  The  spectral  width  of  the  free-running  FFO  is  about 
1  MHz  but  may  be  reduced  considerably  by  frequency-  and  phase-locking.  Here 
we  report  on  measurements  of  the  integral  linewidth  when  mixing  two  free-running 
FFOs,  as  well  as  the  single  FFO  linewidth  obtained  when  beating  one  autonomous 
FFO  with  an  other  FFO  injection-locked  to  the  6th  harmonic  of  an  external  70  GHz 
reference  oscillator.  The  dependence  of  the  linewidth  on  the  dynamic  resistance 
indicates  that  different  types  of  noise  are  dominant. 


1.  Introduction 

Recently  the  uni- directional  and  viscous  flow  of  magnetic  flux  quanta  in  a  long 
(length,  L  >>  Aj,  the  Josephson  penetration  depth)  Josephson  tunnel  junction  with 
high  damping1  has  attracted  much  attention  in  the  development  of  local  oscillators 
(LO)  for  fully  integrated  superconducting  submillimeter  wave  SIS  receivers2,3,4,5.  The 
frequency  of  this  so  called  Flux  Flow  Oscillator  (FFO)  can  be  tuned  over  a  wide  fre¬ 
quency  range,  limited  only  by  the  superconductor  gap  frequency.  Moreover,  the  FFO 
provides  sufficient  output  power  to  pump  a  SIS  array  mixer  detector.  Preliminary 
FFO  spectral  linewidth  measurements2,4,5  have  demonstrated  encouraging  values  (130 
kHz  at  70  GHz2,  about  1  MHz  at  140  GHz4  and  2.1  MHz  at  320  GHz5).  We  report 
on  measurements  of  the  FFO  linewidth  as  function  of  applied  dc  bias  current  and 
magnetic  field,  both  with  two  autonomous  FFOs  as  well  as  with  one  of  the  FFOs 
locked  by  injection  to  harmonics  of  a  narrow-band  external  microwave  source.  An 
more  extensive  discussion  of  the  noise  mechanisms  as  well  as  harmonic  phase-locking 
will  be  given  elsewhere6.  Recently,  we  have  investigated  FFOs  at  frequencies  up  to 
850  GHz  and  observed  an  emitted  power  as  large  as  5  fiW  at  440  GHz7’8. 
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Figure  1:  Cross-section  (a),  schematic  drawing  (b)  and  simplified  equivalent  diagram  (c)  of  the 
experimental  on-chip  integrated  circuit.  “1”  -  “7”  -  contact  pads;  8  -  fin-line  antenna,  9  ,  12  , 
“13”  -  Chebyshev  impedance  matching  transformers;  “10”  -  FFOl;  “11”  -  FF02;  “14”  -  two-junction 
SIS  array  with  tuning-out  circuit. 


2.  Experimental  Circuit 

The  layout  and  a  simple  equivalent  diagram  of  the  on-chip  integrated  circuit  is 
shown  in  Fig.  1.  The  circuit  comprises  two  identical  FFOs  (FFOl  -  ‘TO”  and  FF02 
-  “11”;  length,  L  -  200 /im,  width,  W  =  1.5 /mi),  a  SIS  mixer  array  detector  with 
a  capacitance-tune-out  circuit  (“14”,  area,  S  =  1.3  x  1.3 /mi2 3),  three  impedance 
matching  transformers  (“9”,  “12”  and  “13”),  and  a  fin-line  antenna  (“8”).  The  tuning- 
out  inductances  for  the  two  SIS  junction  (parallel  dc.  biased)  array  (“14  )  and  the 
transformers  (“12”,  “13”)  were  designed  for  optimum  performance  at  450  GHz.  The 
integrated  circuits  have  been  fabricated  in  a  system  developed  for  producing  SIS 
mixer  elements  and  Rapid  Single  Flux  Quantum,  RSFQ,  digital  devices.  Details  of 
the  circuit  design  and  experimental  set-up  will  be  described  elsewhere6,7.  The  high 
quality  Nb-AlO^-Nb  tunnel  junctions  have  a  critical  current  density,  jc  —  8  kA/cm2 
and  a  Josephson  penetration  depth,  \j  =  4  fim.  The  product  of  the  normal  state 
resistance  and  the  junction  area,  Rn  x  S,  is  25D/xm2. 

3.  Two  Autonomous  FFOs,  Integral  Linewidth 

Signals  from  two  free-running  autonomous  FFOs  were  mixed  in  the  small  SIS 
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array  detector  in  the  first  experiments.  The  frequency  and  power  of  each  FFO  may 
be  individually  tuned  by  adjusting  the  dc  bias  current  and  the  applied  dc  magnetic 
field.  The  dc  bias  currents  could  be  injected  either  to  the  ends  of  the  long  junctions  or 
evenly  distributed  along  the  sides  as  shown  in  Fig.  1.  Usually  a  homogeneous  magnetic 
field  from  an  external  coil  was  applied  and  first  used  to  optimize  the  operation  of 
FF02,  and  subsequently  an  additional  field  from  a  control  line  positioned  near  FFOl 
was  used  to  fine  tune  the  frequency  of  FFOl  so  that  their  difference  frequency  was 
within  the  band  of  the  intermediate  frequency  (IF)  amplifier  connected  to  the  SIS 
mixer  array.  The  room  temperature  IF  amplifier  (center  frequency,  /if  =  1.5  GHz, 
bandwidth,  ABif  =  600  MHz)  had  an  effective  noise  temperature  of  100  K  referred 
to  the  SIS  junction  array. 

Using  this  set-up  we  have  observed  mixing  of  the  signals  up  to  a  FFO  frequency 
of  450  GHz.  The  measured  total  (integral,  3dB;  half  power,  full  width)  linewidth 
of  the  two  FFOs  was  as  low  as  750  kHz  at  280  GHz6.  In  order  to  minimize  the 
influence  from  external  disturbances  (fluctuations  in  temperature  and  dc  current  bias 
conditions)  the  measurements  were  made  at  T  =  2.0  K  (below  the  A-point  of  liquid 
helium)  on  one  of  the  sharp  (low  dynamic  resistance)  resonant  steps  present  in  the 
IV-  curves  of  the  FFOs. 

The  results  confirm  the  rather  similar  experiments  done  by  Y.  M.  Zhang  et  al.  5. 
The  inherent  problem  with  this  integral  linewidth  measurement,  however,  is  that  one 
may  find  an  unrealistic  (too  small)  linewidth  because  most  external  disturbances  are 
common  mode  to  the  FFOs  placed  on  the  same  chip.  If  the  FFOs  were  identical 
only  signals  from  uncorrelated  internal  noise  sources  can  contribute  to  the  integral 
linewidth  observed  as  the  average  of  the  fluctuations  around  the  difference  frequency, 
fiF-  Mutual  interaction  between  the  FFOs  (over  a  frequency  band  larger  than  fjp) 
may  also  lead  to  a  reduced  integral  linewidth. 

4.  One  FFO  used  as  Harmonic  Multiplier 

An  alternative  high  frequency  scheme  was  used  to  overcome  the  above-mentioned 
problems.  This  method  allows  us  to  measure  the  correct  linewidth  of  a  single  FFO  at 
different  frequencies  produced  e.  g.  by  varying  the  bias  point  along  the  flux  flow  step 
(FFS  or  velocity-matched  step1)  in  the  IV- curve.  A  signal  from  an  external  narrow- 
band  frequency-locked  Gunn  oscillator  (frequency,  /g  =  56  -  74  GHz  and  linewidth, 
A/g  <  80  kHz)  was  applied  to  FFOl  via  the  fin-line  antenna  (“8”  in  Fig.  1)  and  the 
three-step  Chebyshev  stripline  transformer  (“9”  in  Fig.  1)  both  designed  for  70  GHz 
center  frequency.  As  a  result  rf-induced  steps  with  voltage  spacing,  AV  =  hf/( 2e), 
could  be  generated  in  the  /V-curve  of  FFOl. 

With  low  applied  power  (virtually  no  suppression  of  the  FFOl  critical  current), 
since  the  applied  frequency  is  much  lower  than  the  maximum  plasma  frequency  of 
FFOl,  fpo  >  200  GHz,  the  fundamental  microwave  signal  cannot  propagate  inside 
the  FFOl  tunnel  junction.  Nevertheless,  from  the  rf-induced  steps  in  the  IV- curve  of 
the  SIS  array  at  voltages  corresponding  to  higher  harmonics  of  the  applied  signal  it 
is  evident  that  higher  harmonic  signals  (generated  by  the  non-linearity  of  the  FFOl) 
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Voltage  (mV) 

Figure  2:  /^-characteristics  of  the  SIS  detector  for  different  levels  of  the  external  microwave 
signal  /g  =  65.4  GHz  applied  via  the  fin-line  antenna  to  FFOl  (see  text);  attenuation  (A)  >  70 
dB  (autonomous  /U-curve),  (B)  28  dB,  and  (C)  14  dB. 


actually  reached  the  SIS  detector.  Curve  “A”  in  Fig.  2  shows  the  unperturbed  dc 
IV- curve  of  the  SIS  mixer  array.  For  small  levels  of  applied  power  the  third  harmonic 
signal  (frequency  3x/g«  220  GHz,  which  roughly  coincides  with  half  the  design  fre¬ 
quency  for  the  transformer  (“12”  in  Fig.  1)  and  the  SIS  mixer  tuning-out  inductance) 
dominantly  affects  the  detector  (see  curve  “B”  in  Fig.  2).  At  higher  power  levels 
(where  the  critical  current  of  the  FFOl  and  thus  the  plasma  frequency  is  suppressed) 
also  a  signal  at  the  fundamental  frequency  of  the  Gunn  oscillator  reaches  the  detector 
(curve  “C”  in  Fig.  2).  In  both  cases  no  dc  current  was  applied  to  the  FFOl.  Usually 
it  remained  in  the  zero  voltage  state  but  often  -  due  to  self- detection  -  zero-crossing 
constant-voltage  steps  were  seen. 

On  the  spectrum  analyzer  we  observed  a  strong  signal  at  the  IF  frequency,  /if, 
resulting  from  the  mixing  of  the  n’th  harmonic  of  the  Gunn  oscillator  with  the  FF02 
signal  (frequency  /ffo2)  obeying 

/ffo2  =  n  x  /G  ±  /if  (1) 

so  it  is  concluded  that  the  FFOl  has  successfully  been  used  as  a  harmonic  multiplier2. 
We  saw  harmonic  mixing  at  n  =  4,  5,  6  and  7  and  could  measure  both  lower  and 
upper  sidebands  (db/iF  in  Eqn.  (1)  by  changing  slightly  the  FF02  bias.  Due  to  the 
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inserted  series  of  filters  and  isolators  in  the  waveguide  leading  to  the  cryostat  we  are 
confident  that  no  higher  harmonic  signals  from  the  Gunn  oscillator  can  circumvent 
FFOl  and  reach  the  SIS  array.  Also  no  detectable  influence  of  the  Gunn  signal  or  its 
harmonics  on  FF02  was  observed. 

5.  Single  FFO  Linewidth  and  Discussion 

Fig.  3  shows  the  observed  dependence  of  the  linewidth  of  the  mixed  signal,  A/, 
on  the  differential  resistance,  Rd ,  of  FF02.  The  corresponding  IV- curve  of  FF02  is 
depicted  in  the  inset  of  Fig.  3.  The  frequency  of  the  FF02  was  changed  by  more  than 
15  GHz  around  350  GHz;  the  6th  harmonic  of  the  Gunn  was  used  in  this  case.  The 
contribution  from  the  Gunn  oscillator  linewidth,  A/g  <80  kHz,  to  the  measured 
linewidth  can  be  neglected  in  this  context  since  80  kHz  x6  «  0.5  MHz.  The  Rd 
values  used  in  Fig.  3  were  derived  from  the  slope  of  the  dc  /V-curve  in  the  bias  point. 

From  Fig.  3  it  is  clear  that  the  FF02  linewidth  is  proportional  to  Rd2  above  5 
MHz  while  below  this  value,  A /  approaches  a  linear  dependence  (slope  =1). 

Presently,  no  theory  exists  for  the  linewidth  of  the  radiation  emitted  from  a  FFO. 
The  related  theoretical  models  for  the  single  Josephson  junction9  and  the  low-damping 
soliton  oscillator10  both  give  the  same  dependence  of  the  linewidth  on  the  differential 
resistance:  A /  oc  Rd 2  assuming  a  wideband  (0  <  fnoise  <  A/)  Nyquist  noise  spec¬ 
trum.  The  linewidth  of  the  high  frequency  oscillations  in  a  short  Josephson  tunnel 
junction  in  the  limit  of  small  junction  current  fluctuations  is  given  by9 

A/wb  =2ir^  eIdc  ooth  Lv%~)  (2) 

l  Kb  left 

where  the  subindex  on  A/wb  refers  to  the  wideband  noise  spectrum  with  effective 
temperature  Teff-  Vdc  and  Idc  is  the  dc  voltage  and  current  in  the  bias  point.  <J>0  is 
the  flux  quantum. 

A  best  fit  (solid  line  in  Fig.  3)  to  Eqn.  (2)  using  the  experimental  values  for  Rd, 
Vdc  and  Idc  is  obtained  for  Ten  =  32  K,  which  is  approx,  eight  times  the  physical 
temperature,  T=  4.2  K  (dot-and-dash  line  in  Fig.  3).  It  should  be  noted  that  in 
experiments  with  the  same  sample  (repeated  on  other  days  with  apparently  the  same 
experimental  conditions)  the  A /  oc  Rd2  dependence  is  still  observed  but  a  Tef r  as 
large  as  90  K  was  needed  to  obtain  the  best  fit.  The  results  of  this  run  are  also  shown 
(open  o’s)  in  Fig.  3.  In  retrospect,  the  original  experiments  with  the  linewidth  of  the 
low-damped  soliton  oscillator10  gave  Teff  ~  3  x  T;  this  excess  noise  discrepancy  has 
never  been  resolved. 

The  calculated  excess  noise  temperature  for  the  FFO  may  have  several  origins. 
The  wideband  noise  (with  roll-off  frequency  higher  than  1-5  MHz,  corresponding  to 
the  width  of  the  unperturbed  spectral  line)  will  act  as  thermal  noise  for  the  Josephson 
junction  increasing  the  effective  noise  temperature.  Since  any  high  frequency  signal 
(e.  g.  from  TV  transmitters)  may  contribute  additional  noise,  the  measurements  were 
performed  in  a  shielded  room  and  all  wires  connecting  to  the  sample  were  carefully 
hf  shielded  and  filtered. 
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Differential  resistance  (Q) 

Figure  3:  Linewidth  of  FF02  versus  dynamic  resistance.  The  four  runs  were  recorded  with  the 
same  sample  on  different  days  (see  text).  T  —  4.2  K.  Solid  line  and  dot-and-dash  line  -  Eqn.  (2) 
with  effective  temperature,  Teff  =  32  K  and  4.2  K,  respectively;  dashed  line  -  Eqn.  (3)  with  the 
amplitude  of  the  low  frequency  noise  current,  If  ~  0.17/tA. 


An  other  likely  reason  for  the  large  FFO  linewidth  may  be  fluctuations  in  the 
fluxon  velocity  when  moving  along  Josephson  junction  due  to  i)  inhomogeneities  in 
the  barrier  and/or  ii)  perturbations  imposed  by  trapped  flux  in  the  superconducting 
films  near  the  junction  region.  The  configuration  of  the  trapped  flux  and  thus  the 
noise  level  might  be  different  from  one  experiment  to  another  resulting  in  the  observed 
changes  in  the  effective  noise  temperature. 

Low  frequency  noise  with  cut-off  frequency  much  smaller  than  the  width  of  the 
spectral  line  (0  «  fnoise  <  A/)  e.  g.  from  external  disturbances  (bias  supplies,  tem¬ 
perature  fluctuations,  hum,  1/f  noise,  etc.  )  may  be  directly  converted  and  give  rise 
to  excess  noise.  A  low  frequency  current  noise  with  amplitude  If  will  increase  the 
linewidth  proportional  to  Rd 

a/lf  =  It  hRd  (») 

This  is  shown  in  Fig.  3  by  the  dashed  line  which  for  If  —  0.17  //A  fits  well  to 
the  experimental  results  for  A/  <5  MHz.  For  the  above-mentioned  data  with  Teff  = 
90  K  If  =  0.35  fiA  gives  the  best  fit.  Subjected  to  the  validity  of  Eqns.  (2)  and  (3) 
for  the  FFO,  the  fits  in  Fig.  3  support  the  assumption  that  additional  noise  sources 
(both  high  and  low  frequency)  were  present  in  the  experiments. 

Based  on  numerical  simulations  using  the  perturbed  sine-Gordon  equation  with 
boundary  conditions  it  has  recently  been  suggested11  that  the  dynamics  of  the  fluxon 
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chain  moving  along  the  tunnel  junction  is  chaotic  in  certain  regions  of  the  parameter 
space.  Fundamental  problems  are  to  model  the  boundary  conditions,  the  losses,  and 
whether  the  small  signal  sinusoidal  “ansatz”  used  by  Nagatsuma  et  al.  1  to  solve 
the  perturbed  sine-Gordon  equation  is  applicable  in  this  very  nonlinear  system.  As 
pointed  out  early1  the  magnitude  of  the  junction  dissipation,  as  amply  described  by 
the  quality  factor,  Qj,  is  of  major  importance. 


where  fj  =  Vdc/$o  is  the  Josephson  frequency  in  the  bias  point,  /?  is  the  surface  loss, 
and  a  is  the  shunt  loss  (in  high-Qj  junctions  usually  the  quasiparticle  loss).  The 
effect  of  resistive  loading  of  the  FFO  has  been  simulated  by  Y.  M.  Zhang5  also  using 
the  perturbed  sine-Gordon  equation. 

In  our  case  the  FFO  junctions  are  externally  damped  by  deposition  of  an  overlay¬ 
ing  resistive  film  shunting  the  top  and  bottom  Nb  electrodes.  A  normalized  damping, 
aL/Xj  >  2,  is  the  condition1,5  for  supporting  unidirectional  flux  flow.  In  our  exper¬ 
iments  the  effective  Qj  value  even  with  our  relatively  high  current  density  is  still  so 
large  (of  order  5-10)  that  we  clearly  see  the  Fiske  steps  and  Fiske  resonances  super¬ 
imposed  on  the  FFS  at  low  bias  voltages.  Also  locking  to  resonant  structures  in  the 
embedding  network  appeared  in  the  7V-curve.  The  numerical  simulations11  showing 
chaotic  dynamics  used  a  =  0.1  close  to  the  experimental  value  for  the  shunted  FFO. 
Since  the  external  shunting  is  ineffective  due  to  the  self-induction  of  the  resistive  film 
above  200  GHz  a  =  0.02  seems  more  appropriate  in  the  linewidth  measurements.  At 
frequencies  above  450  GHz  the  surface  loss  term  in  Eqn.  (4)  will  dominate  due  to  its 
strong  frequency  dependence. 

In  order  to  serve  as  a  feasible  LO  in  modern  radio-astronomy  receivers  for  spectral 
measurements  the  linewidth  of  the  FFO  must  be  significantly  below  1  MHz.  This 
seems  rather  difficult  especially  for  higher  frequencies  near  the  superconducting  gap. 
At  /ffo  >  500  GHz  the  surface  losses  increase  considerably  and  even  for  “optimal” 
biasing  without  self-field  effects  the  differential  resistance  on  the  FFS  increases1,5 
leads  to  an  unacceptable  broadening  of  the  linewidth.  The  FFO  in  our  opinion  has 
superior  properties  with  respect  to  tuneability,  large  output  power,  sinusoidal  output 
with  low  harmonic  content,  etc.  and  we  propose  to  overcome  the  linewidth  problem 
by  phase-locking  it  (e.  g.  by  harmonic  injection6)  to  external  oscillators  or  to  high-Q 
superconducting  on-chip  resonators. 
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ABSTRACT 

Rapid  Single  Flux  Quantum  (RSFQ)  Logic  is  a  promising  basis  for  fast  digital 
signal  processors.  This  logic  consists  of  small  (in  comparison  with  the  Josephson 
penetration  depth)  shunted  junctions  that  are  connected  with  superconducting 
inductances.  This  provides  propagation  and  storing  of  a  Single  Flux  Quantum  (SFQ)  as 
a  carrier  of  digital  information.  RSFQ  logic  is  expected  to  be  valid  up  to  frequencies 
about  100GHz  and  this  limitation  is  imposed  by  the  dynamics  of  fluxons  within  the 
discrete  Josephson  structure. 

Another  application  of  RSFQ  elements  is  as  analog  devices,  for  instance,  high 
frequency  generators,  voltage  amplifiers  and  dividers.  One  of  the  new  phenomena 
observed  in  such  circuits  is  a  self-induced  magnetic  field  effect  caused  by  edge  current  in 
a  parallel  array  of  junctions.  This  problem  has  been  investigated  experimentally  and 
numerically  for  parallel  arrays  of  identical  junctions.  Steps  with  extremely  low 
differential  resistance  are  found  to  be  due  to  the  self-induced  magnetic  field  produced  by 
the  edge  current.  The  underlying  mechanism  is  that  the  non-uniform  field  divides  the 
array  into  domains  consisting  of  several  (unit)  cells,  each  containing  the  same  number  of 
flux  quanta.  The  first  experimental  results  obtained  by  Low  Temperature  Scanning 
Electron  Microscopy  (LSTEM)  on  a  transmission  line  are  reported.  The  spatially 
resolved  measurements  enable  us  to  observe  the  above  mentioned  domains;  the  number 
of  observed  domains  corresponds  to  the  step  position. 


1.  Introduction. 

Recently  much  progress  has  been  achieved  in  developing  Rapid  Single  Flux 
Quantum  (RSFQ)  Logic1  *13  (another  definition1  is  “Phase-Mode  logic”).  This  logic 
consists  of  small  (in  comparison  with  the  Josephson  penetration  depth)  overdamped 
junctions  that  are  connected  with  the  superconducting  inductances.  This  provides 
propagation  and  storage  of  a  Single  Flux  Quantum  (SFQ)  (another  definition  is  “fluxon”) 
as  a  carrier  of  digital  information.  From  the  other  side,  starting  from  investigations  of  long 
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Josephson  junctions  with  inhomogeneities14'18,  a  new  class  of  effects  had  been  discovered 
in  discrete  Josephson  arrays19'24.  Figure  1  illustrates  those  two  sides  mentioned  above. 
The  two  important  parameters  shown  in  Figure  1  define  the  array  properties.  One  of  them 
is  well  known  McCumber  parameter  J3C25 : 

pc  =  27cIcRn2C/<1>o,  (1) 

where  Ic  is  critical  current,  Rn  is  normal  resistance  and  C  is  capacitance  of  a  single 
junction,  <J>o=h/2e=2.07T0"7  G  em2  is  the  flux  quantum.  In  Figure  1  the  vertical  dashed  line 
and  hatched  area  split  a  plane  in  two  areas:  the  one  with  pc  <1  corresponds  to  overdamped 
(shunted,  nonhysteretic)  junctions;  and  the  one  with  pc>l  corresponds  to  the 
underdamped  (unshunted,  hysteretic)  junctions.  The  other  parameter  in  the  figure  is  a 
discreteness  parameter  and  its  definition  varies  in  papers  of  different  authors.  The  physical 
meaning  of  this  parameter  is  the  ratio  between  the  Josephson  inductance  Ly 

Lj=<t>o/27tIc  (2) 

and  the  total  inductance  L  of  the  loop  that  forms  the  primitive  cell  of  the  array.  For  a  2D 
net  of  Josephson  junctions  the  primitive  cell  can  comprise  up  to  four  junctions,  but  for  a 
parallel  ID  array,  it  is  a  two  junction  SQUID.  The  well  established  SQUID  parameter  Pl: 

Pl  =L/Lj=27ric  L/<t>0  (3) 

that  can  be  a  discreteness  parameter  also,  but  in  practice  authors  most  often  use  the  square 
root  of  this  parameter: 

a=(pL)1/2  (see  Ref  19-24)  (4) 

Ap(Pl)  1/2  (see  Ref.  21  )  (5) 

This  is  because  that  if  we  define  the  size  of  a  primitive  a  cell  as  x,  the  value  D=Aj  x=x/a 
has  the  same  meaning  for  the  discrete  array  as  the  Josephson  penetration  depth  Xj  for  the 
long  Josephson  junction.  When  Aj  >1  (or  a<l)  D  corresponds  to  the  fluxon  size  but  for 
opposite  case  Aj  <1,  seems  there  is  no  physical  meaning  for  it.  The  latter  is  typical  for  the 
RSFQ  circuits  (see  Figure  1),  that  is  why  another  parameter  r|  is  used: 

r\=  Ic  L/<t>0=pL  /27t  (6) 

The  magnitude  of  ri  directly  shows  how  many  fluxons  the  primitive  cell  of  the  array  can 
keep  in  the  absence  of  any  bias  currents  and  magnetic  fields.  The  horizontal  dashed  line  at 
t\=1  in  Figure  1  marks  the  frontier  between  multi  fluxon  states  and  single  fluxon  states  of 
the  primitive  cell.  The  application  of  magnetic  fields  and  bias  currents  are  broadening  the 
frontier  as  the  horizontal  hatched  field  shows. 
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The  area  “1”  in  Figure  1  is  an  area  where  the  main  features  of  continuum  long 
Josephson  junctions,  like  zero-field  step,  Fiske  steps,  and  flux-flow  steps  exist.  At  higher 
discreteness  parameter  r\  in  the  area  “2”,  new  resonances  appear  due  to  the  discreteness  of 
an  unshunted  array19'24.  These  resonances  can  be  described  in  the  same  way  as  it  is  done 
for  quasiparticle  motion  in  a  periodic  potential19,  and  for  these  resonances  both  optical  and 
acoustic  dispersion  relations  has  been  found  experimentally21.  These  two  areas  in  Figure  1 
are  not  discussed  in  this  report. 

To  fabricate  RSFQ  circuits  (area  3  in  Figure  1)  one  sometimes  uses  a  complicated 
connection  of  two  kinds  of  interferometers.  The  first  group  of  them  with  parameter 
0.5<ti<1  is  used  mainly  for  transferring  fluxons  and  the  other  one  with  \<r\<2  for  the 
storing  of  a  single  fluxon  (see  for  example  Ref. 4).  RSFQ  logic  is  expected  to  be  valid  up 
to  the  frequencies  about  100GHz;  this  limitation  is  imposed  by  the  dynamics  of  fluxons 
within  the  discrete  Josephson  structure.  This  limitation  and  another  application  of  RSFQ 
elements  as  analog  devices,  for  instance,  high  frequency  generators26 ,  voltage  amplifiers27 ' 
31  and  dividers5,6  will  be  discussed  in  Section  4  and  5  respectively.  One  of  the  new 
phenomena  observed  in  such  circuits  is  a  self-induced  magnetic  field  effect  caused  by  edge 
current  in  a  parallel  array  of  junctions32 .  It  will  be  discussed  in  Section  2  and  the  first 
experimental  results  obtained  for  this  array  by  Low  Temperature  Scanning  Electron 
Microscopy  (LTSEM)33  will  be  presented  in  Section  3.  Unfortunately  space  limitation 
does  not  allow  us  to  discuss  the  RSFQ  based  voltage  standard34  that  also  can  be 
considered  a  quasidigital  circuit. 
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Figure  1.  Areas  of  existence  of  phenomena  vs.  McCumber  and  discreteness  parameters. 

The  high  frequency  properties  of  the  one-dimensional  transmission  line  are  vital  in 
RSFQ  logic.  This  is  because  there  may  be  unanticipated  effects  caused  by  the  high 
frequency  properties  of  the  interconnecting  circuit  elements  such  as,  for  example,  the 
microstrip  lines  connecting  the  junctions.  To  elucidate  the  influence  of  the  inherent 
resonance  frequencies  it  is  important  to  test  an  RSFQ  circuit  in  the  low  damping  limit, 
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with  all  shunting  resistances  removed.  In  this  limit  (see  area  “4”  in  Figure  1)  a  resonant 
step  has  been  observed  at  a  voltage  corresponding  to  600GHz  in  the  dc  IV-curve  of  a 
parallel  array  of  20  small  Nb-AlOx-Nb  junctions  interconnected  by  short  superconducting 
microstrip  line  sections35 .  Since  this  kind  of  circuit  is  not  strictly  an  RSFQ  element  we  do 
not  discuss  it  here  and  refer  to  Ref. 35. 


2.  Self-induced  Magnetic  Field  Effect  Caused  by  Edge  Current  in  Parallel  Array  of 
Josephson  Junctions 

One  of  the  base  elements  of  RSFQ  logic  is  the  transmission  line  consisting  of  a 
parallel  connection  of  shunted  Josephson  junctions.  This  line  may  be  employed  to  transfer 
the  SFQ  pulses  between  active  elements,  to  amplify  the  magnetic  field  energy  connected 
with  the  flux  quantum  (see  for  example  Ref.4)  and  to  provide  a  time  delay  of  fluxon 
propagation5,6,7,36 ,37  .  The  high  frequency  properties  of  RSFQ  devices  can  be  tested  by 
rather  simple  dc  measurements5  relying  on  the  Josephson  relation: 

f  =  (2e/h)Vdc  (7) 

which  relates  the  frequency,  f,  of  the  internal  Josephson  oscillation  to  the  average  voltage, 
Vdc,  across  the  junction.  In  these  tests  the  parallel  junction  array  is  used  as  a  SFQ 
generator.  When  an  additional  bias  current  is  applied  to  the  edge  junction,  it  generates  flux 
quanta,  which  propagate  down  the  transmission  line.  In  such  experiment  a  number  of 
characteristic  steps  appear  in  the  IV-curve  of  the  fluxon  generator  junction.  These  steps 
have  practically  zero  differential  resistance  and  render  the  analysis  of  RSFQ  circuits  more 
difficulty.  In  the  discussion  of  our  experiments  we  show  that  neither  internal  junction 
(geometric)  resonances  nor  cavity  resonances  (in  the  loop  formed  by  the  junction 
capacitance  and  the  inductances  of  the  superconducting  strips  connecting  the  junctions) 
are  responsible  for  these  steps.  The  extremely  low  differential  resistance  of  the  steps 
cannot  be  explained  by  the  usual  two  junction  interferometer  model.  In  this  chapter  we 
discuss  the  nature  of  these  nonlinear  phenomena. 


2.1  Equivalent  circuit 

Figure  2  shows  the  equivalent  diagram  of  the  circuit  under  investigation.  The  one¬ 
dimensional  array  consists  of  twenty  parallel  connected  Josephson  junctions  Ji  -  J20  each 
of  which  are  externally  resistively  shunted  to  provide  a  McCumber  parameter,  pcs  1.  The 
unit  cell  is  a  two-junction  interferometer  sharing  its  junctions  with  the  neighboring  cells. 
There  are  three  bias  currents  supplied  to  the  array.  Ib,  is  a  uniformly  distributed  current 
applied  to  the  individual  junctions  through  the  resistances  Ri  -  R2o-  These  resistances  are 
ten  times  larger  than  the  junction  shunt  resistances.  Iei  is  fed  directly  to  the  edge  junction 
Ji.  Ie2  is  fed  directly  to  J2o  and  is  used  only  when  applying  a  magnetic  field,  which  is 
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controlled  by  adding  a  dc  current,  Ih,  to  lei  and  having  I€2  =  -Ih  at  J2o.  The  array  voltage, 
V,  is  measured  across  one  of  the  edge  junctions. 


2.2  Fabrication  technique 

Standard  trilayer  Nb-A10x-Nb  technique  was  employed  to  fabricate  the  20-junction 
arrays  with  a  critical  current  density  of  about  lkA/cm2  The  junctions  were  identical  with 
the  following  characteristics:  Critical  current  Ic  =  265pA,  junction  resistance  (including 
the  external  shunt  resistance)  R  =  1.75Q.  The  junction  capacitance  is  estimated  to  be 
C  =  0.8  pF38,  giving  a  McCumber  parameter  pc  =2  We  have  estimated  the  capacitance 
connected  with  the  overlap  geometry  to  be  negligible.  This  is  confirmed  by  measurements 
using  different  geometries.  The  inductances,  Li  -  L^o,  as  measured  with  a  two-junction 
interferometer  located  on  the  substrate  close  to  the  array  had  the  self-inductance 
L  =  9.4  pH.  The  junctions  were  circular  with  a  diameter  of  5  pm. 


Figure  2.  Equivalent  circuit  of  one-dimensional  array  of  over-damped  Josephson  tunnel  junctions 
(crosses).  The  resistances  Ri  -  R20  provide  a  uniform  bias  current.  A  magnetic  field  may  be  introduced  by 
adding  a  current,  Ih,  to  one  of  the  edge  currents,  say  1U  and  subtracting  it  from  the  other,  I*2.  The  array 
voltage,  V,  is  measured  across  one  of  the  edge  junctions. 


2.3  Experimental  results 

The  measured  V(Ib)-curve  with  fixed  IeJ  appears  as  a  smooth  curve  that  accurately 
fits  to  the  predictions  of  the  Resistively  Shunted  Junction  (RSJ)  model  for  a  single 
junction: 


V  =  R,  (I„2  -I*2)1'2  (8) 

here  R*  is  the  total  shunt  resistance  of  the  junctions  in  the  array  and  Icb  is  a  critical  value 
of  Ib.  An  external  magnetic  field  introduced  by  Ih  does  not  change  the  shape  of  the  IV- 
characteristic.  It  means  that  the  bias  current  Ib  is  uniform  and  does  not  influence  the 
magnetic  field  distribution  in  the  array.  On  the  contrary,  an  applied  edge  current  lei 
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significantly  changes  this  distribution.  The  experimental  V(Iei)-curves  obtained  with  zero 
magnetic  field  (Ih  =  0)  for  ten  different  fixed  values  of  Ib  are  presented  in  Figure  3. 

The  bias  current,  Ib,  defines  the  velocity  of  fluxons  moving  through  the  array  and 
influences  the  voltage  positions  of  the  (nearly)  horizontal  steps.  From  the  experimental 
curves  we  have  found  that  the  current  width,  Alei,  of  the  steps  is  given  by  Alei  =  <j)o  /  L, 
where  L  is  the  inductance  connecting  the  junctions.  The  numerical  simulations  confirmed 
this  picture.  Accordingly,  a  new  step  appears  when  an  additional  fluxon  penetrates  into  the 
array.  This  effect  is  similar  to  the  one  observed  for  a  non-symmetrically  biased  two- 
junction  interferometer,  where  the  bias  current  induces  a  magnetic  field  in  the 
interferometer  loop,  resulting  in  the  well-known  modulation  of  the  IV-curve.  The 
extremely  small  differential  resistance  of  the  steps  in  the  junction  array  may  be  interpreted 
as  being  due  to  some  kind  of  nonlinear  resonant  interaction  as  will  be  shown  in  the  next 
chapter.  It  is  definitely  not  a  geometrical  resonance  since  the  step  voltage  varies  with  the 
common  bias  current  Ib  (as  given  above),  and  also  because  the  V(Ib)-characteristic  is 
smooth.  Furthermore  the  damping  of  the  circuit  is  much  too  large  for  the  observation  of 
geometrical  resonances. 


Current  Iel  (mA) 

Figure  3.  Array  voltage,  V,  versus  edge  current,  I*i,  measured  for  different  values  of  the  common  bias 
current,  Ib  (values  given  in  the  right  column)  for  zero  external  magnetic  field  (Ih  =  0,  It2  —  0). 


Figure  4a-d  shows  a  family  of  V(Iei)-curves  for  different  values  of  the  uniformly 
applied  magnetic  field  (fixed  Ih).  It  is  obvious  that  decreasing  the  magnetic  field  shifts  the 
steps  towards  larger  1^  values.  Actually,  experiments  show  that  a  new  step  appears 
whenever  the  magnetic  field  is  incremented  by  AIh  =  <{>o  /  L,  corresponding  to  one  more 
fluxon  threading  the  array  (see  Figure  4a-b).  In  the  range  AIb  the  magnetic  field  is  unable 
to  change  the  number  of  fluxons  in  the  array. 
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Figure  4.  Experimental  V(I«i)-curves  at  different  values  of  the  magnetic  field  and  fixed  common  bias 
current,  Ib  =5.2  mA;  a)  Ih  =  0.4  mA,  b)  Ih  =  0.31  mA,  c)  Ib  =  0.22  mA,  and  d)  Ib  =  0.07  mA.  The  arrow 
indicates  the  shift  of  the  same  step. 


Figure  5  shows  the  array  voltage  as  function  of  magnetic  field  at  the  fixed  edge 
current,  l«i,  where  the  steps  appeared  in  Figure  4c.  One  can  see  that  each  new  step 
reduces  the  critical  current  and  results  in  an  increase  of  the  voltage.  Each  time  after  the 
step  has  moved  on  to  the  right  in  Figure  4  the  critical  current  becomes  large  again. 


Figure  5.  Array  voltage  as  function  of  magnetic  field  for  fixed  Ib  =  5.2  mA  and  I*i  =  -  0.22  mA 


2.4  Computer  simulation 

The  20-junction  array  has  been  simulated  within  the  framework  of  the  simple  RSJ 
model  as  justified  by  the  small  shunt  resistance.  The  junction  parameters  used  in  the 
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simulations  were  close  to  the  experimental  values:  critical  current  265  pA,  resistance  1  Q, 
capacitance  0.8  pF,  and  inductance  9.4  pH.  The  sample  design  was  made  in  such  a  way 
that  we  avoided  the  influence  of  the  microstrip  lines  used  in  the  circuit.  That  was  done  by 
a  careful  use  of  filters,  damping  parameters  and  geometrical  dimensions.  If  these 
precautions  were  not  taken  resonances  due  to  such  effects  were  easily  observed  in  the 
experiment.  Hence  in  our  simulations  we  do  not  include  such  effects. 

Figure  6  shows  the  calculated  V(Iei)-curves  at  different  values  of  the  common  bias 
current,  Ib.  There  is  good  general  agreement  between  the  simulations  and  the  experimental 
curves  in  Figure  3.  We  note  that  the  size  of  the  steps  and  their  voltage  position  agree 
between  simulation  and  experiment.  The  same  simulation  made  with  zero  junctions 
capacitance  gave  the  same  IV-curve,  indicating  that  the  steps  are  not  caused  by  any  LC 
resonance.  We  will  show  later  that  the  discrepancy  between  Fig.  3  and  6  for  lei  >  0  is 
caused  by  an  additional  parasitic  magnetic  field  in  the  experiment. 


Figure  6.  Computer  simulation  using  the  experimental  parameter  values  of  the  circuit  elements  (see 
text).  Calculated  V(Iel)-curve  for  different  values  of  the  total  uniform  bias  current,  I„.  The  step  voltages 
are  strictly  proportional  to  (Ib2  -  Ict>2)1/2 

In  order  to  understand  the  processes  causing  the  step  structure,  two  kinds  of 
curves  with  bias  points  indicated  a  -  d  in  Figure  6  were  calculated.  The  first  is  shown  in 
Figure  7a-d  presenting  the  quantity  N  =(<pi+i  -  cpi)/  2ti  as  a  function  of  cell  number,  i,  and 
time,  t,  where  cps  is  the  quantummechanical  phase  of  junction  i.  N  thus  becomes  the 
number  of  fluxons  in  the  cell  defined  by  junctions  i  and  i+I,  i.e.  N=<J>Aj>0,  where  <j)  is  a 
magnetic  flux  within  the  cell  and  <J>0  is  flux  quantum.  By  its  definition  N  may  take 
noninteger  values  during  the  transient  flux  propagation  as  can  be  seen  in  Figure  7.  Figure 
8a-d  shows  the  instantaneous  voltage  across  the  individual  junctions  as  function  of  the 
same  arguments.  The  voltage  pulses  observed  appear  when  a  fluxon  is  transferred  from 
one  cell  to  the  next.  From  Figure  7  and  Figure  8  we  see  that  the  edge  current  causes  a 
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splitting  of  the  array  into  sections  (domains)  each  having  predominantly  the  same  number 
of  fluxons  per  unit  cell. 


Figure  7.  Number  of  fluxons  (N,  see  text)  located  in  a  unit  cell  as  function  of  cell  number,  i,  and  time,  t. 
The  time  unit  is  1  ns.  The  corresponding  bias  points  are  marked  a  -  d  in  Figure  6.  The  edge  current  was 
introduced  to  the  20th  junction. 

One  can  see  that  the  non-uniform  magnetic  field  caused  by  the  edge  current 
penetrates  into  the  array  over  a  distance  significantly  larger  than  the  Josephson  penetration 
depth  observed  in  long  tunnel  junctions.  This  is  somewhat  unexpected  since  the  ratio  of 
the  Josephson  inductance  to  the  geometric  inductance  is  only  about  0.12.  The  first  step 
(Figure  7a  and  Figure  8a)  seems  to  be  due  only  to  the  edge  current  which  is  constant  and 
dictates  the  repetition  rate  of  the  fluxon  excitation.  The  step  voltage  depends  on  this 
repetition  rate  and  on  the  average  velocity  of  the  fluxon.  This  also  explains  the  increase  of 
the  step  voltage  with  increasing  total  bias  current  depicted  in  Figure  3  and  Figure  6. 

A  more  complex  picture  appears  for  higher  order  steps.  In  Figure  7b-d  and  Figure 
8b-d  one  can  see  that  we  have  two  types  of  domains;  the  one  near  the  left  edge  looks  like 
the  one  discussed  above.  The  domains  not  reaching  the  edges  are  spatially  symmetric;  the 
junction  in  the  middle  of  the  domain  (in  the  following  called  the  leading  junction)  switches 
first,  producing  a  fluxon  and  an  antifluxon  which  in  turn  propagate  in  opposite  directions. 
That  means  that  the  total  fluxon  number  within  a  symmetrical  domain  is  conserved  at  all 
times.  This  intrinsic  feature  characterizes  all  the  symmetrical  domains  in  Figure  7b-d.  The 
simulation  shows  that  the  number  of  domains  changes  as  we  go  from  one  step  to  another, 
and  that  a  variation  of  the  edge  current  within  the  same  voltage  step  only  changes  the 


420 


spatial  position  of  the  leading  junction  in  the  edge  domains.  It  looks  as  if  there  is  a  mutual 
phase-locking  between  the  leading  junctions  belonging  to  different  domains.  The  junctions 
are  connected  by  a  superconductor  and  must  be  synchronized,  leaving  only  the  spatial 
location  of  the  leading  junction  as  the  free  parameter.  The  LTSEM  experiment  is 
described  in  the  next  section  confirms  that  claim. 


Figure  8.  Voltage  (in  mV)  across  individual  junctions  as  function  of  its  number,  i,  and  time,  t.  The  time 
unit  is  1  ns.  The  edge  current  is  introduced  to  the  20th  junction. 


3.  Imaging  of  the  dynamic  magnetic  structure  in  a  parallel  Array  of  shunted 
Josephson  junctions 

In  the  previous  chapter  we  have  considered  the  new  effect  that  was  verified  from 
computer  simulations  to  be  due  to  the  self-induced  magnetic  field  produced  by  the  edge 
current.  This  is  a  dynamic  state  in  a  highly  nonlinear  system  and  the  influence  of 
differences  in  junction  and  array  parameters  on  the  domain  stability  is  still  unknown.  The 
main  aim  of  this  section  is  to  experimentally  confirm  and  visualize  the  domains  by  using 
Low  Temperature  Scanning  Electron  Microscopy  (LTSEM)  and  thus  to  determine  which 
junctions  are  responsible  for  the  different  steps  observed  in  the  IV  curve. 
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3.1  Sample  and  experimental  technique 

The  LTSEM  technique  offers  the  possibility  of  a  spatially  resolved  in  situ 
investigation  of  superconducting  tunnel  junctions  and  integrated  circuits  In  that 
technique  the  top  surface  of  the  sample  is  scanned  with  an  electron  beam,  while  the 
bottom  of  the  substrate  carrying  the  junction  is  in  intimate  thermal  contact  with  a  bath  of 
liquid  helium.  The  main  effect  at  the  focus  point  (x,y)  of  the  electron  beam  is  a  local 
heating  (0.1  -  10  K  depending  on  the  beam  parameters)  of  the  sample.  The  spatial 
resolution  of  about  1  -  3  \im  is  determined  by  the  thermal  healing  length  of  the  sample 
configuration.  The  beam  power  -  typically  2.5  jaW  -  can  be  adjusted  over  a  wide  range  to 
ensure  that  the  electron  beam  acts  only  as  a  passive  probe  on  the  sample.  Scanning  over 
the  sample,  the  beam  induced  signal,  say  the  change  in  the  voltage  across  the  array,  is 
simultaneously  recorded  with  a  digital  imaging  system. 

In  this  experiment  we  have  tested  circuits  for  which  the  equivalent  circuit  is  the 
same  as  in  Figure  2.  The  only  difference  is  that  the  transmission  line  consists  of  a  one¬ 
dimensional  array  of  twenty  Josephson  junctions  J2  -  J21  connected  in  parallel  (like  in 
Figure  2)  and  an  additional  generator  junction  Ji  with  higher  critical  current.  This  is  a 
typical  connection  for  RSFQ  logic  (for  example  ref.  5,6).  The  parameters  of  the  circuit  are 
the  following:  for  junctions  J2  -  J21  the  critical  current  is  0.115  mA,  shunt  resistance  1.2 
Q,  capacitance  0.5  pF,  while  for  junction  Ji  we  have  a  critical  current  of  0.23  mA,  shunt 
resistance  0.6  Cl,  and  capacitance  l.OpF.  Each  of  the  junctions  are  resistively  shunted 
(externally)  to  provide  a  McCumber  parameter,  pc=  1.  The  unit  cell  is  a  two-junction 
interferometer  sharing  its  junctions  with  the  neighboring  cells.  The  inductances  were  La  - 
1*0  =  5  pH. 

The  same  technology  as  described  in  sec  2.2  was  used  for  junction  fabrication.  The 
junctions  were  circular  with  a  diameter  of  4[im.  The  total  size  of  the  array  was  2.5  mm. 
The  edge  currents  Iei  and  1*2  are  fed  directly  to  junction  Ji  and  J21,  respectively.  The  array 
dc  voltage  V  and  the  electron  beam  induced  voltage  signal  AV(x,y)  are  measured  across 
one  of  the  edge  junctions.  AV(x,y)  is  detected  by  standard  lock-in  technique  with  the 
chopping  frequency  (20kHz)  of  the  electron  beam  as  reference.  The  output  from  the  lock- 
in  detector  is  fed  into  a  digital  imaging  system.  The  underlying  mechanism  of  AV(x,y), 
giving  rise  to  the  image  of  the  above-mentioned  domains,  is  a  sequential  heating  of  the 
individual  Josephson  junctions  resulting  in  a  reduction  of  their  critical  currents. 


3.2  Experimental  results 

The  experimental  V(Iei)  curves  obtained  with  L2  =  0  for  four  different  fixed  values 
of  Ib  are  presented  in  Figure  9.  Qualitatively  this  result  is  similar  to  what  we  observed  with 
a  similar  array  without  generator  junction  (see  Figure  3).  From  comparisons  with  the 
homogeneous  array  results  we  infer  that  the  main  effect  of  the  generator  junction  is  that  it 
produces  the  small  additional  substeps  barely  visible  on  the  IV  curves  shown  in  Figure  9. 
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In  both  cases  the  bias  current  Ib  defines  the  velocity  of  fluxons  moving  through  the  array 
and  defines  the  voltages  of  the  (nearly)  horizontal  steps. 

The  main  experimental  results  are  shown  in  Figure  10.  Let  us  assume  the  array 
under  investigation  to  be  along  the  x-axis.  In  the  experiment  one  usually  has  a  slight 
misorientation  between  the  scan  line  and  the  line  connecting  the  centers  of  the  junctions. 
This  is  the  reason  to  present  in  Figure  10  a  series  of  line  scans  recorded  with  successive 
small  off-sets  to  new  y-axis  positions  of  the  beam  in  order  to  completely  cover  all  the 
junctions  in  the  array.  The  images  0  through  5  in  Figure  10  correspond  to  the  points  with 
the  same  numbering  in  Figure  9.  The  images  in  Figure  10  are  off-set  vertically  for  clarity. 
Image  6  in  Figure  10  is  obtained  from  a  usual  Scanning  Electron  Microscope  (SEM) 
picture,  and  the  maximum  signals  in  these  curves  correspond  to  the  shunting  resistances. 
The  positions  of  the  midpoints  of  the  shunting  resistances  coincide  geometrically  with  the 
junctions  centers.  This  allows  a  conclusion  that  the  junction  positions  correspond  to  the 
maxima  on  images  0-5  thus  confirming  that  the  signals  really  come  from  the  junctions. 
We  also  notice  that  the  signals  extend  beyond  the  circumference  of  the  junctions  due  to 
the  heating  of  the  area  outside  the  junctions.  The  smooth  envelope  spanning  several 
junction  sites  indicates  that  different  junctions  in  the  array  play  different  roles  in  setting  up 
the  particular  step  voltages  and  that  for  different  steps  there  are  different  groups  of 
junctions  producing  the  LTSEM  response.  Below  this  is  discussed  in  more  detail.  It 
should  be  pointed  out  that  the  images  were  sensitive  to  parasitic  magnetic  flux  trapped  in 
the  superconducting  films.  One  procedure  used  to  remove  such  trapped  flux  was  to  slowly 
scan  the  sample  with  high  beam  power.  After  this  procedure  the  measured  IV  curves  in 
Figure  9  fit  better  to  the  simulated  ones  even  with  positive  edge  current. 


Figure  9.  Array  voltage  V  versus  edge  current  I*i,  measured  for  different  values  of  Ib.  The  other  second 
edge  current  I*2  =  0.  Marked  points  correspond  to  Li  =  -0.008  mA  (0);  -0.173  mA  (1);  -0.695  mA  (2);  - 
1.0mA  (3);  -1.367  mA  (4);  -1.589  mA  (5). 


Figure  10.  LTSEM  response  AV(x)  as  a  function  of  the  beam  position  along  the  array.  Images  0  -  5  are 
the  signals  proportional  to  the  voltage  increment  of  the  steps  at  the  marked  points  in  Figure  9.  Each  image 
consists  of  several  lines  scans  around  the  junction  position  (see  text).  Image  6  shows  a  usual  SEM  image 
of  the  sample.  The  images  are  vertically  off-set  for  clarity. 


3. 3  Computer  simulations  and  discussion. 

In  order  to  understand  the  nature  of  the  recorded  images  a  number  of  computer 
simulations  were  made.  An  important  parameter  for  the  calculations  is  the  critical  current 
reduction  of  a  single  junction  produced  by  the  electron  beam.  This  parameter  was 
determined  experimentally  by  focusing  the  beam  on  the  1 1th  junction  and  then  measure 
the  reduction,  AIbc,  of  the  total  critical  current  of  the  array.  To  our  first  surprise  we  found 
AIbc  =  0.120  mA,  which  is  a  little  bit  larger  than  the  critical  current  Ic  =  0.115  mA  of  a 
single  junction.  A  numerical  simulation,  however,  AIbc  as  function  of  Ic  of  the  11th 
junction  gave  the  result  shown  in  Figure  1 1 .  Here  we  notice  that  AIbc  is  about  three  times 
larger  than  the  change  in  Ic  of  a  single  junction.  Considering  this  simulation  result,  we  can 
estimate  the  suppression  of  the  critical  current  of  a  single  junction  to  be  0.035  mA,  that  is 
about  30%.  This  effect  is  due  to  internal  rearranging  of  currents  and  magnetic  flux  in  the 
array,  and  may  be  related  to  the  operation  of  the  HTS  flux  flow  transistor44 .  Alternatively 
it  may  be  utilized  as  a  new  kind  of  amplifier. 
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Ic  of  11th  junction  (mA) 


Figure  1 1 .  Computer  simulated  dependence  of  the  reduction  in  the  critical  current  of  the  array  (critical 
value  of  Ib)  as  a  function  of  the  critical  current  of  the  11th  junction  in  the  array. 


Figure  12.  Simulated  array  voltage  V  vs.  edge  current  lei  for  different  values  of  the  uniform  bias  current 
Ib.  The  other  edge  current  is  set  to  Ie2=  -0.0625mA  (see  text).  Marked  points  correspond  to  Iei~  -0.0125 
mA  (0);  -0.175mA  (1);  -0.625  mA  (2);  -1.000  mA  (3);  -1.3625  mA  (4);  -1.5875  mA  (5). 

Figure  12  shows  the  simulated  IV  curves  obtained  for  the  transmission  line  with 
parameters  close  to  the  experimental  ones.  Notice  that  without  any  fitting  parameters  most 
of  the  features  of  the  experimental  curves  in  Figure  9  are  reproduced.  We  further 
simulated  the  change  in  the  array  voltage  AV  at  the  enumerated  points  in  Figure  12  as 
function  of  the  junction  number  for  which  the  critical  current  was  suppressed  by  30%.  The 
results  of  these  simulations  are  presented  in  Figure  13.  When  these  curves  are  compared 
with  the  experimental  images  in  Figure  10  there  is  a  convincing  overall  resemblance. 

Experimentally  we  found  that  the  images  were  sensitive  to  the  presence  of  trapped 
magnetic  flux.  This  effect  was  also  investigated  numerically.  In  order  to  obtain  the  best  fit 
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to  Figure  10  we  had  to  introduce  an  additional  edge  current  Ie2  “  -  0.0625  mA.  Further 
simulation  showed  that  this  small  current  had  no  visible  effects  on  the  simulated  IV  curve, 
and  did  not  change  the  size  of  the  domains  with  respect  to  the  number  of  active  junctions 
(see  Figure  13).  Only  minor  details  within  the  domains  were  modified. 
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Figure  13.  Simulated  LTSEM  response  AV  (arbitrary  units)  as  a  function  of  the  junction  number. 
Images  enumerated  0-5  show  the  voltage  increment  at  the  marked  points  in  Figure  12 

With  the  good  agreement  between  experiment  and  simulations  we  now  look  into 
the  dynamics  of  the  transmission  line.  Figure  14a-f  shows  the  instantaneous  voltage  across 
the  individual  junctions  as  function  of  the  junction  number  and  time  calculated  with 
parameters  corresponding  to  Figure  13.  The  voltage  pulses  appear  whenever  a  fluxon  is 
transferred  from  one  cell  to  the  next.  As  was  described  in  detail  in  a  previous  chapter 
(Ref.  32)  the  edge  current  causes  a  splitting  of  the  array  into  domains  each  having 
predominantly  the  same  number  of  fluxons  per  unit  cell.  It  means  that  the  magnetic  field 
produced  by  the  edge  current  does  not  penetrate  into  the  array  smoothly  as  in  a  long 
Josephson  junction. 

There  are  two  kinds  of  domains  in  Figure  14a-f:  (i)  The  domains  not  reaching  the 
edges  are  spatially  symmetric;  the  junction  in  the  middle  of  the  domain  (leading  junction) 
switches  first,  producing  a  fluxon  and  an  antifluxon  that  in  turn  propagate  in  opposite 
directions.  This  means  that  the  total  fluxon  number  within  a  symmetrical  domain  is 
conserved  at  all  times;  (ii)  The  other  kind  of  domains  touch  the  edges;  for  those  domains 
the  position  of  the  leading  junction  can  be  shifted  from  the  center  of  the  domain  depending 
on  the  applied  edge  currents.  Comparing  the  simulated  images  in  Figure  13  with  the 
domain  structures  in  Figure  14  one  may  conclude  that  the  experimental  LTSEM  images 
reproduce  the  position  of  the  leading  junctions.  This  is  corroborated  by  the  fact  that  the 
number  of  junctions  within  a  given  domain  is  approximately  the  same  as  seen  in  Figure  14. 
Actually  in  the  experiment  the  number  of  junctions  in  each  domain  may  appear  lower  if  the 
sensitivity  of  the  LTSEM  is  reduced  by  e.g.  too  low  e-beam  intensity. 
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The  simulations  depicted  in  Figure  14  reveals  one  more  feature.  As  was  pointed 
out  above,  a  generator  junction  with  two  times  higher  critical  current  creates  substeps. 
Each  step  is  associated  with  a  definite  number  of  domains  and  the  substeps  seem  to 
originate  in  a  redistribution  of  junctions  among  the  domains  (compare  Figure  14e  and 
Figure  14f).  The  experiment  seems  to  confirm  this  result  when  one  compares  the  LTSEM 
image  4  with  5  in  Figure  10. 


4.  How  the  dynamics  of  ID  shunted  array  impose  the  high  frequency  limit  for  RSFQ 
circuits. 

Despite  the  separate  elements  of  RSFQ  logic  demonstrate  frequency  of  operation 
up  to  the  Josephson  frequency  fm„  =4>o  1leRB  there  is  a  new  limitation  that  appears 

when  one  connects  these  elements  together.  Typically  the  transmission  line  or  a  parallel 
connection  of  shunted  Josephson  junctions  is  used  to  interconnect  these  elements.  The 
computer  simulation  shows  that  fluxon  repulsion  appears  when  the  time  interval  between 
them  is  comparable  with  the  l/fm„. 


> 

B  °-5 

<v 

<u> 

cfl 

+J 

o  0.0 


0.1  0.2  0.3 

Time  (nsec.)  I 

nput  v  Output 


b) 


Figure  15.  Propagation  of  two  fluxons  in  an  array  of  100  shunted  junctions,  a)  Instantaneous  voltage  on 
the  first  junctions  (input)  where  fluxons  were  introduced  and  the  same  voltage  on  the  100th  junction 
(output);  b)  Time  distance  between  the  fluxons  as  function  of  the  junction  number  at  two  McCumber 
parameters  pe.  The  transmission  line  parameters  were:  critical  current  of  single  junction  -  0.125mA, 
resistance  -  2Q,  bias  current  for  each  junction  -  0.1mA,  interconnecting  inductances  -  7.8pH. 

Figure  15a  shows  the  instantaneous  voltage  on  the  input  of  the  100  junction  array 
(transmission  line)  when  two  fluxons  are  introduced  to  the  input  with  a  time  delay  of 
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9.6psec.  This  delay  corresponds  to  the  l/fm„  value.  During  the  propagation  within  the 
line,  the  time  delay  grows  up  and  is  reaching  24psec  at  the  output  of  the  line.  Figure  15b 
presents  the  delay  as  function  of  junction  number.  One  can  see  from  this  figure  that  the 
time  delay  is  saturated  at  a  value  corresponding  approximately  to  0.3fmax.  The  fluxons 
present  a  digital  code  in  RSFQ  circuits.  Their  interaction  may  change  a  consequence  of  the 
bits  during  the  propagation  on  a  JTL  and  result  in  may  produce  loosing  of  digital 
information.  That  is  why  the  absolute  limitation  of  an  RSFQ  circuit  is  about  0.5fmafl . 

To  minimize  the  repulsion,  Josephson  junctions  with  higher  ICR„  products  are 
demanded.  Typical  Nb/AlO/Nb  junctions  have  critical  current  densities  is  about  lkA/cm2 
and  4i?„=0.25-0.3mV.  It  means  that  the  highest  frequency  of  operation  of  RSFQ  devices 
based  on  them  is  about  30-50GHz.  This  is  already  comparable  to  the  best  semiconductor 
circuits.  There  are  two  ways  to  improve  the  performance  of  RSFQ  circuits.  The  first  one  is 
to  increase  the  critical  current  density  of  niobium  junctions45 ,  and  the  second  is  to  use 
novel  high  Tc  based  Josephson  junctions  with  inherently  higher  IcRn  values.  Both  ways 
imply  more  complicated  technologies  but  it  seems  that  this  is  the  only  way  to  make 
superconducting  digital  circuits  competitive  with  existing  semiconductor  devices. 


5.  Quasidigital  devices  as  examples  for  nonlinear  phenomena  in  RSFQ  circuits. 

RSFQ  circuits  can  be  considered  as  a  net  of  Josephson  junctions  with  defects  in  a 
regular  lattice.  The  present  technology  (e.g.  ref.  38)  enables  us  to  fabricate  rather 
complicated  systems  that  can  be  used  both  as  a  digital  device  and  as  so  called  quasidigital 
circuits.  Quasidigital  effects  appear  in  RSFQ  logic  due  to  their  digital  properties  and  at  the 
same  time  there  is  a  specific  dynamic  state  within  them.  This  state  can  exist  at  voltages 
even  higher  than  the  characteristic  voltage  of  the  used  junctions.  For  examples  the  RSFQ 
flip-flop  cell  passes  only  every  second  fluxon  from  the  input  to  its  output.  If  one  applies  a 
permanent  voltage  to  the  input  of  this  cell,  a  stream  of  fluxons  is  coming  to  the  input  with 
the  corresponding  voltage  given  by  Eq.  7.  This  produces  a  frequency  on  the  flip-flop 
output,  and  a  voltage,  that  are  two  times  smaller  than  the  input  ones5,6.  So  from  a 
quasidigital  point  of  view,  this  cell  is  a  precise  voltage  divider.  In  this  chapter  we  discuss 
another  circuit:  a  phase-locked  serial  dc  SQUID  array26  and  a  voltage  doubler29,30,31  that 
shows  more  quasidigital  properties  than  digital  ones.  We  expect  that  the  dynamics  in  these 
devices  may  have  similar  features  at  different  discreteness  and  shunting  parameters  (see 
Figure  1). 


5.1  Radiation  detection  from  phase-locked  serial  dc  SQUID  arrays. 

Figure  16a  shows  the  equivalent  circuit  that  involves  three  SQUID  loops  formed 
by  pairs  of  junctions  J1-J2,  J3-J4,  and  J5-J6,  respectively  (the  fabrication  technique  is 
described  in  section  2.2  or  in38).  All  these  SQUIDs  have  common  inductances  L2  and  L3 
which  provide  a  strong  coupling  between  them.  All  the  circuits  are  biased  with  the  total 
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currents  Ij,  I2.  The  fluxon  interaction  in  this  circuit  may  be  understood  from  an  energy 
point  of  view.  When  the  three  junctions  Jl,  J3,  and  J5  in  the  left  arm  are  switched 
simultaneously  and  three  fluxons  are  sitting  in  the  corresponding  interferometers,  the  total 
currents  through  the  inductances  L2  and  L3  are  minimized,  giving  rise  to  a  configuration 
having  the  lowest  energy  for  passing  a  bunch  of  flux  quanta.  The  height  of  the  energy 
barrier  is  proportional  to  the  mutual  inductance,  however,  the  inductance  should  be  small 
enough  to  prevent  trapping  of  fluxons  (q<l  in  Figure  1).  A  numerical  simulation  confirms 
this  suggested  mechanism  of  SQUID  interaction26. 


Figure  16.  Three  series  connected  SQUIDs.  (a)  Equivalent  circuit;  Li=I^=L3=L4=7.8pH.  Identical 
shunted  junctions  with  Ic=82|xA,  R=1.9Q,  and  C=0.7pF  were  used,  (b)  Actual  layout;  thick  line-  base 
electrode,  dashed  area  -  wiring,  circles  -  Josephson  junctions,  dash  point  area  -  resistances,  area  with 
crosses  -  full  connection  between  base  and  wire  electrodes,  cross-hatched  area  -  contacts  of  base  electrode 
with  the  ground  plane. 

The  total  dc  resistance  R*  of  the  three-SQUID  array  was  2.8Q  and  the  differential 
resistance  R<j  measured  as  the  slope  of  the  dc  IV  curve  of  the  array  was  the  order  1-10H. 
The  full  width  at  half-power  Af  of  the  emitted  radiation  may  be  estimated  from: 

Af^TikaTR/A^R,  (9) 

where  T  is  the  Kelvin  temperature  and  kB  is  Boltzmann’s  constant.  Eq.  (9)  refers  to  the 
well-known  RSJ  model  with  Nyquist  type  thermal  noise.  With  the  parameters  stated  the 
expected  linewidth  is  as  large  as  2GHz  at  4.2K.  For  the  detection  of  signals  with  such  a 
large  linewidth  a  standard  mm-wave  spectrum  analyzer  with  its  harmonic  mixer  was  not 
feasible.  Instead  a  low-noise  direct  mm-wave  mixer  powered  at  fLo  from  a  frequency 
locked  Gunn  diode  local  oscillator  was  used.  The  output  from  the  mixer  was  (if-) 
amplified  and  fed  to  a  dc-  1.8  GHz  spectrum  analyzer.  The  receiver  therefore  had  two 
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windows  (side-bands)  placed  symmetrically  with  respect  to  fLO-  Typically  1  MHz  wide 
sidebands  at  fLO±20MHz  were  used.  The  substrate  with  finline  antenna  was  inserted  in  a 
slit  cut  symmetrically  in  the  broad  walls  of  the  60-90GHz  waveguide.  The  external 
magnetic  field  was  generated  by  a  2-mm-diameter  ring  shaped  wire  which  was  positioned 
under  the  sample  at  a  distance  of  about  1mm. 

Figure  17  shows  the  detected  power  vs.  voltage  for  a  three-SQUID  array  in  the 
presence  of  an  applied  magnetic  field.  One  can  see  a  mutual  phase  locking  of  SQUIDs  at 
zero  magnetic  field  as  it  should  be.  Moderate  magnetic  fields  only  reduce  the  amplitude  of 
the  emitted  radiation  correspondingly  to  the  simulation  and  strong  magnetic  field  destroys 
the  coherent  state  completely  giving  in  Figure  17  three  peaks  separately  produced  by  the 
SQUIDs.  In  the  synchronous  state  the  linewidth  of  emitted  radiation  corresponds  to 
Eq.  (9)  if  the  resistance  of  a  single  SQUID  was  taken.  This  means  that  the  linewidth  is 
independent  of  the  number  of  SQUIDs  N  giving  rise  a  power  of  N2  times  the  power  of  a 
single  SQUID.  The  important  fact  is  that  this  type  of  series  connection  of  N  phase-locked 
SQUIDs  leaves  the  linewidth  of  the  emitted  radiation  generation  unchanged  while  the 
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Figure  17.  Detected  power  vs.  voltage  for  a  three-SQUID  array  in  the  presence  of  an  applied  magnetic 
field  B.  (a)  B=0.0,  (b)  B=3.0,  and  (c)  B=21.0  in  relative  units.  fLO=69.5GHz,  T=4.2K. 

The  above  result  has  also  been  verified  for  ten  coherently  radiating  SQUIDs  placed 
on  an  eleven-cell  array  substrate.  The  number  of  coherently  working  stages  was  inferred 
from  the  measured  dc  voltage  and  the  frequency  of  the  radiation  peak  using  VN=Nf<t>o.  The 
computer  simulations  of  an  eleven-SQUID  array  have  shown  that  the  coherent  state 
depends  on  the  initial  conditions.  If  a  flux  quantum  is  placed  near  the  center  of  such  an 
array,  the  array  splits  into  two  coherent  sections  with  a  mutual  phase  difference  between 
them. 
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5.2  Single  flux  quantum  voltage  amplifiers. 

In  the  previous  section  we  have  observed  the  synchronous  interaction  of  fluxons  in 
the  neighboring  SQUID  loops.  There  is  another  quasidigital  circuit,  the  voltage  doubler, 
that  is  based  on  the  so-called  asynchronous  coupling  between  SQUID  loops  where  a 
fluxon  and  an  antifluxon  are  passing  simultaneously  through  the  interferometers. 


Figure  18.  (a)  Equivalent  circuit  of  quasi-digital  voltage  amplifier.  Calculated  input  (b)  and  output 
instantaneous  voltages  (c).  Jci=Je2=Jc5=0.3mA,  Jc3=Jc4=0. 15mA,  L1=L2/2=10L3=1.3pH,  I|=0.24mA, 
I2=0.21mA,  I3=l4=0.12mA,  Is=0.03mA.,  IcR„=0.3mV  for  all  junctions. 

Figure  18a  shows  the  equivalent  circuit  of  a  voltage  doubler.  The  elements  marked 
by  the  crosses  are  overdamped  Jo sephson  junctions  with  a  McCumber  parameter  pc«  1. 
The  main  part  of  the  circuit  consists  of  two  interferometers  J2L2J5  and  J3L3J4L2  strongly 
coupled  via  the  inductance  L2.  When  a  fluxon  arrives  at  the  input,  the  junction  Ji  switches 
(see  Figure  18b)  and  a  flux  quantum  enters  the  interferometer  JiLiJ2.  The  inductance  Li  is 
small  enough  to  prevent  the  catching  of  this  quantum  by  the  interferometer  J1L1J2 
(J2Li<<J)o)  and  the  fluxon  passes  to  the  bottom  interferometer  J^Js.  As  a  result  a  phase 
difference  appears  on  the  inductance  L2,  inducing  a  clockwise  current  in  the  loop 
JfLsJfLa.  This  reduces  the  bias  current  through  J3  and  increases  it  through  junction  J4 
The  inductances  were  chosen  small  to  produce  a  circular  current  sufficient  for  switching 
J4.  As  result  of  the  switching,  an  antifluxon  penetrates  into  the  top  interferometer 
J3L3J4U  When  the  fluxon  and  antifluxon  are  in  corresponding  interferometers  they 
produce  bias  currents  which  exceed  the  critical  values  for  junctions  J4  and  J5.  The  last 
ones  are  switching  and  the  circuit  is  returning  to  its  initial  state.  Summing  up,  two  voltage 
pulses  appear  on  the  output  of  the  multiplier  when  only  one  pulse  is  introduced  to  the 
input.  This  is  a  result  of  the  fluxon  passing  through  the  bottom  and  antifluxon  through  the 
top  interferometers  as  Figure  18c  shows.  If  one  applies  a  dc  voltage  Vjn  to  the  input  of  the 
doubler,  a  stream  of  fluxons  occurs  with  frequency  producing  on  the  output  a 

frequency  2<t>o"1Vin  giving  V0Ut=2Vj„.  The  result  of  such  a  measurement  is  presented  in 
Figure  19.  The  Nb/A10x/Nb  junctions  used  for  the  experiment  were  fabricated  as 
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described  in  section  2.2.  They  have  a  characteristic  voltage  Vc=0.3mV  and  the  experiment 
clearly  shows  the  voltage  doubling  described  above. 

There  are  two  ways  to  connect  ‘n’  doublers.  In  the  case  of  series  connection,  the 
output  of  one  doubler  is  connected  to  the  input  of  another  and  a  voltage  multiplication  by 
2"  is  realized.  In  this  case  the  output  voltage  will  be  limited  by  the  characteristic  voltage  as 
it  is  for  a  single  doubler31. 


Figure  19.  Experimental  results  for  the  voltage  doubler,  (a)  Input  Vj„  and  output  V01,t  voltages  in 
dependence  of  the  input  current  that  biased  the  generator  junction  in  the  input  transmission  line;  (b)  Input 
and  divided  on  two  output  voltages  as  a  junction  of  the  input  voltage  Vin,  T=4.2K. 


Figure  20.  Equivalent  circuit  of  six  stage  parallel  amplifier.  J|=0.11mA,  J2-0. 165mA,  J3-0.22mA, 
J4=0.33mA,  Lx=0.26pH,  Lj=4.2pH,  L3=4.7pH,  I«=0.05mA,  Ij=0.13mA,  I2=0. 165mA,  I3=0.01mA.  All 
junctions  have  fJc=l. 
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For  the  parallel  connection  an  amplification  of  (n+1)  times  can  be  obtained  and  the 
output  voltage  will  be  limited  by  the  number  of  stages.  Compared  to  the  simplicity  of  the 
series  connection  of  doublers,  the  parallel  one  looks  more  complicated.  Figure  20  shows 
the  equivalent  circuits  of  a  six  stage  parallel  amplifier  and  Figure  21  presents  an 
experimental  result  that  shows  that  only  five  stages  work  properly.  There  are  two  basic 
ideas  of  building  the  parallel  amplifier.  The  first  idea  is  the  voltage  doubling  that  is  the 
same  as  was  discussed  above.  The  relatively  large  mutual  inductances  L2  (see  Figure  20) 
provide  this  process.  The  other  idea  is  increasing  of  flux  energy  LI2/2  before  the  doubling. 
A  transmission  line  is  used  for  this  purpose.  This  is  a  reason  that  for  the  parallel  amplifier 
we  have  more  than  one  SQUID  in  one  level  and  the  circuit  looks  like  a  2D  array.  The 
problem  was  how  to  prevent  an  interaction  between  the  transmission  lines  in  different 
levels.  The  solution  was  coming  from  a  special  design  within  the  standard  Nb/A10x/Nb 
technology  that  allows  to  make  the  relatively  large  inductance  L2  and  simultaneously  small 
inductance  Lj.  The  circuits  is  operating  in  the  following  way.  The  input  fluxon  switches 
junction  Ji  and  produces  an  antifluxon  in  the  second  level  because  of  the  doubling  effect. 
The  energy  of  this  antifluxon  is  amplified  by  junction  J*  and  it  becomes  ready  for  doubling 
and  switches  the  next  junction  Ji  in  the  following  level. 


Figure  21.  Experimentally  obtained  voltages  on  each  stage  of  parallel  QDVA  vs.  bias  current  of  the 
input  junction. 


6.  Conclusion 

In  this  report  we  have  observed  nonlinear  phenomena  in  RSFQ  circuits.  The  main 
points  were  the  following. 

We  have  demonstrated  that  the  new  effects  appear  in  an  overlapping  region 
between  RSFQ  logic  and  Long  Josephson  junctions. 

The  RSFQ  design  tricks  enable  us  to  build  many  interesting  quasidigital  circuits 
that  in  particular  case  are  ID  and  2D  arrays  of  Josephson  junctions. 

The  dynamics  of  RSFQ  imposes  rigid  limitations  for  high  frequency  performance 
of  RSFQ  logic,  giving  the  necessity  to  use  Nb  based  junctions  with  higher  critical  current 


density  or  novel  HTS  based  junctions.  This  is  extremely  important  for  HTS  technology, 
because  shunted  junctions  were  used  to  fabricate  RSFQ  circuits. 

We  have  computer  simulated  and  experimentally  investigated  the  new  effect  of 
non-uniform  magnetic  field  penetration  into  a  one-dimensional  array  of  over-damped 
Josephson  junctions.  Many  of  the  experimental  features  have  been  found  in  the  simulations 
but  obviously  a  more  reliable  theory  is  required  in  order  to  analyze  complex  RSFQ 
circuits.  Self-induced  magnetic  field  effects  can  be  also  observed  in  non-uniform  arrays 
and  in  magnetically  extended  Josephson  structures  such  as  the  novel  HTS  junctions.  The 
inhomogeneity  of  these  junctions  produces  a  complicated  magnetic  field  distribution  which 
in  turn  may  result  in  the  peculiarities  seen  in  their  IV-characteristics.  We  also  expect  this 
effect  to  exist  in  2D  arrays  of  shunted  junction,  that  can  be  considered  as  a  possible  model 
for  HTS  granular  films.  The  understanding  of  the  effects  described  here  also  seems  to 
offer  an  explanation  of  the  deficiencies  in  the  high  frequency  operation36,3  of  the 
Josephson  sampler.  The  presence  of  domains  on  the  transmission  line  causes  an  altered 
dependence  of  the  time  delay  on  the  input  voltage. 

LTSEM  is  a  powerful  tool  for  a  spatially  resolved  investigation  of  the  dynamics  of 
circuits  based  on  shunted  Josephson  junctions.  It  enables  us  to  recognize  and  visualize 
directly  the  dynamics  of  a  one-dimensional  parallel  connected  array  of  junctions.  We 
envision  many  applications  for  this  technique  within  areas  such  as  RSFQ  logic  and  HTS 
based  Josephson  junction  circuits. 
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ABSTRACT 

A  new  type  of  particle  detector,  based  on  fluxon  propagation  in  long  Josephson  junctions,  is 
discussed.  The  proposed  device  is  based  on  the  fluxon  injection  in  long  junctions  induced  by 
radiation,  and  provides  a  very  fast  (<  1  ns)  response,  together  with  the  possibility  of  energy 
resolution.  The  output  of  the  detector  is  intrinsically  in  digital  form  and  could  be  directly 
coupled  to  fast  superconducting  digital  circuits,  e.g.,  Rapid  Single  Flux  Quantum  counting 
logic.  Details  on  the  dynamic  operation  of  the  proposed  detector  are  discussed.  Preliminary 
experimental  results  without  radiation  obtained  from  some  prototypes  made  of  high  quality 
Nb-based  junctions  are  also  reported. 


1.  Introduction 

Thanks  to  the  very  low  value  of  the  energy  gap  of  the  superconducting  materials, 
Superconducting  Tunnel  Junctions  (STJs)  offer  the  attractive  possibility  of  very  high 
energy  resolution  (down  to  few  eV)  when  used  as  nuclear  radiation  detectors.  Since  the 
first  proposal  of  STJs  as  nuclear  radiation  spectrometers1*2  important  achievements 
have  been  obtained  in  this  direction,  and  investigations  are  still  actively  in  progress. 

Another  important  property  of  STJs,  which  makes  them  a  very  competitive 
candidate  for  nuclear  detection  applications,  is  their  ultra  fast  switching  time  capability: 
only  few  picoseconds  are  needed  in  order  that  a  STJ  switches  from  the  zero  voltage  to 
finite  voltage  state.  Such  a  switching  can  be  triggered  by  incoming  nuclear  radiation  and, 
based  on  this  property,  fast  nuclear  radiation  detectors  have  also  been  proposed^. 

The  device  presented  in  this  article  is  new  in  that  it  uses  the  incoming  radiation  to 
induce  a  flux-flow  state  in  a  Long  Josephson  Junction.  (LJJ)4.  The  obtained  switching 
is  temporary  and,  once  the  effects  of  the  passage  of  the  radiation  are  damped  out,  the 
equilibrium  is  restored  and  the  junction  settles  back  to  the  zero  voltage  state.  In  order  to 
achieve  this  result,  the  shape  of  the  junction  must  be  specially  tailored.  Hereafter, 
together  with  the  working  principle  of  the  device  and  the  preliminary  experimental 
characterization  of  produced  prototypes,  we  analyze  in  some  details  the  dynamics  of  the 
fluxon  propagation  in  specially  shaped  UJ,  remarking  those  aspects  which  are  relevant 
for  the  proposed  application.  On  the  other  hand,  the  important  issue  of  the  interaction 


438 


Fig.l  Sketch  of  the  geometry  of  the  proposed  detector 
between  the  junction  and  nuclear  radiation  will  not  be  present  in  this  paper. 

2.  Working  Principle 

The  design  of  the  proposed  device  is  based  on  the  idea  that  the  interaction  of 
radiation  with  one  of  the  extremes  of  a  long  junction  can  produce  a  temporary  fluxon 
injection.  The  injected  fluxons,  or  magnetic  flux  quanta  (<J>0  =  2.07  10*15  Wb  *  2  mV 
ps),  are  driven  by  the  bias  current  towards  the  opposite  side  of  the  LJJ.  Here,  by  a 
suitable  choice  of  the  junction  shape,  they  are  transmitted  to  an  attached  Superconducting 
Transmission  Line  (STL).  The  proposed  geometry  is  sketched  in  Fig.l.  A  long  junction, 
ending  with  a  narrowing  unbiased  "tail",  is  biased  on  the  zero  voltage  state.  The  left 
edge  of  the  junction  (and  the  whole  zone  nearby)  acts  as  "sensitive  area"  while  the  right 
point  shaped  edge  gradually  matches  the  STL.  This  guarantees  that  the  fluxons  undergo 
no  reflection,  as  we  discuss  in  some  detail  hereafter. 

Fluxons  are  forced,  in  fact,  to  propagate  on  the  connected  STL,  as  a  train  of  very 
fast  (few  ps  wide)  voltage  pulses.  A  suitable  electronic  circuitry  is  then  necessary  to 
process  them.  A  possibility  is  offered  by  the  recently  developed  Rapid  Single  Flux 
Quantum  (RSFQ)  counting  logic  circuits5.  The  control  line,  at  the  left  edge,  produces  the 
necessary  local  magnetic  field,  with  a  value  chosen  just  below  the  threshold  for  the 
entrance  of  fluxons. 

The  mechanism  which  triggers  the  fluxon  injection  is  a  lowering  of  the  local  critical 
current  density,  jc.  When  a  ionizing  particle  hits  the  left  side  of  the  junction  it  generates  a 
non-equilibrium  process  which  ultimately  leads  to  the  breaking  of  a  large  number  of 
Cooper  pairs.  The  external  magnetic  field  screening  capability  of  the  junction  is  locally 
reduced  and  one  or  more  fluxons,  can  enter  the  junction.  It  is  important  to  note  that  the 
ultimate  speed  of  the  device  depends,  among  other  things,  on  the  time  related  to  the 
process  leading  from  the  nuclear  radiation  impact  to  a  significant  decrease  of  the  jc. 
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Fig.  2  Microphotograph  of  a  UJ  detector 

This  process,  which  involves  a  non  equilibrium  treatment  of  the  Josephson  effect,  is  not 
yet  completely  clarified  and  is  still  object  of  investigation. 

The  detector  described  above  has  the  advantage  to  be  self-resetting.  In  fact,  after  a 
very  short  time,  depending  on  the  junction  materials,  temperature  and  geometrical 
configuration,  the  non  equilibrium  quasiparticles  recombine,  so  that  the  original  jc  is 
restored.  By  a  suitable  choice  of  the  working  conditions,  it  is  possible  to  decrease  this 
dead  time  to  very  short  values  (<lns  )  and  then  pile-up  effects  can  be  avoided. 

3.  Design  and  Characterization 

An  important  point  to  be  realized  is  that  the  fluxons  must  not  be  reflected  in  passing 
from  the  LJJ  to  the  STL.  A  LJJ  acts  as  a  transmission  line  for  small  amplitude  waves 
with  a  characteristic  impedance  given  by 


where  Zq  ~  12071  Ohm  is  the  impedance  of  the  free  space,  A,l  is  the  London  penetration 
depth,  d  and  er  are  the  thickness  and  the  relative  dielectric  constant  of  the  junction  barrier 
respectively,  and  W  is  the  junction  width.  For  a  microstripline  the  characteristic 
impedance  Zj  is  given  by  (W»dx)6: 


(2) 
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Fig.3  Magnetic  field  dependence  of  the  critical  current  for  the  device  proposed.  The  dots  are  experimental 
results  of  a  1000+300  pm  long  junction,  and  the  dashed  curve  is  the  result  of  the  numerical  simulation 
(see  text  for  details). 

where  dx  and  er  are  the  insulation  thickness  and  relative  dielectric  constant,  and  W  the  is 
strip  width.  In  order  to  optimize  the  matching  it  is  necessary  that  Zx=Zj.  Now  using 
typical  experimental  values  it  is  easy  to  verify  that  for  a  LJJ  with  W=  10  pm,  Zj  «  0.2 
Q.  For  a  microstrip  transmission  line  with  the  same  width  is  Zs=3  Q.  To  avoid  this 
mismatch  and  the  related  fluxon  reflection,  we  have  gradually  reduced  the  junction  width 
till  the  matching  of  the  Zx  value  is  obtained.  Moreover,  the  variable  width  region  of  the 
junction  is  not  biased.  This  latter  circumstance  contributes  to  avoid  possibility  of  fluxon 
reflections,  as  we  shall  explain  in  sections  5  and  6.  Finally  this  configuration  affects  the 
fluxon  dynamics  helping  their  transfer  to  the  transmission  line. 

Summarizing,  the  proposed  configuration  has  the  following  advantages:  it 
realizes  an  optimum  impedance  matching,  it  avoids  fluxon  reflection,  and  it  generates  an 
extra  force,  which  pushes  the  fluxons  toward  the  attached  transmission  line. 

An  important  point  to  stress  is  that  the  condition  of  impedance  matching  alone 
does  not  guarantees  the  fluxon  transmission.  This  happens  because  a  LJJ  is  a  nonlinear 
transmission  line  for  which  a  characteristic  impedance  can  be  defined  only  for  small 
amplitude  waves.  When  fluxons  are  involved,  the  nonlinear  effects  are  strong  and  there 
will  be  always  some  energy  released  during  the  transition  from  LJJ  to  the  transmission 
line. 

We  have  realized  a  number  of  test  devices  based  on  Nb/AlOx/Nb  junctions 
fabricated  using  the  trilayer  technique7.  Each  test  chip  contains,  among  other  things, 
three  long  Josephson  junction  detectors  (UJD),  having  the  geometry  sketched  in  fig.  1 
but  different  sizes.  Moreover  samples  with  different  current  densities  (from  50  to  5000 
A/cm^)  have  been  produced.  In  Fig.  2  a  photograph  of  one  of  the  LJJ  (L=l  pm  + 
300pm,  W=10  pm)  is  reproduced.  For  this  preliminary  realization  of  the  LJJ  detector 
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we  have  used  a  variable  size  slot-line  instead  of  a  microstrip  transmission  line.  This 
choice,  while  providing  a  better  geometrical  matching  to  the  UJ,  introduces  a  somewhat 
larger  impedance  mismatch. 

We  have  performed  preliminary  tests  of  the  LJJD  in  absence  of  radiation  to 
characterize  its  performances  in  terms  of  magnetic  field  threshold  and  flux  flow 
dynamics.  In  Fig.  3  it  is  shown  the  magnetic  field  dependence  of  the  critical  current  at 
T=4.2K  of  the  sample  in  the  photograph.  The  magnetic  field  is  applied  uniformly  by  an 
external  coil  along  the  direction  perpendicular  to  the  long  junction  side.  The  pattern 
shows  a  characteristic  asymmetry  due  to  the  non  uniformity  of  the  current  bias8. 
Moreover,  the  absence  of  secondary  lobes  indicates  that  it  is  not  possible  to  statically 
trap  fluxons  in  this  junction.  This  is  also  due  to  the  particular  geometrical  shape,  because 
if  a  fluxon  enters  the  junction  it  is  immediately  pushed  forward  and  absorbed  at  the 
pointed  edge.  On  the  contrary,  in  the  presence  of  a  larger  magnetic  field  generated  either 
by  the  control  line  or  by  the  coil  surrounding  the  device,  the  junction  exhibits  a  flux  flow 
state  as  indicated  by  the  presence  of  a  characteristic  step  in  the  I-V  curve.  The  flux  flow 
step  is  observable  up  to  about  1.2  mV,  corresponding  to  the  generation  of  microwave 
signals  up  to  600  GHz. 

4.  Modelling  of  a  Non  Uniform  Width  Josephson  Junction 

In  order  to  investigate  the  dynamics  of  the  proposed  detector,  we  have  developed 
a  model  of  the  device  based  on  a  perturbed  (1+1)D  sine-Gordon  equation.  Since  we  are 
dealing  with  a  two  dimensional  junction  with  irregular  shape,  it  is  necessary  to  resort  to 
the  basic  equations  describing  the  Josephson  junction  electrodynamics.  Starting  point  are 
Maxwell's  equations: 

VxE  =  -|  (3) 

VxH  =  f  +  J  (4) 


together  with  the  Josephson  relation,  and  the  expression  for  the  tunneling  current 
flowing  through  the  junction: 


V  = 


2n  J3t 


(5) 


jT  =  jcsin  4>  + 


ft  ^ 
2epn  at 


(6) 


where  pn  is  the  normal  state  resistivity.  We  note  that  Eq.  (6)  is  valid  only  if  the 
frequency  is  much  lower  than  that  corresponding  to  the  energy  gap  of  the 
superconducting  electrodes.  If  this  is  not  the  case,  then  one  has  to  resort  to  the  complete 
microscopic  derivation  and  expressions  more  complicated  than  Eq.  (6)  are  obtained. 
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As  a  first  step  the  effects  of  electrode  surface  impedance  have  to  be  included9.  This 
is  done  by  considering  the  frequency  domain  and  introducing  the  total  impedance  of  the 
junction  Z=jcoL0  +  2ZS.  Here  L0  =  \i0d  is  the  inductance  of  the  barrier  and  Zs  the 
electrode  surface  impedance.  According  to  BCS  theory,  Zs  can  be  expressed  as10 

Zs  =kco2+jco|a<AL  (7) 

where  k  is  a  constant  depending  solely  on  the  electrode  material  and  temperature  but  not 
on  the  frequency,  and  we  are  assuming  the  electrode  thickness  much  larger  then  ?il-  The 
relation  between  H  and  <t>  is9  (see  Fig.4,  where  the  geometry  is  sketched): 

(8) 

where  V  is  a  two-dimensional  nabla  operator.  Moreover,  in  the  case  of  low  frequency  or 
low  electrode  dissipation  (i.  e.  kco2  «  cojIo^l)  we  can  express  the  total  impedance  Z  as 
a  parallel  combination  of  an  inductance  L  and  a  resistance  R,  i.e. 

1  1  1 

Z=j^L  +  R  (9) 

where  L=|io(2^L+d)  and  R=(^o(^L+d))2/2k  do  not  depend  on  frequency.  2X]_+d  is  the 
"magnetic"  thickness  of  the  barrier.  Eq.(8)  can  be  written  in  the  time  domain  as 

H=-(S:)(1+li)^)x4  <10> 

By  inserting  Eq.(10  )  in  the  z  -  component  of  Eq.(4): 

9Hy  3HX  a 

“K  5r=JT+areEz  <n> 

The  following  equation  for  <{>  is  obtained 


2x>i 


d >  d 
dx2  dy2 


J_a> 

c2  dt2 


1  .  L 

=  -2sin0  +  ^^ 


(12) 
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Fig.  4.  A  schematic  view  of  a  long  junction  with  variable  width  and  its  boundary  C 

where  e  is  the  dielectric  constant  of  the  barrier,  Xj  =  (d>o/27tLjc)^2  and  c  =  (d/Le)l/2, 
are  the  Josephson  penetration  depth  and  the  Swihart  velocity,  respectively.  Eq.(12)  can 
be  further  recast  in  dimensionless  units  if  the  space  coordinate  x  is  normalized  to  Xj,  the 
time  t  is  normalized  to  the  inverse  of  the  plasma  frequency  coj  =  c/Xj,  and  the 
dimensionless  loss  parameters  a  =  XjLc  /pn  and  (3  =  coj  L/R  are  introduced: 


jL 

3x2 


^-a^^sinO 


(13) 


So  far  no  direct  reference  to  the  geometry  of  the  junction  has  been  necessary.  Geometric 
considerations  enter,  of  course,  through  the  boundary  conditions. 

Let  us  consider  an  irregular  overlap  type  long  junction  as  shown  in  Fig.4.  We  will 
consider  the  case  in  which  the  junction  boundary  can  be  described  by  means  of  two 
smooth  functions  fi(x)  >  0  and  f2(x)  <  0.  Thus  the  junction  width  can  be  expressed  as 
W(x)  =  fi(x)-f2(x).  We  assume  that  fi  and  f2  vanish  at  the  junction  edges  ,  x=0  and 
x=L,  with  infinite  derivatives  (Note  that  from  this  point  the  symbol  L  indicates  the 
junction  length  instead  of  the  inductance).  Boundary  conditions  now  requires  that  the 
normal  component  of  V<f)  is  given  at  the  junction  boundary  C:  V<(>  •  ft|  .  From  Eq.(10) 

we  obtain 


df  1  3  3<})| 


y=f,(x) 


+  <1  +  M»>Ul 


y=f,(x) 


-■n, 


y=f,(x) 


fi 

dx 


y=fj(x) 


(14a) 
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df «  ~\  3(h 

-dr^^fr 


y=f2(x) 


-(1+pi)f-i 


y=f2(x) 


y=f  (x) 


5 

dx 


+  n> 


y=f7(x) 


(14b) 


where  T|  =  H/jcAj  is  the  dimensionless  magnetic  field  and  the  x  and  y  magnetic  field 
components  at  the  junction  boundary  have  been  explicitley  introduced.  If  the  junction 
width  is  much  smaller  than  Aj,  i.e.  W(x)=fi(x)-f2(x)  «  1,  we  expect  <[>  to  depend  very 
weakly  on  y.  To  the  first  order  in  W,  integrating  Eq.(13)  along  y,  between  f2(x)  and 
fl(x)  and  using  Eqs.  (14),  we  have 


(i+pat)0xx  + 


W(x) 

W(x) 


(i+  pat)<i)x -ri 


W(x) 

yw(x) 


+  y(x)  = 


=  sin  <j>  +  a<j)  t  +  0  u  (15a) 


where 


y(x)  = 


nx| 


W(x) 


(15b) 


and  primes  indicate  derivatives  with  respect  to  the  argument.  Eq.(15a)  is  a  1+1 
dimensional  pde,  where  the  original  2+1-D  problem  for  the  non  uniform- width  junction 
is  recalled  by  the  terms  in  W’(x)/W(x)  and  y(x).  A  similar  type  of  perturbed  sine  Gordon 
equation  (PSGE)  has  been  investigated  by  Sakay  et  al.11  in  the  context  of  non-uniform 
inductance  long  junctions. 

We  assume  that  Tj  is  made  by  two  contributions:  an  external  magnetic  field  T]e  in  the 
y  direction,  and  a  x-component,  T|x,  resulting  from  the  bias  current  density  j(x)  which 
flows  in  the  y  direction:  T|  =  (qx,  T]e).  We  note  that  the  bias  current  generates  a  magnetic 
field  having  opposite  values  at  the  junction  boundaries:  it  is  negative  at  y=fi(x)  and 
positive  at  y=f2(x).  With  these  conditions  we  have: 


2j(x)AL 
T(X)_  jcXjW(x) 


(15c) 


The  appropriate  boundary  conditions  for  Eq.(15a)  are  obtained  from  Eqs.(14)  in  the 
limit  x— >0,  x— »L,  (which  implies  W'— »  °°)  as 

x=0 


(16a) 
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(16b) 


In  the  case  of  the  geometry  shown  in  Fig.l  W(x)  is 

n  0  <  X  <  L  -  Ln 


W(x)  =  ■{ 


w,  + 


Wj-Wo 


1  Ln 


x-L)  L-Lt<x<L 


(17) 


where  Lt  is  the  length  of  the  pointed  junction  tail,  L  the  length  of  the  uniform  junction 
part,  wi  and  w0  the  minimum  and  maximum  width,  respectively.  The  bias  7  term  is 
given  in  this  case  by 

0  <  x  <  L 

L<x<L+LT  (18) 


With  this  model  it  is  possible  to  describe  the  complete  dynamics  of  fluxon  propagation  in 
specially  shaped  junctions  and  to  account  for  the  experimental  observed  features. 

5.  Numerical  Simulations 

We  have  numerically  solved  Eq.  (15a)  with  the  conditions  Eqs.  (16)  and  (17)  by 
using  a  standard  implicit  finite-difference  method  based  on  a  stabilized  leapfrog  scheme. 
This  method  is  fast  and  easy  to  implement  providing  that  there  are  no  third  order  terms  in 
the  equation  (p=0). 

The  value  of  the  parameters  for  the  simulation  are  chosen  close  to  the  experimental 
ones  so  that  a  direct  comparison  can  be  made.  As  an  example  we  show  in  Fig.  3  the 
computed  magnetic  field  pattern  dependence  from  the  junction  critical  current.  This 
pattern  has  been  obtained  considering  a  spatial  distribution  of  the  bias  current  peaked  at 
the  electrode  edges12.A  comparison  with  the  experimental  result  shows  that  the  derived 
PSGE  is  able  to  closely  reproduce  the  experimentally  observed  features  of  the  LJJ 
detector. 

In  Fig.  5  we  show  the  effect  of  the  variable  width  on  the  fluxon  motion  for  two 
particular  situations.  In  the  first  one  (Fig.5,  left))  the  junction  has  a  constant  width  so 
that  there  is  a  mismatch  ( Zj/Zj-O.l )  with  the  attacched  STL.  In  the  second  case  (Fig.5, 
right)  the  junction  has  a  narrowing  width  (wi/wo=0.1)  and  a  good  matching  is  obtained 
(Zj/Zx=l).  In  the  first  case  the  fluxon  travels  to  the  unbiased  region,  is  reflected  at  the 
boundary  as  antifluxon,  and  reaches  again  the  biased  region,  where  it  gains  energy  and 
is  reflected  as  a  fluxon  at  the  left  edge.  The  whole  process  repeats,  generating  a  periodic 
motion  of  the  fluxon  in  the  junction.  In  the  second  case  the  fluxon,  when  enters  the 
unbiased  region,  is  accelerated  rightwards  by  the  extra  force  due  to  the  shrinking 


446 


Fig.5  Numerical  simulations  of  the  phase  evolution  for  a  constant  width  (left),  and  a  narrowing  width 
(right)  junction.  The  values  of  the  parameters  are:  ot=0.02,  p=0, 7^0.3,  u(0)  =-  0.9964,  L=20,  LT=10. 
W1  /  Wo  =  1,  Zj  /Zt  =  0.1  (left)  and  wi  /  w0  =0.1,  Zj  /  Zj  =  1  (right). 

width.  When  it  reaches  the  right  edge,  it  is  almost  fully  transmited,  thanks  to  the  good 
impedence  matching.In  any  case  the  energy  left  at  the  boundary  is  not  enough  to  create 
an  antifluxon  capable  to  climb  up  against  the  extra  force  due  to  the  shrinking  width.  The 
simple  case  shown  in  the  figure  illustates  the  advantage  of  the  chosen  geometrical 
configuration  in  providing  a  unidirectional  fluxon  motion  in  the  junction. 

6.  One  Parameter  Perturbation  Analysis 

To  better  illustrate  the  dynamics  of  the  fluxons  in  such  type  of  junction  we  have 
performed  a  simple  perturbation  analysis,  along  the  traditional  line  introduced  by 
McLaughlin  and  Scott13  and  Kaup  and  Newell14  for  the  PSGE.  A  more  complete 
analysis  will  be  presented  elsewhere15. 

It  is  well  known  that  in  the  case  of  the  unperturbed  sine-Gordon  equation  (sGE)  it  is 
possible  to  define  the  energy  as 

H=  j[y<I)x2+-|-<|)t2  +  (l-cos(t))]dx  (19) 

such  that,  if  <j>  is  any  localized  solution  of  sGE,  it  is  an  integral  of  motion: 


M_n 

dt  "u 
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(20) 


Let  us  focus  our  attention  on  the  kink  solution  of  the  sGE  representing  a  fluxon: 
<j)(x,t)  =  4  tan-1  (exp 


This  solution  is  characterized  by  two  free  parameters:  the  initial  phase  x0  and  the 
velocity  u.When  perturbations  are  present,  as  in  Eq.  (15),  Eq.  (21)  is  no  longer  a 
solution.  One  can  then  adopt  the  following  point  of  view:  assume  as  a  solution  the  same 
form  Eq.  (13),  and  allow  at  the  same  time  a  slow  modulation  of  the  parameters  Xq  and  u. 
In  this  case  x0  and  u  represent  unknown  functions  of  the  time  to  be  determined  from  the 
requirement  that  the  solutions  ansatz  satisfies  some  criteria.  One  can  further  assume  (and 
we  do  that  here)  that  the  main  effect  of  the  perturbations  is  to  slowly  modulate  in  time 
only  one  of  the  parameter  of  the  kink,  say  the  velocity  u.  Our  ansatz  for  the  solution  of 
Eq.(15)  may  be  written  as: 


-x-ut  -  x0~n 


<j>(x,t)  =  4  tan  ^  exp 


x-X(t) 


La-uW/2 


(22) 


where 

X(t)=  u(t*)dt’+  x0  (23) 


represents  the  soliton  center  position.  Inserting  the  ansatz  Eq.(22)  into  Eq.(19)  it  is  easy 
to  show  that 


H  = 


8 

m 


where 

T(t)=  Vl-u(t)2 


(24) 


(25) 


The  time  derivative  of  Eq.(24)  can  be  calculated  and,  for  the  case  considered,  the  result 
reads: 


+ 


X<1> 


(26) 
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Fig. 7  Phase-space  associated  to  Eq.(30).  The  parameters  are  cc=0.02,  p=0,  r=0-2,  L=20,  Lt=10, 
Wi/Wo=0.1 


e  V 

7*=Y-Tly-w 


a*=  a  +  p 


w"w  -  W 
w2 


,2 


(27a) 

(27b) 


The  various  terms  in  the  integral  Eq.(26)  are  significantly  different  from  zero  only 
within  an  interval  centered  around  X(t)  and  of  size  <  1.  For  smooth  non  uniformity 
(W’=dW/dx«l)  it  is  possible  to  explicitely  compute  them  and  the  following  equation  is 
obtained: 


i  =  ±  -|y*(X(t))(l  -  u2)3®  -  a*(X(t))u(l  -  u2)-  |u  -  w(X(t))  0  ~  “2)  (28) 

where  the  minus  sign  refers  to  fluxons  and  plus  to  antifluxons,  and  terms  in  T  have 
been  neglected  (slow  modulation  hypothesis). 

Eq.(28)  with  Eq.(23)  describe  the  dynamics  of  the  kink  position  as  a  particle  subject 
to  external  forces  and  dissipation.  In  the  case  W’=0  this  equation  reduces  to  the  results 
previously  obtained  for  a  junction  with  uniform  width16.  In  general,  Eq.(28)  is  a 
nonlinear  second  order  differential  equation  for  X(t).  It  is  useful,  however,  to  analyze 
the  case  in  which  losses  and  bias  are  not  included  (a=p=y=0)  and  the  only  perturbation 
is  due  to  the  geometry 


W(X)  2  d  In  W  (X) 

U--W(X)(1  U  )_  dX 


(1-u2) 


(29) 


This  shows  that,  in  presence  of  a  narrowing  width,  the  fluxon  (as  well  as  the  antifluxon) 
sees  a  net  positive  driving  force.  The  fluxon  is  pushed,  in  this  case,  towards  the  edge  of 
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the  junction  or,  in  other  words,  it  is  attracted  by  the  pointed  edge.  In  particular,  it  is 
easily  recognized  that  Eq.(29)  does  not  introduce  dissipation.  This  can  be  seen  directly 
noting  that  it  admits  the  integral  of  motion 


8W(X)_ 

e=VT7 


(30) 


from  which  one  can  easily  deduce  that  the  fluxon  speed  increases  when  the  junction 
width  shrinks. 

In  Fig.  7  it  is  shown  the  phase  space  of  Eq.  (29),  in  a  case  corresponding  to  the 
detector  geometry  (L=20,  Lx  =10,  a=0.02,  (3=0,  y=0.2,  Wi/Wo  =0.1).  This  diagram 
shows  that  fluxons  starting  at  t=0  with  a  positive  speed  will  reach  the  pointed  edge  at 
x=20  with  a  speed  very  close  to  the  limit  velocity,  u=l.  At  this  point  the  reflection 
process  converts  the  fluxon  into  an  antifluxon  having  a  speed  of  opposite  sign  and  a 
somewhat  smaller  magnitude,  due  to  the  reflection  losses.  An  antifluxon  generated  at 
x=20  with  negative  speed  can  follow  two  routes:  either  it  can  reach  the  biased  region  and 
be  pushed  towards  the  left  side  or  it  may  not  be  able  to  reach  such  region  and  be  attracted 
again  towards  the  pointed  edge.  In  the  latter  case  the  energy  losses  during  this  trajectory 
confine  the  fluxon  closer  and  closer  to  the  pointed  edge,  until  it  finally  gets  absorbed. 


7.  Conclusions 


The  analysis  of  the  fluxon  dynamics  in  a  point  shaped  long  Josephson  junction  has 
demonstrated  an  attracting  effect  of  the  point  on  fluxons.  This  behavior  has  been  verified 
using  numerical  simulations  and  perturbation  analysis.  The  choice  of  a  point  shape 
junction  geometry  provides  also  a  better  coupling  to  a  transmission  line  eventually 
attached.  As  far  as  the  fluxon  dynamics  is  concerned,  all  the  obtained  results  confirm 
that  the  chosen  configuration  can  be  usefully  adopted  in  designing  a  new  type  of  particle 
detector.  It  is  worth  noting  that  the  derived  equations  are  valid  for  any  arbitrary  smooth 
variable- width  long  junction. 
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ABSTRACT 

Interest  in  Josephson  Tunnel  Junctions  as  X-ray  detectors  arises  mainly  from  the  very  good 
predicted  intrinsic  energy  resolution.  The  detection  principle  is  based  on  the  collection  of  the 
quasi-particles  created  by  X-ray  absorption  through  their  tunneling  across  the  barrier. 
Junctions  with  trapping  layers  have  been  proposed  in  order  to  improve  the  detection 
performances  in  term  of  energy  resolution  and  collected  charge.  In  this  paper  we  present  a 
preliminary  experimental  investigation  of  Nb/AIOx/Nb  junctions  with  a  NbN  backlayer. 
The  results  show  an  induced,  weak  proximity  effect  in  the  relatively  thick  Nb  top  electrode. 
Experiments  under  X-Ray  radiation  exhibit  effects  due  to  enhanced  tunneling  rate  because  of 
trapping  trapping  effect. 


I .  Introduction 

The  absorption  of  a  X-Ray  photon  in  a  superconductor  produces  a  large  number  of 
Cooper-pair  breaking  which  result  in  a  population  of  quasi-particles  and  phonons  with 
non-equilibrium  distributions.  These  excitations  are  produced  at  the  end  of  an  energy 
cascade,  characterized  by  different  relaxation  processes,  such  as  electron-electron 
scattering,  electron-phonon  scattering,  anharmonic  decay  of  phonons.  Cooper  pair- 
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breaking  by  phonons,  escape  of  phonons  outside  the  detector  environment,  etc..  The 
number  of  created  quasi-particles,  is  directly  related  to  the  deposited  energy  of  the  incident 
radiation  and  can  be  determined  by  measuring  the  tunneling  current  produced  in  a 
Superconducting  Tunnel  Junction  (STJ)  connected  to  the  absorber. 

The  intrinsic  energy  resolution  of  such  a  type  of  a  detector  is  in  principle  limited  only 
by  fluctuations  in  the  number  of  produced  excitations,  i.e.  AE=2.35  (FeE)1/2,  where  e  is 
the  mean  energy  required  to  create  two  quasi-particles,  F  is  the  Fano  factor  and  E  is  the 
released  energy.  In  the  case  of  Nb,  F=0.2  and  e=1.7  A  (A  is  the  superconducting  energy 
gap)  and  the  energy  resolution  is  AE=5  eV  *»2.  However,  the  best  experimental  energy 
resolution  so  far  achieved  is  still  far  from  the  intrinsic  value.  Several  loss  mechanisms  and 
the  electronic  noise  in  the  signal  amplification  chain  often  represent  serious  limitations  to 
the  energy  resolution. 

In  order  to  improve  the  energy  resolution  and  increase  the  collected  charge  for  a  given 
X-ray  event,  different  detector  configurations  have  been  proposed.  Most  of  them  are  based 
on  the  idea  of  quasi-particle  trapping,  firstly  proposed  by  Booth  3.  It  consists  in  depositing 
on  a  large  volume  superconducting  absorber  with  an  high  energy  gap  a  STJ  made  by  a 
smaller  volume  superconductor  with  a  lower  energy  gap.  Quasi-particles  from  the  absorber 
can  diffuse  in  the  low  energy  gap  region,  where  they  rapidly  relax  to  energies  lower  than 
the  absorber  energy  gap.  In  this  way  they  became  trapped  in  the  low  energy  gap  region, 
where  their  tunneling  rate  is  faster  because  of  the  smaller  volume. 

Recently,  detector  configurations  using  this  effect  have  exhibited  very  encouraging 
results,  improving  both  the  energy  resolution  and  the  collected  charge4.  These  results  have 
been  obtained  by  junctions  essentially  based  on  the  Al/AlOx/Al  trilayer  which  then  operates 
at  millikelvin  temperatures.  However,  it  is  still  interesting  to  explore  the  possibility  of 
using  a  detector  configuration  based  on  a  Nb/AlOx/Nb  trilayer,  which  has  the  advantage  of 
a  possible  working  temperature  in  the  Kelvin  region.  Since  in  this  case  the  Nb  should  act 
as  trapping  layer,  the  absorber  must  be  realized  with  an  higher  energy  gap  superconductor, 
such  as  NbN. 

In  this  paper  we  present  a  preliminary  tunneling  characterization  of  STJs  based  on  a 
Nb/AlOx/Nb  trilayer,  with  either  a  Nb  or  a  NbN  backlayers.  In  the  latter  case  the  NbN  acts 
as  absorbing  layer  and  the  Nb  top  electrode  is  the  trap.  Tunneling  and  Josephson  effect 
measurements  without  radiation  of  both  the  two  type  of  junctions  are  presented  and 
features  related  to  the  NbN  presence  are  discussed.  Preliminary  experimental  results 
concerning  with  X-ray  response  are  also  presented. 


2.  Quasi-particle  Trapping 

The  basic  principle  of  the  quasi-particle  trapping  is  illustrated  in  Fig.  la.  A 
superconductor  S  l  with  a  gap  parameter  Ai  encloses  another  superconductor  S2,  the  trap, 
with  a  smaller  gap  parameter  A2. 
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Fig.  1  Energy  diagram  for  the  trapping  mechanism:  a)  a  depressed  energy  gap  region  inside  a 
superconductor;  b)  two  superconducting  layers  with  different  gaps  Aj  and  A2  with  the  trap  near  the 
tunneling  barrier. 

Quasi-particles  in  Si  with  energy  E  =  Al  can  diffuse  into  S2  and  can  loose  energy  by 
electron-phonon  scattering,  relaxing  to  an  energy  A2  <  E  <  Al.  Once  quasi-particles  have 
relaxed  to  near  A2,  they  are  unable  to  return  to  Si.  and  therefore  remain  trapped  in  S2. 
This  trapping  effect  can  be  a  disadvantage  for  STJ  based  detectors.  In  fact  when  regions  of 
reduced  energy  gap  are  created  by  impurities,  trapped  magnetic  fields  or  heat  in  regions 
inside  the  absorbing  layer,  quasi-particles  remain  trapped  until  they  ultimately  recombine  in 
Cooper  pairs  and  therefore  cannot  be  detected. 

On  the  contrary,  one  can  take  advantage  of  the  trapping  effect,  if  the  reduced  gap 
region  is  near  the  tunneling  barrier  as  shown  in  Fig.  lb.  In  this  case,  working  at 
sufficiently  low  temperature  so  that  the  recombination  rate  is  negligible,  the  quasi-particles 
are  trapped  in  a  smaller  volume,  characterized  by  an  increased  tunneling  rate. 

The  trapping  rate  depends  on  the  fraction  of  time  spent  by  the  quasi-particles  in  S2 
and  on  the  scattering  time  xs(E/A2)  in  S2  5>6.  Assuming  that  the  probability  of  finding  a 
quasi-particle  in  S2  is  equal  to  the  volume  fraction  between  the  total  and  the  trapping 
volume,  the  effective  trapping  rate  is  3>6: 


1  f  d  U 


Xtr  VV  +  vJ  xs 


(1) 


where  V  and  v  are  the  volumes  of  the  absorber  and  trapping  layer  respectively. 

The  scattering  time  is  strongly  dependent  on  the  quasi-particle  energy  E  and  on  a  material 
characteristic  time  Xq  7.  Assuming  that  the  initial  energy  is  E=Ai  we  have: 


U2  J 


Xs  =  TO 


(2) 
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a) 


b) 


Nb  wiring 


Self-aligned 


MgO 

insulation 


Fig.  2  Cross  sectional  view  of  the  junctions:  a)  Nb-wiring  type;  b)  NbN-wiring  type. 


In  Tab.I  values  of  To  for  some  commonly  used  superconductors  for  STJ  detectors  are 
reported.  In  Tab.II  the  scattering  time  Ts  are  reported  for  some  interesting  bilayer,  which 
could  be  used  in  detectors  configurations.  From  these  values  it  is  clear  that  Nb  can  be  a 
good  trapping  material,  because  To  is  quite  short.  Moreover,  the  NbN/Nb  bilayer  is  also 
interesting,  since  it  has  the  best  scattering  rate,  which  enhances  the  trapping  process.  Due 
to  the  short  value  of  the  scattering  time  in  this  case  the  trapping  process  can  be  very 
effective  also  for  high  values  of  the  V/v  volume  ratios.  This  is  of  course  a  simplified 
picture  which  does  not  take  into  account  the  effect  of  proximity,  as  recently  investigated  in 
Ref.  6. 

Indicating  with  N(E)  the  number  of  quasiparticles  with  energy  E,  it  is  possible  to 
show  that  at  low  temperatures  and  when  the  equilibrium  is  established  between  the 
trapping  rate  and  the  rate  of  excitation  out  of  the  trap  for  phonons  absorption, 
N2(A2)/Ni(Ai)>1.  This  ratio  is  proportional  to  trapping  rate,  thus  increasing  the  number 
of  quasi-particles  in  the  trapping  layer  with  respect  to  the  one  initially  generated  in  the 
absorber. 


Table  I.  Energy  gap  A  and  characteristic  time  To,  Table  II.  Scattering  time  for  some 

superconductors. _ _  fbrsomebilaycr_______ 


Material 

'CO 

Tnsl 

A 

ImeVl 

Bilayers 

Xs 

Tnsl 

Nb 

0.15 

1.5 

Nb/Al 

0.80 

A1 

100 

0.3 

Ta/Al 

1.56 

Ta 

1.8 

1.3 

Nb/Ta 

1.04 

Sn 

2.3 

0.5 

NbN/Nb 

0.03 

NbN 

0.002 

2.6 
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3.  Device  Fabrication 

The  two  types  of  structures  investigated  in  this  paper  are  based  on  the  Nb/AlOx/Nb 
trilayer  technology.  They  were  fabricated  at  the  ElectroTechnical  Laboratory,  Japan,  using 
a  modified  process.  The  details  of  the  fabrication  procedure  can  be  found  elsewhere  8.  A 
cross  sectional  view  of  the  two  devices  either  with  the  Nb  or  the  NbN  wiring  is  shown  in 
Fig.3a  and  3b  respectively.  Here  we  remark  that  the  polycrystalline  base  electrode  was 
made  by  directly  depositing  on  a  Si  substrate  a  Nb  underlayer  (150  nm)  followed  by  a  thin 
Nb  (50  nm)  layer.  The  top  Nb  film  was  typically  200  nm  thick. 

The  deposition  conditions  for  the  Nb  wiring  were  the  same  as  for  the  junction 
trilayer,  whereas  for  NbN  wiring  they  are  reported  in  Tab.III.  In  both  Nb  and  NbN  cases, 
the  wiring  thickness  was  400  nm  and  it  covered  all  the  junction  area  strongly  affecting  to 
the  detection  process  of  the  top  electrode. 

Although  the  realized  chips  contain  several  devices,  the  junctions  investigated  in  this  work 
had  an  island  type  geometry,  in  order  to  optmize  the  detection  performances.  A  more 
complete  description  of  the  chip  and  of  the  devices  contained  therein,  can  be  found  in  Ref. 
9. 


Tab.III.  NbN  Sputtering  conditions 


Sputtering 

Mode 

RF 

Process  Gas 

Ar,  N?.  CH4 

Gas  Pressure 

8.5  (total) 

[mTorr] 

0.45  N2  (partial) 
0.12  CH4  (partial) 

Power  Density 
[W/cm2l 

2.2 

Deposition  Rate  Inm/minl 

36 

4 .  Experimental  Results 

The  samples  were  characterized  by  measuring  the  current-voltage  (I-V)  curves  at 
various  temperatures  and  the  Josephson  critical  current  versus  temperature  (Ic-T).  I-V 
curves  were  recorded  by  using  a  computer  based  acquisition  data  system.  The  samples 
were  mounted  on  an  insert  equipped  with  low  noise  preamplifiers,  directly  assembled  on 
the  top  of  the  insert  and  with  low  pass  filters  near  the  junctions.  The  cryostat  was  in  a 
shielded  environment,  with  a  shielding  factor  of  about  80  dB.  Temperatures  above  4.2  K 
were  obtained  by  changing  the  position  in  the  helium  vapours,  whereas  lower  temperatures 
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Fig.  3  Normalized  Josephson  critical  current  versus  the  normalized  temperature:  a)  full  temperature  range; 
b)  near  Tc. 

down  to  1.2  K  were  controlled  by  directly  pumping  on  the  helium  bath  and  were  stabilized 
by  a  manostat,  with  a  millikelvin  accuracy. 

The  magnetic  field,  necessary  to  suppress  the  Josephson  current,  was  supplied  by  a 
Cu  solenoid  around  the  sample.  The  junctions  had  island  configurations  with  a  wiring 
consisting  of  a  narrow  lead  (5fim)  and  a  contact  area  covering  all  the  top  electrode.  This 
means  that  in  our  case  the  counterelectrode  is  the  sum  of  the  Nb  top  layer  and  either  a  Nb 
or  a  NbN  wiring.  Assuming  that  a  clean  contact  exists  at  the  interface  between  the  top  and 
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the  wiring  layers,  in  the  Nb  junctions  we  have  a  thick  Nb  electrode,  in  the  NbN  junctions 
we  have  a  Nb/NbN  bilayer  structure.  A  critical  temperature  Tc=  16.4  K  for  the  NbN  was 
measured.  The  appearance  of  the  Josephson  current  occurred  at  T=8.9  K  for  junctions 
with  a  NbN  wiring,  whereas  typically  occurred  at  T=8.6  K  for  junctions  with  a  whole  Nb 
counterelectrode.  Moreover,  on  junctions  with  the  NbN  wiring  it  was  observed  on  I-V 
characteristic  a  small  structure  at  very  low  voltage,  that  is  typically  attributed  to  the 
existence  of  two  different  gaps  of  the  two  Nb  electrodes  across  the  junctions.  It  can  be 
concluded  that  the  presence  of  the  thick  NbN  backlayer  affects  the  superconducting 
properties  of  the  Nb  top  electrode,  in  particular  increasing  both  the  gap  and  the  critical 
temperature  values.  This  can  be  explained  in  terms  of  a  weak  proximity  effect,  as  expected 
from  the  relative  thickness  of  the  two  bilayer  parts.  This  circumstance  is  confirmed  by  the 
behaviour  of  the  Ic-T  curve,  as  shown  in  Fig.  3.  As  it  can  be  seen  in  Fig  3a  the 
experimental  points  are  almost  well  described  by  an  Ambegaokar  and  Baratoff  theoretical 
prediction  10,  where  the  strong  coupling  effect  has  been  taken  into  account  simply 
assuming  for  Nb  a  modified,  experimentally  determined,  ratio  between  the  gap  and  the 
critical  temperature.  However,  a  careful  inspection  of  the  region  near  Tc,  shows  small 
deviations,  typically  observed  in  proximized  structures.  This  is  shown  in  Fig.  3b  in  more 
details.  As  a  further  indication  also  an  increased  value  of  the  voltage  position  of  the  sum  of 
gaps  structure  was  observed  at  low  temperature.  At  the  lowest  temperature,  this  increase 
was  of  about  0.1  mV. 

Since  an  important  figure  of  merit  of  a  junction  as  a  detector  is  the  subgap  current,  a 
careful  investigation  of  I-V  curves  at  low  temperatures  and  low  bias  voltages  was 
performed.  In  order  to  observe  the  quasiparticle  branch  of  the  I-V  characteristics,  a  suitable 
magnetic  field  in  the  junction  plane  was  applied.  In  these  very  high  quality  junctions  8  ,  a 
relatively  strong  magnetic  field  value  was  necessary  to  reduce  the  Josephson  critical  current 
and  the  related  resonances  below  the  very  small  thermal  current.  The  current-voltage  I-V 
characteristics  of  our  Nb-based  junctions  exhibit  very  low  leakage  currents,  high 
dynamical  resistances  and  interesting  subgap  structures,  characterized  by  current  onsets  at 
Vg/2  and  sometimes  at  Vg/3,  Vg  being  the  voltage  position  of  the  sharp  current  onset 
typically  referred  as  the  sum  of  the  energy  gaps.  In  Fig.4  we  show  the  low  voltage  region 
of  the  I-V  curve  at  T=1.2  K.  Curves  a  and  b  respectively  show  the  I-V  characteristics 
corresponding  to  junctions  with  the  Nb  or  NbN  wiring.  As  it  can  be  seen,  the  presence  of 
the  NbN  layer  significatively  reduces  the  quasiparticle  tunneling  current,  thereby 
improving  the  junction  quality.  An  increase  of  the  dynamical  resistance  is  also  observed. 
These  aspects  are  of  a  quite  important  relevance  in  improving  the  detection  performances. 
A  further  beneficial  effect  is  the  absence  of  the  large  instable  region  in  the  I-V 
characteristics,  as  observed  in  the  curve  b.  Finally,  the  I-V  curve  corresponding  to  the  Nb 
wiring  junctions  exhibits  a  pronounced  current  onset  at  the  gap  voltage,  typically  attributed 
either  to  MultiParticle  tunneling  or  to  Josephson  self-coupling  11,12<  This  structure  is  still 
observed  in  NbN  wiring  junctions,  although  it  is  highly  depressed  and  smeared.  This 
behaviour  could  also  be  considered  as  a  further  evidence  of  the  proximity  effect.  In 
conclusions,  since  the  tunnel  barrier  parameters,  the  insulation  steps  and  Nb  thicknesses 
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are  exactly  the  same  in  the  two  types  of  junctions,  such  a  different  behaviour  is  to  be 
related  to  the  presence  of  the  NbN  layer  that  slightly  modify  the  superconducting  properties 
of  the  top  Nb  electrode. 

The  junctions  were  tested  under  X-Ray  from  an  55Fe  X-rays  source  (20  mC,  Mn  Ka 
5.895  KeV,  Mn  Kp  6.401  KeV).  The  source  was  located  3  mm  away  from  the  chip.  An 
externally  controllable  mechanical  shutter  provided  a  shielding  of  the  junction  from  the 
nuclear  radiation.  No  masks  or  collimators  were  used  in  the  measurements  thus  allowing 
nuclear  radiation  to  hit  the  whole  area  of  the  chip.  A  complete  description  of  the 
experimental  apparatus  has  been  reported  elsewhere  9.  The  junctions  under  test  were 
biased  with  a  current  source  and  the  bias  voltage  was  kept  constant  against  slow  drift  by 
using  an  electronic  feedback  circuit.  The  extra  current  generated  by  the  absorption  of  X- 
ray  was  amplified,  integrated  and  filtered  by  a  charge  amplifier,  Amptek  A250.  The 
resulting  voltage  pulse  signal  is  then  digitized  by  a  Tektronix  2430  oscilloscope  and  stored 
in  a  personal  computer.  A  suitable  software  provides  an  amplitude  and  risetime  estimation 
for  each  waveform:  the  amplitude  is  proportional  to  the  total  amount  of  generated  charges, 
while  the  risetime  is  to  be  related  with  the  complete  timing  of  the  signal  directly  generated 
across  the  junction.  A  suitable  electronic  line  provides  a  calibration  of  the  charge  amplifier. 
Spectra  obtained  with  both  the  two  kind  of  structure  were  recorded. 


Fig.  4  I-V  characteristics  at  T=1.2K.  Curve  a)  refers  to  a  Nb-wiring  junction,  curve  b)  refers  toaNbN- 
wiring  junction. 
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Tab.  IV.  Comparison  between  NbN/Nb  and  Nb  based  STJs 


Type 

Area 

Rnn 

Rd 

Qcmax 

AE 

rum2l 

mi 

TKQl 

[Mel 

revi 

Nb  wiring 

50x50 

1.3 

3.1 

0.15 

600 

NbN  wiring 

50x50 

2.2 

4.4 

0.60 

320 

The  collected  charge  per  event  was  always  higher  when  NbN- wiring  junctions  are 
used.  Although  the  background  due  to  the  substrate  is  still  present,  the  larger  collected 
charge  allow  to  better  distinguish  the  two  K(x  and  Kp  emission  lines  for  events  directly 
occurred  in  junction  volume.  The  energy  resolution,  while  being  still  poor  (about  350  eV) 
probably  due  to  the  high  working  temperature  (T=1.4  K)  and  to  electronics  noise,  was  also 
improved  with  respect  to  Nb- wiring  structures  (600  eV) 13. 


5.  Conclusions 

Superconducting  Tunnel  Junctions  with  a  bilayer  NbN/Nb  as  a  top  electrode  have 
been  characterized  and  tested  under  irradiation  with  55Fe  X-rays.  The  presence  of  NbN 
layer  produces  some  effects  on  the  subgap  and  Josephson  tunnel  current.  These  effects  can 
be  qualitatively  explained  in  terms  of  a  weak  proximity  effect.  Nevertheless,  the  NbN/Nb 
bilayer  is  effective  as  trapping  structure,  since  the  collected  charge  is  increased  by  more 
than  a  factor  three  with  respect  to  the  Nb-wiring  case.  This  is  in  agreement  with  the 
hypothesis  that  the  created  quasi-particles  are  confined  in  the  Nb  trapping  layer,  whose 
thickness  is  also  three  times  thinner  than  the  total  NbN/Nb  bilayer  thickness. 

A  more  careful  analysis  based  on  the  proximity  model  of  the  tapping  effect  proposed 
in  Ref.  6  in  our  case  shows  that  the  tunneling  rate  is  negligibly  modified  with  respect  to 
values  obtained  from  our  simplified  hypothesis.  This  is  expected  because  the  Nb  layer  is 
relatively  thick  and  the  proximity  effects  are  weak.  In  order  to  improve  the  efficiency  of  the 
trapping  layer,  fabrication  of  samples  with  thinner  Nb  layers  is  in  progress.  Measurements 
in  such  devices  will  provide  new  insights  in  the  theoretical  model,  which  include  the 
proximity  effect,  as  well  as  can  test  the  efficiency  of  to  the  NbN/Nb  bilayer  with  respect  to 
the  trapping  effect,  in  order  to  improve  the  performances  of  these  junctions  as  detectors. 
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ABSTRACT 

We  have  designed  and  fabricated  a  new  type  of  Josephson  device  to  be  hybrid 
integrated  with  microstripline  oscillators.  For  optimum  matching  of  the  Josephson 
series  array  to  the  oscillator  the  samples  make  use  of  a  new  stripline  design.  The 
first  circuits  were  fabricated  in  a  simplified  Nb/AIOx/Nb  technology  and  exhibit 
excellent  dc  characteristics  and  good  microwave  coupling  to  the  junctions  of  the 
array.  At  70  GHz  constant  voltage  steps  up  to  350  mV  could  be  observed.  By 
hybrid  integrating  different  samples  with  a  new  10-GHz  oscillator,  constant  voltage 
steps  were  created.  For  this  experiment  the  Josephson  current  density  had  to  be  low 
enough  to  reduce  the  plasma  frequency  of  the  junctions  to  well  below  the  driving 
frequency. 


1.  Introduction 

Superconducting  microwave  monolithic  integrated  circuits  (SMMICs)  based  on 
series  arrays  of  Josephson  junctions  are  used  to  establish  a  dc  voltage  of  extreme 
precision  lj2,3.  The  SMMICs  are  operated  at  frequencies  of  several  tens  of  GHz  and 
at  a  temperature  of  4.2  K.  At  present  the  microwave  is  applied  with  oscillators  such 
as  a  klystron  or  a  Gunn-diode  at  room  temperature  and  supplied  to  the  SMMICs  by 
rectangular  hollow  waveguides. 

The  hybrid  integration  of  a  planar  microwave  oscillator  with  the  SMMIC  results  in 
an  experimental  setup  which  is  easy  to  operate,  which  has  a  small  size,  and  which  re¬ 
duces  the  cost  of  the  microwave  system.  In  previous  work  we  have  shown  that  stripline 
oscillators  based  on  GaAs-MESFETs  can  be  integrated  with  SMMICs,  working  well 
at  a  temperature  of  4.2  K  4’5,6. 

To  establish  good  coupling  between  the  SMMIC  and  the  stripline  of  the  oscillator 
the  impedance  of  the  Josephson  series  array  should  be  matched  to  50  !ft.  This  implies 
that  the  silicon  substrate  is  used  as  the  dielectric  of  the  stripline  with  the  ground- 
plane  placed  on  the  back  of  the  substrate  7.  This  improves  the  preparation  process 
because  the  Nb/Al203/Nb-sandwich  can  now  be  deposited  directly  onto  the  silicon 
substrate  surface  8.  In  addition,  the  groundplane  may  be  omitted  if  an  electrically 
conducting  sample  holder  can  be  used  as  the  groundplane.  Furthermore,  the  SMMICs 
can  be  designed  in  such  a  way  that  the  whole.  Josephson  series  array  acts  like  one 
microstripline. 

In  this  paper  we  present  the  first  experiments  performed  with  samples  of  a  com- 
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pletely  new  design,  satisfying  the  need  for  hybrid  integration  with  a  stripline  oscillator. 

2.  X-Band  Microstrip-line  Oscillator 

Microstrip-line  oscillators  based  upon  a  GaAs-MESFET  as  the  active  element 
can  not  only  be  used  at  room  temperature,  but  also  at  a  temperature  of  4.2  K.  We 
have  recently  investigated  the  properties  of  such  an  oscillator  working  at  11.3  GHz 
4’9.  Based  upon  these  results  we  have  designed  a  new  oscillator  for  a  microwave 
frequency  of  10  GHz.  The  GaAs-MESFET  is  a  CFY  19  (Siemens).  Tuning  the  gate- 
source  voltage  of  the  FET,  the  frequency  of  the  oscillator  can  be  varied  at  4.2  K  within 
300  MHz.  The  stability  of  the  frequency  was  better  than  2.5  •  10-5  within  5  minutes 
without  using  a  dielectric  resonator  or  a  phase  lock  loop  to  improve  the  frequency 
stability.  For  the  use  in  a  primary  dc  voltage  standard  the  frequency  stability  of  the 
planar  oscillator  has  to  be  improved  by  more  than  two  orders  of  magnitude.  The 
output  power  of  the  microwave  was  20  mW  maximum  and  could  be  adjusted  by 
changing  the  drain-source  voltage  of  the  FET.  This  resulted  in  a  variation  of  the 
microwave  power  of  20  dB. 

3.  Concept  of  the  Josephson  Series  Arrays 

3.1 .  New  Design  of  the  Josephson  Circuits 

Completely  new  Josephson  circuits  have  been  designed  to  match  the  needs  of  a 
hybrid  integrated  voltage  standard.  The  main  idea  is  to  use  the  whole  SMMIC  as 
one  oversized  stripline  with  an  impedance  of  «  50  fi.  Then  the  microwave  can  couple 
directly  between  the  striplines  of  the  oscillator  and  the  SMMIC.  No  antipodal  finline 
taper  is  needed  and  the  microwave  load  resistors  may  be  realised  on  a  separate  chip 
connected  on  the  stripline  output  of  the  Josephson  sample. 

All  samples  of  the  new  design  have  the  same  dimensions  of  3  mm  x  25  mm,  al¬ 
lowing  different  Josephson  chips  with  diverse  properties  to  be  used  in  the  hybrid 
integrated  circuits  by  simple  exchange.  The  samples  are  designed  for  various  mi¬ 
crowave  frequencies,  concentrating  on  10  and  70  GHz,  so  that  they  can  be  used  with 
a  10  GHz  stripline  oscillator  or  within  the  70  GHz  experimental  setup  of  the  voltage 
standard  established  at  PTB. 

A  series  array  of  the  new  type  designed  to  define  1.0  V  at  a  frequency  of  70  GHz 
is  shown  in  Fig.  1.  The  circuit  consists  of  10  identical  blocks  with  198  tunnel  junc¬ 
tions  each  (cf.  Fig.  1(a)),  i.e.  the  whole  SMMIC  includes  1980  Josephson  junctions 
connected  in  series.  The  area  of  a  single  junction  is  2b  pm  x  60  pm.  The  microwave 
enters  the  stripline  structure  on  one  side  and  leaves  it  on  the  other  side.  The  splitting 
of  the  series  array  into  smaller  parts,  with  only  a  portion  of  the  tunnel  junctions  has 
several  advantages.  First,  each  block  can  be  connected  with  electrical  bond  pads  for 
the  dc-current,  allowing  the  SMMIC  to  be  used  as  a  voltage  standard  or  as  a  poten¬ 
tiometer.  Secondly,  the  circuit  may  be  used  to  examine  the  microwave  attenuation  of 
the  stripline  and  the  circuit  using  the  different  blocks  as  microwave  detectors.  More- 


Fig.  1.  Layout  of  a  Josephson  series  array  with  1980  tunnel  junctions  designed  for  a  microwave 
frequency  of  70  GHz.  (a)  The  sample  has  a  length  of  25  mm  and  behaves  as  one  stripline  for  the 
incoming  microwave.  It  consists  of  10  identical  blocks  with  198  tunnel  junctions  each.  An  enlarged 
view  of  one  block  is  shown  in  (b).  The  block  consists  of  9  chains  with  Josephson  junctions  which 
are  connected  in  series  (indicated  by  the  DC-current  path).  The  microwave  power  is  coupled  to  the 
different  chains  via  A/4  parallel  stripline  couplers. 


over,  even  if  single  arrays  fail  due  to  problems  during  the  preparation  process,  the 
remaining  part  of  the  circuit  works  with  a  reduced  number  of  Josephson  junctions. 
On  the  other  hand,  if  a  maximum  number  of  junctions  is  desired  for  integration  on 
one  chip  (e.g.  for  the  realisation  of  10  V),  just  one  array  which  is  not  split  into 
different  blocks  can  be  used. 

Fig.  1(b)  shows  an  enlarged  view  of  a  single  block.  The  198  Josephson  junctions 
are  arranged  in  9  parallel  chains,  each  with  22  junctions.  As  regards  the  DC  bias 
current,  the  9  chains  are  connected  in  series  (cf.  DC  current  path  drawn  in  Fig.  1(b)), 
whereas  with  respect  to  microwave  coupling  the  junction  chains  are  connected  in 
parallel.  The  microwave  is  guided  to  the  Josephson  series  array  by  the  oversized 
niobium  stripline.  The  microwave  A/4  parallel  stripline  couplers  connected  in  parallel 
to  the  main  stripline  distribute  the  incoming  microwave  to  the  different  chains  of 
junctions.  In  the  same  way  the  outcoming  microwave  is  coupled  back  to  the  stripline 
which  connects  the  array  to  the  next  one. 
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3.2.  Fabrication  Process  and  DC-characteristics 

All  samples  were  prepared  with  a  simplified  Nb/A^Os/Nb-fabrication  technology 
using  silicon  wafers  as  the  substrate.  The  Nb  groundplane  is  deposited  onto  the  back 
side  of  the  substrate,  improving  the  quality  of  the  tunnel  sandwich  which  can  now 
be  deposited  directly  on  the  blank  silicon  frontside.  The  microwave  load  resistors  are 
no  longer  integrated  on  the  SMMIC,  so  the  steps  for  evaporating  and  patterning  of 
the  normal  metal  layer  are  omitted.  Furthermore,  the  junction  definition  process  was 
simplified  by  using  a  modified  variant  of  the  basic  SAWW  (self-aligning  whole  wafer) 
process  proposed  in  10.  This  process  does  not  require  an  isolating  layer,  but  uses  an 
anodisation  process  to  passivate  the  edges  of  the  base  electrode.  After  the  deposition 
of  the  Nb/A]2C>3/Nb-sandwich,  the  base  electrodes  are  patterned  using  reactive  ion 
etching  (RIE).  The  same  photoresist  mask  can  be  used  for  the  anodisation  process. 
The  last  steps  are  the  deposition  of  the  Nb  wiring  and  the  subsequent  etching  of  this 
layer,  defining  not  only  the  wiring  lines  but  also  the  tunnel  junctions.  The  modified 
SAWW  process  is  described  in  more  detail  elsewhere  8. 
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Fig.  2.  Current-voltage  characteristic  of  a  Josephson  series  array  with  1980  tunnel  junctions.  The 
design  of  the  sample  is  shown  in  Fig.  1.  The  tunneling  area  of  each  junction  is  25  pm  X  60  pm. 

All  Josephson  circuits  showed  excellent  DC  current  voltage  characteristics  (IVC). 
Fig.  2  shows  the  IVC  of  a  sample  of  the  type  described  in  Fig.  1.  Although  this 
Josephson  circuit  was  designed  to  include  1980  tunnel  junctions  with  an  area  of 
25  pm  x  60  pm,  in  this  sample  only  1848  junctions  were  active  because  of  shorts  be¬ 
tween  adjacent  A/4  parallel  stripline  couplers  in  two  blocks.  This  was  the  reason  for 
the  bypassing  of  6  chains  with  altogether  132  junctions.  The  Josephson  current  den¬ 
sity  of  this  series  array  is  jc  =  28  A/cm2.  For  different  samples  jc  was  varied  between 
6  A/cm2  and  71  A/cm2.  When  realising  low  current  densities  the  gap  voltage  was 
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reduced  and  the  subgap  current  was  increased  due  to  the  thicker  AI-AI2O3  barrier 
and  the  higher  oxidation  temperature  8. 

4.  Experimental  Results 

4-1.  Microwave  Properties  of  the  Circuits  (70  GHz) 

A  sample  with  a  Josephson  series  array  of  the  type  shown  in  Fig.  1  (10  blocks 
with  198  tunnel  junctions  each)  was  investigated  using  the  normal  experimental  setup 
for  microwave  measurements  at  70  GHz.  The  IVC  of  this  circuit  is  shown  in  Fig.  2. 
Although  the  SMMIC  was  mounted  in  the  E-plane  of  a  rectangular  waveguide  with 
the  stripline  parallel  to  the  propagation  direction  of  the  microwave,  the  microwave 
power  coupled  into  the  circuit  was  sufficient. 

Comparing  the  power  detected  at  the  first  and  last  (10th)  block,  a  microwave  at¬ 
tenuation  of  about  9  dB  could  be  determined.  In  another  experiment  the  attenuation 
of  the  A/4  parallel  stripline  couplers  was  examined.  We  found  that  each  transition 
from  the  stripline  to  the  chains  of  tunnel  junctions  reduces  the  power  by  0.25  dB. 
Taking  this  value  into  account,  the  attenuation  of  the  Josephson  series  array  was  only 
4.5  dB  for  1584  junctions,  or  8.5  dB  for  3000  tunnel  junctions,  which  is  rather  low 
compared  to  other  designs  8,11 . 
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Fig.  3.  Hysteretic  current  voltage  characteristic  of  a  Josephson  series  array  with  1848  tunnel 
junctions  induced  by  a  microwave  of  70  GHz.  The  constant  voltage  step  at  350  mV  was  recorded 
with  a  much  higher  voltage  resolution  of  100  pW  / div. 

The  hysteretic  IVC  of  the  whole  series  array  (1848  tunnel  junctions)  under  the 
influence  of  a  70  GHz  microwave  is  shown  in  Fig.  3.  Note  that  the  constant  voltage 
step  included  in  the  curve  was  taken  with  a  voltage  resolution  of  the  oscilloscope  of 
100^V/div.  The  maximum  voltage  which  could  be  reached  with  stable  steps  was 
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350  mV.  The  step  amplitudes  were  up  to  20  ft  A.  Looking  at  the  different  blocks  of 
the  circuit,  we  found  that  the  first  block  reached  constant  voltage  steps  up  to  50  mV, 
whereas  with  the  last  block  of  junctions  —  due  to  the  attenuation  of  the  microwave 
—  voltage  steps  up  to  35  mV  could  be  obtained.  Averaging  over  all  blocks,  and 
taking  into  account  that  132  junctions  were  missing,  gives  the  350  mV  which  could 
be  observed  for  the  whole  circuit. 

The  voltage  steps  realised  were  lower  than  expected  (100  mV  per  block).  We 
suppose  that  this  is  due  to  an  inhomogeneous  distribution  of  the  microwave  within  one 
block.  Further  experiments  will  be  carried  out  at  70  GHz  to  examine  and  eliminate 
this  problem. 

4-2.  Measurements  with  the  X-Band  Oscillator  (10  GHz) 

A  sample  with  two  Josephson  tunnel  junctions  designed  for  a  microwave  frequency 
of  10  GHz  was  hybrid  integrated  with  the  stripline  oscillator.  The  tunneling  area  of 
the  junctions  is  80  //m  x  200  /cm,  jc  =  6.7  A/ cm2. 
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Fig.  4.  Set  of  microwave-induced  voltage  steps  at  fjjF  =  9.82  GHz  for  a  sample  with  two  Josephson 
junctions. 

Fig.  4  shows  a  set  of  microwave-induced  voltage  steps  of  the  SMMIC  operated 
at  fHp  =  9.82  GHz  and  with  a  HF-power  of  1.7  mW.  The  difference  between  adjacent 
steps  is  20  /tV,  but  the  sample  could  only  be  driven  near  the  chaotic  regime.  This 
is  due  to  the  fact  that  the  plasma  frequency  fP  =  9.27  GHz  of  that  sample  was  not 
sufficiently  below  the  driving  frequency.  According  to  the  work  of  Meyer  et  al.  12 , 
fP  should  have  been  smaller  than  6.6  GHz  to  achieve  stable  steps  with  0.5  mV  per 
junction.  To  reach  this  value  with  Nb/Al203/Nb-tunnel  junctions  the  Josephson 
current  density  has  to  be  reduced  by  a  factor  of  2  to  «  3.4  A/cm2. 
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In  another  experiment,  we  used  a  Josephson  circuit  with  12  tunnel  junctions 
which  was  designed  for  10  GHz  at  IPHT  in  Jena,  Germany.  The  fabrication  of  this 
sample  had  been  effected  in  Nb/NbxOy/PbInAu-technology  at  the  University  of  Jena. 
The  Josephson  current  density  of  this  sample  was  also  jc  =6.7  A/cm2  but,  due  to 
the  higher  specific  capacitance  of  Nb/NbxOy/PbInAu-junctions,  the  resulting  plasma 
frequency  fp  =  7.18  GHz  was  well  below  the  microwave  frequency  of  the  oscillator 
(9.82  GHz). 
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Fig.  5.  Microwave-induced  constant  voltage  steps  at  9,82  GHz  for  a  sample  with  12  Josephson 
junctions.  The  absolute  voltage  of  the  steps  was  near  6  mV. 


The  sample  showed  stable  constant  voltage  steps  up  to  7.4  mV,  i.e.  0.62  mV  per 
junction.  The  amplitude  of  the  voltage  steps  reached  100  //A.  Fig.  5  shows  3  constant 
voltage  steps  which  were  taken  at  an  absolute  voltage  of  6  mV . 
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ABSTRACT 

Discrete  versions  of  the  well-known  Vortex  Flow  Transistor  (VFT)  have  re¬ 
cently  attracted  much  attention,  as  implemented  both  in  low-  temperature 
superconductors  (LTS)1  and  high-temperature  superconductors  (HTS)2’3. 

In  general,  individual  grain  boundary  Josephson  junctions  in  HTS  have 
shown  non-uniform  critical  current  distributions  and  lack  reproducibility  in 
fabrication4.  Furthermore,  from  a  device  perspective,  the  most  desirable  of 
these  (~  12—18°  bicrystal  junctions)  are  difficult  to  fabricate  in  arbitrary 
array  geometries.  To  resolve  these  shortcomings  and  to  allow  prototyping  of 
devices  using  uniform  and  reproducible  junctions,  we  have  investigated  the 
properties  of  junctions  produced  by  scribing  Y\Ba2Cu^Of  (YBCO)  with  a 
focussed  electron  beam5'6.  Resistively  Shunted  Junction  (RSJ)-like  behavior 
is  observed  within  a  certain  temperature  window  below  Tco  (~  10  K)  for 
a  certain  range  of  electron  dose  (~  1—4  X  1012  electrons//xm),  even  for  a 
critical  current  density  as  high  as  2  X  10s  A/cm2.  The  operating  tempera¬ 
ture  can  be  chosen  anywhere  between  4.2  K  to  above  77  K  by  means  of  an 
appropriate  low-temperature  anneal  following  the  scribing.  We  discuss  the 
nature  of  individual  junctions  formed  by  this  technique,  as  well  as  the  poten¬ 
tial  for  such  junctions  placed  in  parallel  arrays  and  configured  as  a  discrete 
VFT  (DVFT),  evaluating  device  parameters  such  as  transresistance,  current 
gain,  maximum  output  voltage  and  output  resistance.  Comparison  is  made 
to  previously  published  results  on  DVFTs,  indicating  the  usefulness  of  this 
technique  for  the  study  of  this  device  in  HTS. 

1.  INTRODUCTION 

Practical  devices  at  liquid  nitrogen  temperatures  that  can  interface  between  su¬ 
perconducting  and  semiconducting  electronics  are  required  in  certain  foreseeable  ap¬ 
plications,  for  example  between  RSFQ  and  CMOS  circuitries.  At  77  K,  HTS  thin 
film  junctions  reported  to  date  have  small  damping  parameters  and  thus  exhibit 
non-hysteretic  current  versus  voltage  (I-V)  characteristics.  Thus,  devices  analogous 
to  the  LTS  Superconducting  Current-Injection  Transistor  (SCIT)7,  which  utilize  a 
long  junction  that  is  artificially  shunted  to  be  non-hysteretic,  are  the  first  to  receive 
attention2,3.  Typically,  VFTs  based  on  single  long  Josephson  junctions  in  HTS  ma¬ 
terials  (whether  grain  boundary,  edge-type,  or  electron  beam  scribed)  do  not  offer 
sufficient  voltage  swing  or  impedance  levels  to  match  to  CMOS  devices,  and  one  so¬ 
lution  may  be  the  use  of  arrays  of  junctions.  In  turn,  the  experimental  study  of  two 
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dimensional  arrays  of  Josephson  junctions  in  YBCO  thin  films  requires  a  controllable 
and  reproducible  junction  technology. 

High- angle  grain  boundary  techniques  (such  as  step-edge  and  biepitaxial4)  yield 
low  critical  current  density  ( Jc)  junctions,  not  desirable  from  a  device  point  of  view, 
compounded  by  problems  of  reproducibility.  Bicrystal  grain  boundary  junctions  ap¬ 
pear  to  be  more  uniform  and  reproducible4’8,  showing  an  increasing  Jc  with  decreasing 
bicrystal  angle,  but  this  technique  seriously  constrains  the  2D  array  geometries  which 
can  be  studied.  A  desirable  technique  would  combine  uniform  junctions  operating 
at  liquid  nitrogen  temperatures  with  the  ability  to  place  junctions  in  arbitrary  2D 
array  geometries.  Even  better  would  be  the  realization  of  junctions  whose  critical 
current-normal  resistance  ( IcRn )  product  approaches  the  gap  voltage  of  some  20  mV. 
While  there  are  reports  in  the  literature  of  an  IcRn  product  of  10  mV  at  4.2  K  in 
SNS  junctions  using  Au  as  the  normal  metal9’10,  this  goal  remains  elusive  for  all  other 
techniques.  Setting  aside  this  latter  question,  one  technique  which  appears  to  satisfy 
these  basic  device  requirements  is  the  creation  of  Josephson  junctions  by  scribing  with 
a  focussed  electron  beam. 

2.  E-BEAM  JUNCTION  CHARACTERISTICS 

2.1.  Experimental  Technique 

The  films  used  in  this  study  were  200-500  A  YBCO  films  grown  on  Lanthanum 
Aluminate  (LAO)  by  Pulsed  Laser  Deposition  (PLD)  in  our  lab.  They  were  patterned 
into  4  to  10  links  each  2-10  ^m  wide  by  conventional  photolithography  and  Ar-ion 
milling,  as  described  earlier11.  Before  scribing,  the  films  had  a  Tea  of  89-90  K,  a  Jc  of 
5  X  106  A/cm2  at  77  K  and  a  room  temperature  resistivity  pn  of  250  ^O-cm.  A  20  A 
layer  of  Ag  or  Au  was  deposited  to  avoid  charging  during  scribing,  which  was  removed 
by  a  brief  Ar  ion  milling  prior  to  testing.  Control  links  (not  scribed  but  immediately 
adjacent  to  the  scribed  links)  were  monitored  to  assure  that  the  processing  before, 
during  and  after  the  microscope  didn’t  alter  the  film  properties.  These  links  had  the 
typical  flux-flow  shaped  I-V  curves  and  the  usual  low  sensitivity  to  small  magnetic 
field  as  seen  previously11. 

The  links  were  irradiated  in  a  JOEL  200CX  Scanning/Transmission  Eectron  Mi¬ 
croscope  (STEM)  in  high  resolution  mode  equipped  with  a  LaB&  filament.  Prior  to 
scribing,  care  was  taken  to  align  and  focus  the  beam  to  reach  its  specified  beam  diam¬ 
eter  of  about  20  A.  Beam  current  as  measured  by  a  Faraday  cup  fixture  was  typically 
0.4  nA.  A  variety  of  energies  were  used  between  120  and  200  keV.  At  the  beginning  of 
this  study  the  beam  was  scanned  repeatedly  across  the  links  for  the  duration  of  expo¬ 
sure  (5  to  90  minutes),  and  later  the  scan  coils  were  interfaced  to  a  digital-to-analog 
converter  (DAC)  board  in  a  PC  to  allow  a  single  programmed  scan  across  the  links 
(see  below).  A  carbon  residue  was  always  observed  following  the  scanning  procedure, 
identifying  the  junction  location. 

The  links  were  tested  in  a  variable  temperature  test  station  which  allowed  four- 
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point  measurement  of  transport  properties  down  to  4.2  K  in  a  uniform  magnetic  field 
up  to  ~  100  G,  or  under  microwave  irradiation.  A  mu-metal  shield  surrounding  the 
sample  reduced  the  residual  DC  magnetic  field  to  about  10  mG.  A  lockin  amplifier 
setup  was  used  to  provide  voltage  sensitivy  of  order  nanovolts  in  a  dynamic  resistivity 
measurement,  and  was  used  to  measure  both  resistance  versus  temperature  (R-T)  and 
dynamic  resistivity  versus  bias  current.  The  latter  was  integrated  directly  to  obtain 
the  I-V  characteristics  shown  below.  Data  were  acquired  by  Lab  View  software  on 
a  Macintosh  Ilci  (outside  the  screen  room)  connected  on  a  GPIB  bus  to  the  mea¬ 
surements  electronics.  Temperature  was  controlled  to  within  50  mK  by  a  Lakeshore 
Model  330  temperature  controller  using  a  Si  diode  sensor. 

2.2.  Junction  Characteristics 

Early  tests  using  irradation  by  multiple  scans  of  the  electron  beam  (linescan  mode) 
showed  no  evidence  of  Josephson  coupling  across  the  scribed  region,  although  a  cre¬ 
ation  of  a  ’’foot”  of  a  few  Ohms  in  the  R-T  curve  could  be  controllably  produced.  The 
resistance  of  the  foot,  as  well  as  the  Tc 0,  could  be  correlated  to  the  electron  fluence. 
The  lack  of  coupling  and  the  presence  of  the  foot  were  attributed  to  a  damaged  region 
that  was  wide  enough  with  respect  to  the  coherence  length  in  the  a-b  plane  Cb  to  pre¬ 
clude  Josephson  coupling.  It  was  observed  that,  even  when  the  STEM  electronics  and 
scan  coils  were  allowed  to  thermally  stabilize  for  several  hours,  there  was  a  noticeable 
drift  of  the  beam  position  in  the  direction  perpendicular  to  the  scan.  This  drift  could 
easily  be  100  to  500  A  over  the  duration  of  irradiation,  which  would  distribute  the 
damage  over  a  larger  volume  than  desired. 

To  eliminate  the  problem  of  drift,  a  single  scan  was  performed  by  stopping  the 
beam  at  an  number  of  equally  spaced  points  across  the  link  for  a  certain  dwell  time. 
In  this  manner,  drift  is  not  expected  to  affect  the  irradiated  region  unless  the  drift 
during  a  dwell  time  prevents  two  adjacent  points  from  overlapping  sufficiently.  Since 
the  dwell  time  is  typically  1  second,  the  center- to- center  spacing  between  points  is 
typically  30  A,  and  the  extent  of  the  damaged  region  is  ~  200  A  5’6,  a  single  scan  will 
likely  eliminate  the  problem  of  drift.  Some  ’’waviness”  of  the  line  of  the  junction  is 
possible  through  drift,  but  this  not  expected  to  alter  the  behavior  of  the  junction  if 
the  ’’waviness”  is  on  a  scale  much  less  than  the  Josephson  penetration  depth  A j.  All 
the  results  discussed  here  involve  links  irradiated  with  a  single  scan. 

Following  scribing  with  the  electron  beam,  for  a  dose  larger  than  ~  10n//zm  a 
’’foot”  appears  in  the  R-T  curve  whose  resistance  times  area  (RA)  product  scales 
linearly  with  dose.  Typically  a  dose  of  1  x  1012/^m  creates  an  RA  product  of  2  X  10-9 
fl-cm  and  a  T&  ~  65  K,  as  shown  in  Figure  1.  This  RA  product  is  similar  to  the 
lowest  values  given  in  the  literature  for  grain  boundary  junctions  and  epitaxial  SNS 
edge  junctions4.  A  brief  anneal  at  100°  C  for  30  minutes  in  02  can  recover  Tc0,  for 
example  increasing  a  Tco  from  44  K  to  74  K. 
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Figure  1.  R-T  following  electron  beam  scribing. 

The  I-V  curves  of  irradiated  links  can  show  a  variety  of  behaviors.  If  the  beam 
width  is  too  large  (the  damaged  region  is  too  wide),  the  original  flux-flow-  shaped  I-V 
curve  can  become  quite  linear,  and  show  somewhat  more  sensitivity  to  small  magnetic 
fields  than  the  original  link.  Similar  behavior  is  observed  in  finks  that  are  irradiated 
with  a  sufficiently  tight  beam,  but  below  the  threshold  dose  for  junction  formation. 
This  threshold  (linear)  dose  (at  200  keV)  is  about  1  X  1012  electrons / (im  in  our 
microscope  with  our  beam  conditions,  which  corresponds  to  an  irradiation  time  of  ~ 
10  minutes  for  a  2  fim  fink.  At  present  it  is  not  clear  what  mechanism  is  responsible 
for  such  a  linear  I-V  curve  below  threshold,  nor  which  oxygen  displacement  above 
threshold  is  responsible  for  the  observed  Josephson  coupling5’6. 

In  the  range  of  doses  1—4  x  1012//zm,  there  is  a  temperature  window  of  less  than 
10  K  where  RSJ-like  behavior  is  observed,  persisting  to  critical  current  densities  in 
excess  of  2  x  105  A/cm2.  Shown  in  Figure  2  is  the  I-V  curve  of  an  annealed  fink 
at  a  temperature  ~  2.5  K  below  Tc o-  The  critical  current  in  magnetic  field  shows  a 
saturated  Ic  at  fields  larger  than  a  few  Gauss,  consistent  with  long  junction  behavior, 
as  expected  since  the  Josephson  penetration  depth  A j  is  less  than  1  fim  at  this  Jc.  At 
lower  temperatures  the  I-V  curve  assumes  a  flux-flow- like  curvature  and  sensitivity  to 
small  magnetic  fields  decreases  significantly.  A  more  detailed  study  of  critical  current 
as  a  function  of  magnetic  field  in  this  RSJ  window,  as  well  as  the  characteristics  of 
this  RSJ-  to  flux-flow  transition,  will  be  published  separately. 
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Figure  2.  I-V  curve  of  3  /im  wide  junction  in  field. 


3.  DICRETE  VORTEX  FLOW  TRANSISTOR 


3.1.  Analysis 

The  discrete  Vortex  Flow  Transistor  (DVFT)  can  be  considered  an  N-j unction 
interferometer  configured  with  a  control  (or  ’’gate”)  current  line,  shown  schematically 
in  Figure  3.  It  can  be  recognized  that  the  N-junction  interferometer  is  the  circuit 
equivalent  to  a  long  Josephson  transmission  line  when  the  (dimensionless)  Josephson 
penetration  depth  A j  =  yjhjj  Ls  is  much  greater  than  1.  Here  the  penetration  depth 
is  scaled  to  the  cell  size,  La  is  the  loop  inductance  and  Lj  =  $0/2tcIc.  When  this 
characteristic  length  approaches  1,  the  discreteness  of  the  equivalent  circuit  becomes 
important  and  the  fluxon  dynamics  change.  Two  conceivable  geometries  for  the  gate 
line  are  the  ’’parallel”  gate,  which  couples  to  the  length  of  the  array,  and  the  ’’loop” 
gate  which  couples  only  to  one  end.  In  the  ’’parallel”  gate  the  magnetic  coupling 
between  the  gate  line  and  the  array  is  uniform,  whereas  in  the  ’’loop”  geometry  the 
flux  is  coupled  primarily  to  the  first  few  cells  of  the  array.  Berman  et  al1  have  applied  a 
simple  model  that  predicts  well  the  basic  behavior  (current  gain,  transresistance,  etc.) 
of  the  devices  they  have  fabricated  in  Nb,  as  well  as  published  HTS  grain  boundary- 
based  DVFTs  of  Satchell  and  Humphreys  et  al2  and  Alff  et  al3.  Using  this  model 
one  can  predict  the  behavior  of  devices  built  using  different  HTS  Josephson  junction 
technologies,  for  example,  electron  beam  scribed  junctions  or  the  high  IcRn  junctions 
reported  by  Rosenthal  et  al9.  As  discussed  below,  the  higher  Ic s  achievable  with  SNS 
Josephson  junctions  or  electron  beam  scribed  junctions  offer  certain  advantages  over 
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their  grain  boundary  counterparts.  Note  the  following  discussion  assumes  Berman’s 
convention  where  individual  junction  properties  are  denoted  by  capital  letters  and 
array  properties  by  small  letters. 


Ibias 


Figure  3.  Schematic  of  DVFT  with  control  line  geometries. 

The  Berman  model  is  straightforward.  Each  junction  in  the  array  is  assumed 
identical  and  described  by  (known)  non-hysteretic  RSJ  characteristics  (i.e.,  Stewart- 
McCumber  damping  parameter  /3C  ~  1  or  less).  Since  the  coupled  equations  for 
the  phases  of  each  junction  linearize12,  the  resulting  I-V  characteristic  of  the  array 
is  likewise  RSJ,  described  by  the  equation  v  =  reqyji2  —  i2,  where  ic  represents  the 
array  critical  current  and  req  is  the  equivalent  resistance  of  N  individual  junctions 
in  parallel  (including  any  added  shunt  resistance).  A  priori,  the  suppression  of  the 
array  critical  current  in  an  applied  magnetic  field  for  arbitrary  A j  is  not  known,  and 
so  must  be  estimated  or  measured  experimentally.  Once  this  is  known,  all  relevant 
(low-frequency)  characteristics  of  the  device  can  be  predicted.  The  maximum  voltage 
swing  vmax  occurs  when  the  array  is  biased  near  ico  (the  array  critical  current  in 
zero  applied  field)  and  when  the  critical  current  is  suppressed  much  below  ico.  It  is 
then  vmax  ~  reqico  =  RnIC0 ,  i.e.,  it  is  equal  to  the  critical  voltage  of  an  individual 
junction.  The  output  resistance  r0  =  dv/di  ~  req  from  the  above  RSJ  equation. 
The  current  gain  is  defined  as  G  =  —di/dig  ( ig  is  the  gate  current),  and  thus  the 
transresistance  rm  —  dv/dig  ~  reqGiJ  \Ji20  —  *2  when  biased  near  ico.  For  both  G 
and  rm,  the  behavior  of  the  array  critical  current  as  a  function  of  the  gate  current 
must  be  known. 

Berman  approximates  the  suppression  of  the  array  critical  current  due  to  a  gate 
current  from  experimental  data  in  uniform  field.  First,  the  gate-line  generated  mag¬ 
netic  flux  which  threads  the  array  is  calculated  and  then  divided  by  the  number  of 
cells  to  give  the  average  flux  per  cell.  Then,  the  suppression  of  the  array  critical  cur¬ 
rent  is  estimated  from  measurements  of  the  array  critical  current  in  a  uniform  applied 
magnetic  field.  The  uniform  data  is  characterized  by  the  ’’frustration”  of  each  cell, 
that  is,  the  fraction  of  a  half  flux  quantum  each  cell  contains.  They  show  that  the 
suppression  of  ic  is  a  (linear)  function  of  A  j,  thus  allowing  a  prediction  of  the  gain 
and  transresistance  as  the  inductance  ratio  is  varied.  This  approximation  is  expected 
to  be  reasonable  in  the  ’’parallel”  gate  line  configuration  because  the  generated  flux 
is  the  same  for  all  cells,  but  not  in  the  ’’loop”  geometry  where  most  of  the  flux  is 
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contained  in  the  first  one  or  two  cells.  McGinnis13  and  Yoshida14  have  shown  that, 
in  a  SCIT  configuration,  it  is  necessary  to  couple  the  flux  only  to  the  first  few  A j 
of  the  long  junction  to  produce  the  same  measured  gain  and  transresistance,  which 
cannot  be  accounted  for  without  a  modification  to  the  model.  We  also  note  that  this 
correlation  between  suppression  of  array  critical  current  and  A  j  is  measured  only  for 
the  case  of  uniform  bias  current;  a  non-uniform  bias  current  distribution  would  be 
expected  to  behave  quite  differently12,  amongst  other  effects  showing  an  increase  in 
the  small-signal  current  gain. 

The  important  conclusions  of  this  (low  frequency)  analysis  are  first,  the  DVFT 
has  an  optimum  Aj  of  <  1  cell.  Second,  like  its  continuous  long  junction  counterpart, 
the  DVFT  has  a  (large  signal)  current  gain  which  increases  linearly  with  the  array 
length  (i.e.,  number  of  cells),  and  an  output  resistance  which  decreases  linearly  in 
length.  Thus,  from  this  analysis,  a  current  gain  larger  than  one  is  readily  achievable 
with  N  >  5.  Small  signal  current  gain,  under  non-uniform  bias  conditions,  could 
be  much  larger.  They  cite  the  potential  advantage  of  using  high-t/c  Nb  junctions 
(such  as  required  for  RSFQ  circuitry),  which  are  intrinsicly  non-hysteretic,  which 
may  significantly  improve  the  current  gain  and  output  voltage,  the  latter  because  the 
full  gap  voltage  of  1.75  mV  can  be  reached. 

3.2.  Comparison  with  Experimental  Results 

This  model  does  reasonably  well  predicting  the  measured  current  gain  of  their 
LTS  devices,  as  well  as  some  parallel-gate  DVFTs  based  on  grain  boundary  Josephson 
junctions  in  HTS  from  the  literature,  as  shown  in  Table  1.  In  the  first  column  are  the 
parameters  of  the  Nb  DVFT,  taken  from  the  original  Berman  work.  In  the  second 
column  are  their  estimates  of  analogous  parameters  for  the  Nb  SCIT7.  In  the  third 
column  are  the  measured  parameters  of  the  YBCO  Flux  Flow  Transistor8  using  a 
continuous  long  bicrystal  grain  boundary  junction  on  YSZ.  In  the  fourth  column  are 
the  parameters  of  the  YBCO  DVFT  of  Satchell  et  al  using  grain  boundary  junctions 
on  MgO2.  In  the  fifth  column  are  the  parameters  of  the  YBCO  DVFT  of  Alff  et 
al  using  bicrystal  grain  boundary  junctions  on  STO3.  In  the  last  three  columns  are 
the  projected  device  characteristics  of  DVFTs  based  on  1)  high-  Jc  Nb  junctions1;  2) 
electron  beam  scribed  junctions5,;  and  3)  high -IcRn  SNS  step-edge  junctions9.  These 
might  represent  the  limiting  low-frequency  behavior  of  DVFTs  based  on  technologies 
existing  at  the  time  of  this  writing. 

To  minimize  the  transit  time,  small  values  of  the  loop  inductance  are  desirable 
since  the  phase  velocity  on  the  transmission  line  is  inversely  proportional  to  its  in¬ 
ductance  per  unit  length.  In  turn,  small  values  of  junction  inductance  (large  junction 
critical  currents)  are  required  to  keep  A  j  less  than  one. 

Thus,  a  larger  gain  can  be  achieved  by  adding  more  cells,  though  at  the  expense  of 
a  longer  transit  time  for  vortices.  Also  we  note  that  the  phase  velocity  on  a  discretely 
constructed  long  junction  transmission  line  will  be  slower  than  on  a  continuous  long 
junction  (made  of  identical  junction  parameters)  because  the  inductance  per  unit 
length  will  always  be  larger  in  the  discrete  case.  Thus,  although  one  sacrifices  gain 
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and  bandwidth  in  comparison  to  the  SuperCIT,  one  can  achieve  a  larger  output 
resistance,  which  is  of  considerable  practical  importance.  For  example,  taking  the 
gain  G  of  a  SuperCIT  as  (a/2Aj)  -  1  7,  the  gain-bandwidth  product  (fabricated  from 
high  Jc  Nb  junction  technology,  and  ignoring  Fiske  and  Shapiro  resonances)  has  an 
upper  bound  around  100  GHz.  The  gain-bandwidth  product  for  an  analogous  DVFT 
would  be  lower  by  a  factor  of  ~  5,  due  to  the  lower  phase  velocity  (longer  transit 
time)  and  lower  gain  per  unit  length.  But  a  realistic  output  resistance  of  a  few  ft  is 
reasonable,  larger  than  the  continuous  device  by  an  order  of  magnitude  or  more.  As 
such,  the  circuit  designer  would  have  more  flexibility  to  choose  the  appropriate  device 
for  a  given  application. 
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Table  1.  Comparison  of  parameters  of  various  published  or  proposed  VFTs. 

♦indicates  gain  measured  from  large  features  of  the  I-B  curve;  the  fine  features 
show  a  gain  of  5  over  a  small  dynamic  range. 
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4.  CONCLUSIONS 

Development  of  device  technology  in  HTS  requires  a  reproducible  and  flexible 
technique  to  produce  Josephson  junctions.  We  have  fabricated  Josephson  junctions 
in  YBCO  by  scribing  with  a  focussed  electron  beam  which  exhibit  characteristics 
that  are  RSJ-like  and  tunable  over  a  large  temperature  range.  These  junctions  offer 
flexibility  in  prototyping  potential  devices,  such  as  the  DVFT.  An  analysis  based  on 
the  model  of  Berman  et  al  works  adequately  to  predict  the  measured  behavior  of 
certain  published  DVFT  devices.  This  analysis  is  then  extended  to  proposed  DVFTs, 
based  on  electron  beam  scribed  and  high-Tci^  SNS  junctions  each  of  which  show 
certain  advantages  over  their  grain-boundary  counterparts.  We  note  that  existing 
low  frequency  measurements  show  promising  behavior  for  these  devices,  but  at  the 
current  time  there  are  no  experimental  measurements  at  high  frequencies.  Though 
such  measurements  are  by  no  means  trivial,  they  are  necessary  in  evaluating  their 
real  potential,  and  are  the  subject  of  future  work. 
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